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ABSTRACT. There exists a family {Bq }o<w, of sets of countable ordinals such that

(1) max By = a,

(2) if o € Bg then B, C Bg,

(3) if A< « and A is a limit ordinal then By, N A is not in the ideal generated
by the Bg, 8 < «, and by the bounded subsets of A,

(4) there is a partition {A,}52, of wi such that for every « and every n,
B, N A, 1s finite.

1. Introduction.

In [3], [4], [5] and [6] the second author developed the theory of possible cofi-
nalities (pcf), and proved, among others, that if 8., is a strong limit cardinal then
2N < R(axoy+ as well as 2% < N,,. The latter inequality is established via an
analysis of the structure of pcf; in particular, it is shown that if Xy < |pcf{R,}°2 |
then a certain structure exists on wy, and then it is proved that such a structure is
impossible. (Cf. [5], [1] and [2] for details.) One might hope that by investigating
this structure one could possibly derive a contradiction for Rz, Ny or even Ny,

A major open problem in the theory of singular cardinals (or in the pcf theory)
is whether it is consistent that R, is strong limit and 2R > N, ; or whether the
set pef{N,,}°2, can be uncountable. If we make this assumption, we obtain a
certain structure on w;. The structure is described in Theorem 2.1. Unlike in the

wy-case, the structure so obtained is not impossible: in Theorem 3.1 we show that
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there exists a structure on w; which has the properties listed in the abstract, and
consequently has the properties listed in Theorem 2.1.

In Section 2, all facts on Shelah’s pef theory not proved explicitly can be found in
the expository articles [1] and [2]. In Section 3 we assume rudimentary knowledge

of forcing.
2. A consequence of “pcf {X,}°2  is uncountable”.

Theorem 2.1. If pcf {X,, }5°  is uncountable, then there exist sets By, a < wq,

of countable ordinals with the following properties:

(a) Forevery o < wj, max B, = a.

(b) For all o, < wy, if « € Bg then B, C Bj.

(¢) For every limit ordinal A < wy, Bx N A is unbounded in \.

(d) There is a closed unbounded set C' of countable limit ordinals such that for

all A\ € C and for all « > A\, the set B, N A is not in the ideal generated
by the sets Bz, 8 < a, and by bounded subsets of \. (Le. BoNA ¢
~vUBg, U---UBg,, for any v < A, and any (1,...,0r < a.)

(e) Every unbounded set X C wq has an initial segment X N~ that is not in
the ideal generated by the sets By, o < wy.

(f) Moreover, (e) remains true in every extension M of the ground model
that preserves cardinals and cofinalities, and has the property that every
countable set of ordinals in M is covered by a countable set in the ground

model.

Proof. Let a = pcf{N,,}22 , and assume that a is uncountable. Applying the pef
theory, one obtains (cf. [6], Main Theorem) sets bx, A € a, (generators) together
with sequences of functions f* (# < A) in [[a. As a contains all regular cardinals

7

A< N, , we let, for each o < wy

Bo ={§: Req1 € by, }-
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Property (a) is immediate. Property (b) is the transitivity of generators; such
generators can be found (cf. [1], Lemma 6.9).

Property (c) is a consequence of the fact that for every countable limit ordinal
A, there exists an increasing sequence a,, n < w, with limit A, and an ultrafilter D
on w such that cof( lo_o[ Nan_H/D) = Nxy1 (cf. [1], Theorem 2.1).

Property (d): Letn;io, 1 < w1, be a continuous increasing sequence of countable
ordinals constructed as follows: Given 7;, we first note that R, 41 € pef [N, 41, Ry, )
(by [1], Theorem 2.1), and by the Localization Theorem [6], there is a v;41 < wq
such that N, 41 € pef[R,, 11, R, ). Let C be the set of all limit points of the
sequence {v; bicw, -

Now let A € C, a > A\, v < A, and f1,...,0r < «a. We find ~; such that

v < i < A. By [1], Theorem 2.1, we have Ro41 € pef[R,,41,R.,,,) and so there is

Yit1
an ultrafilter D on [y; + 1, ;) such that cof ([[ Re41/D) = Rqq1. By the definition
of generators, we have B, € D while Bg, ¢ D (1 =1,...,k), and (d) follows.

Property (e): If X C w; is unbounded, then maxpcf{Ro41 : 0 € X} > R,
and by the Localization Theorem, there is a countable v such that max pef {R, 4 :
a € XNy}t > RN,,. Now if ay,...,a, are countable ordinals, we cannot have
XN~ C By, U---UB,,, because maxpcf(bNa1+1 U---u bN%_H) = max {N,, 11 :
i=1,. 0k} <N,

Property (f): Let M be an extension of the ground model V that preserves
cardinals and cofinalities, and assume further that every countable set of ordinals
in M 1is covered by a countable set in V.

To show that (e) is true in M, it suffices to show that the generators by are
generators of the pef structure in M. For that, it is enough to verify that the se-
quences f (i < )\) are increasing cofinal sequences in [[ @ (modulo the appropriate
ideals J<y). Since M has the same cardinals and cofinalities, the claim follows upon
the observation that for every regular A < ¥, , every function f € [[by in M is

majorized by some function g € [[bx in V.
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3. Existence of the family {B,}a<w,-

Theorem 3.1. There exist a partition {A, }52, of wy, and a family {By}a<w, of

countable sets of countable ordinals such that

(a) For every o < wy, max B, = o.

(b) For all o, < wy, if « € Bg then B, C Bj.

(¢) For every limit ordinal A < wy and for alla > X\, B,NA € yUBg, U---UBg,
for any v < A and any (31,...,0 < a.

(d) For all @ < wy and all n, B, N A, is finite.

Corollary 3.2. If M is any Xy -preserving extension of V, then every unbounded
set X Cwy in M has an initial segment X N~ that is not in the ideal generated by

the sets By, o < wy.

Proof. By (d), any set in the ideal has a finite intersection with each A,,. If X C w,
is unbounded then some X N A, is uncountable, and so some (X Nv)N A, is infinite.

Hence X N~ is not in the ideal.

To construct the structure described in Theorem 3.1 we shall first define a forcing
notion and prove that it forces such a structure to exist in the generic extension.
The forcing notion that we use satisfies the countable chain condition and consists
of finite conditions consisting of countable ordinals and relations between countable
ordinals. Using a general method due to the second author [7] we then conclude

that such a structure exists in V.
Definition 3.3.

A forcing condition is a quadruple p = (S, 7p, by, u,) such that

(1) S, is a finite subset of wy,

(ii) by is a function from S, x S, into {0, 1} such that
by(a,a) =1 (o €5p)

by(a,3) =0 (o, B €Sy, a<p)

if by(er,3) =1 and by(B,v) =1 then by(a,y) =1 (o, B,v € 5p)
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(iii)  wu, is a natural number,
(iv)  mp is a function from S, into {0, ...,u, — 1} such that for all & and § in

Sp, if by(a,8) = 1 and 8 < « then m,(8) # 7mp(a),
[Motivation: S is the support of the condition, 7(a) = n forces o € Ay, b(a, ) = 1
forces 3 € By and b(a, 3) = 0 forces 8 ¢ By
A condition r = (S,, 7y, by, u,) is stronger than p = (S,, 7p, by, up) if
(i
(i

) Sr 2 Sy,
)

(iii) 7, extends ,
)
)

b, extends b,
(Iv) uy > uy,
(v) for all @ € S, and all B € S, — 5,, if by(a, 3) = 1 then 7. (3) > u,.

It is easy to verify that “stronger than” is a transitive relation.
Definition 3.4.

If p=(S,, mp, by, up) is a condition and n is a countable ordinal, we let

PTU:(Spmna Tp f777 bp f(77><77)7 up)‘

Clearly, p | n 1s a condition and p is stronger than p | 7.

Lemma 3.5 (Amalgamation). Ifp and q are conditions and n a countable ordinal
such that ¢ is stronger than p [ n and S, C n then there exists a condition r such

that r is stronger than both p and ¢ (and such that S, = S, U S, ).

Proof. Note that uy, > u,. Welet S, = S,US,, 7, = 7,Un, and u, = u,. We define
b, as follows: if o and 3 are both in S, (both in S;) the we let b,(c, 3) = by(c, 3)
(we let by(a,3) = by(a,).) f @« > nisin Sy and if § < nisin S, — S, then we
let b,(cr, 3) = 1 if and only if there exists a v < n in S, such that b,(a,v) =1 and
by(v,8) = 1. Otherwise we let b.(c, 3) = 0.

Next we verify that r is a condition. It is easy to see that requirement (ii) from

the definition is satisfied. To verify (iv), the only case we need to worry about is
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when b,(a,3) = 1 where @ > nisin S, and § < nis in S, — S,. In this case,
7q(8) > u, (because ¢ is stronger than p [ n and by(~, 5) = 1 for some v € S, N n)
while 7, (a) < up, and so 7,.(5) # 7 ().

Since r | n = ¢, r is stronger than ¢. In order to show that r is stronger than
p we only need to verify condition (v), and only for the case when o > 1 is in 5,
and 3 < nisin S, — 9. This is however exactly the argument in the preceding

paragraph.
Lemma 3.6. The forcing satisfies the countable chain condition.

Proof. Given Xy conditions, we first find N; of them whose supports form a A-
system, with a root A, i.e. S, NS, = A whenever { < 5, and such that 3 < a
whenever 3 € S, and a € 5, — A. Then Xy of them have the same restrictions of
7 and b to the root A, and the same u.

Now it follows from Lemma 3.5 that any two such conditions are compatible.

Let G be a generic set of conditions. In V[G], we let, for each o < wy and each

n < w,
(3.7) B, ={0:b(a,p) =1 for some condition (S, 7, b, u) € G},
(3.8) A, ={a:7m(a) = n for some condition (S, 7, b, u) € G}.

Clearly, max B, = «a, and if a € Bg then B, C Bg. The sets A, are mutually

disjoint subsets of w;.

Lemma 3.9. For every a < w; the set of all conditions p with o € S, is dense.

For every n the set of all conditions p with u, > n is dense.

Proof. If ¢ is a condition and o ¢ S, then let S, = S, U {a}, let by(a,a) = 1,
up = ug+ 1 and 7mp(e) = uy. Then p is a condition stronger than ¢. The proof of

the second statement is similar.
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Corollary 3.10. {A,,}>2, is a partition of wy.
Lemma 3.11. For all @ < wy and all n, B, N A, is finite.

Proof. Let o and n be given, and let p = (S}, 7p, by, u,) be a condition. We shall
find a stronger condition ¢ that forces that B, N A,, is finite.

There is a condition ¢ = (S, my, by, u,) stronger than p such that o € S, and
that v, > n. We claim that ¢ forces that B, N A,, C S,.

If 3 is an ordinal not in S, and if r = (S,, 7, b,, u,) is a stronger condition
that forces 3 € B, then because b,(«, ) = 1, we have 7.(3) > u, > n, and so r

forces § ¢ A,,. Thus ¢ forces B, N A, C S,.

Lemma 3.12. Let A\ < wy be a limit ordinal, let a« > A, and let v < A and
at,...,ar < a. Thereexistsa 3 > v, < A\, suchthat § € B, andf3 ¢ Bas,,...,3 ¢
B,,.

Proof. Letp = (S,, 7p, by, up) be a condition. We may assume that o, as,.. ., ag €
S,. Let 3 < A be such that 3 > v and 3 ¢ S,.

Letn=a+1land S=S,Nn Welet S, = SU{B}, uy=up+1,7, | S=m, |
mq(B) = up, bg [ (S x 5) = by [ (§x85), bgle, 8) = bg(B,8) = 1, and by(3,€) =

by(&,8) = 0 otherwise. The condition ¢ = (S,, 7y, by, uy) is stronger than p [ n,

Wn

has S, C n and forces § € Bo, 0 ¢ Ba,,...,3 ¢ Ba,. By Lemma 3.5 there is a

condition r that is stronger than both p and gq.

This concludes the proof that the forcing from Definition 3.3 adjoins a structure
described in Theorem 3.1. That such a structure exists in V' is a consequence of
the general theorem (Theorem 1.9) in [7]. Our forcing is wi-uniform in the sense
of Definition 1.1 in [7] and the dense sets needed to produce the B, and the A, in

Theorem 3.1 conform to Definition 1.4 in [7] and hence the method of [7] applies.
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