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ABsTRACT. This is an expository paper giving a complete proof of a theorem of
Saharon Shelah: If 2%» < &, for all n < w, then 2N N,

1. Introduction.

The singular cardinal problem is to describe the possible size of 2%+ for a singular
cardinal 8, under the assumption that 2% < X, for all £ < a. The problem is still
not completely solved, and various partial results involve forcing, large cardinals,
inner models and combinatorial methods.

The present paper gives an exposition of Shelah’s theory of possible cofinalities
(pef) and presents a complete proof of the following theorem:

Main Theorem. (Shelah 1989) If 2% < X, for all n then 2% < X,

The theorem is the most spectacular application of Shelah’s theory of possible
cofinalities of ultrapowers of sets of regular cardinals. If D is an ultrafilter on a set
A then ordinal functions on A are linearly ordered by the relation

f<pyg if and only if {a€ A: f(a) <g(a)} € D.

In particular, for every ultrafilter D on w,

oo
n=0

is a linearly ordered set, which has a cofinality cof ([[_,N,/D). (This cofinality
is a regular cardinal < 8.} Tt turns out that among cofinalities of the ultrapowers
I1,, Xn/D for all possible ultrafilters D there is a maximal one, which we denote

max cof ﬁ N,

n=0
and its significance for cardinal arithmetic stems from the following:
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Theorem A. (Shelah 1980) If 2% < N, for all n, then

2N — max cof H R,,.

n=0

The Main Theorem thus follows from this:
Theorem B. (Shelah 1989) maxcof [[7_ N, < R,.

We give a proof of Theorem B below under the assumption that X, is a strong
limit cardinal; it should be noted that the theorem is true even without this as-
sumption.

The main reason for writing this paper was to present a self-contained proof
of the Main Theorem. We develop just enough of Shelah’s theory to be able to
prove the theorem. The proof presented here is considerably shorter than either
the original proof in [Sh400], or the proof given in [BM]. It turns out that the
assumption that N, is strong limit allows for major simplifications. The main ideas
used in the proof are all due to S. Shelah.

The paper is based on lectures that I gave in June 1990 to the Paris Logic
Group at UFR de Mathématiques, Université Paris 7, and in July 1990 to the set
theory group in Prague, at Charles University and the Mathematical Institute of
the Czechoslovak Academy of Sciences. I would like to thank these colleagues for
their hospitality and attention.

The paper is organized as follows: Section 2 studies the partial ordering in
reduced products of ordinals, and Section 3 deals with the nonstationary ideal.
Section 4 gives a proof of Theorem A. Section 5 is an introduction to Shelah’s pef
theory, and Section 6 applies the pcf theory to prove Theorem B.

2. Ordinal functions modulo an ideal.
Let A be an infinite set, and let I be an ideal on A. Let I denote the set of all
X C A that are not in I. For ordinal functions f, ¢ on A we define

Forg it {acA:fla)£ga) el
F<rg it {acA:f(a)>ga) el
fsryg if f<rgand{a € A: fla) < gla)} €I
Ferg it {acA:f(a)>ga) el

The relation <; is a partial ordering (of equivalence classes). If S is a set of ordinal
functions on A then ¢ is an upper bound of S in <;if f <;gforall f € 5, and ¢
is a least upper bound of S if it is an upper bound and if ¢ <; h for every upper
bound h.

A transfinite sequence {f, : @ < ¥} in <; is an increasing sequence if fo S f3
whenever a < (3; it is strictly increasing if fo < fp for o < 3. Similarly for
decreasing.

Lemma 2.1. Let \ be a regular cardinal, A > 214, Every increasing sequence
{fo 1@ < A} in <; has a least upper bound.
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Proof. Let {g¢ : £ < ¥} be a maximal decreasing sequence of upper bounds of the
set F = {fo:a < A}. We will show that the sequence has a last element (which is
the least upper bound).

First we show that the cardinality of ¢ is at most 2/4l. If not, consider the
following partition F of [(2141)¥]? into |A] classes:

F(¢,n) = some a € A such that ge(a) > g,(a) (& <n).

By the Erdés-Rado Theorem [ER], F' has an infinite homogeneous set X; there is
some a € A such that F(£,n) = a for all (£,n) € [X]?. Let { <& <& < ... bea

sequence of ordinals in X. We have

gﬁo(a) > gﬁl(a) > gﬁz(a) >y

a contradiction.

Thus |9 < 2141 We will show that for every limit ordinal n < ¥, the set
{ge : £ < n} has a lower bound ¢ that is an upper bound of F. This will complete
the proof.

Let n <9 be a limit ordinal. For each a € A, let S, = {ge(a) : € < n}, and let
H =1T],c4 Sa- We have |H| < In|lAl =24l <\

For each h € H let aj, < A be such that fo, €5 h if h is not an upper bound of
F, and let o = sup{ay : h € H}. Define g € H as follows:

g(a) = least element of S, that is > f,(a).

The function g is an upper bound of F because g >1 fo > fa,, and if g were not
an upper bound we would have g %7 fay-

Finally, ¢ is a lower bound of {g¢ : { < n}: If £ < U then for all a, g¢(a) € Sq,
and for almost all a, ge(a) > fo(a). Hence g¢ >r¢g. O

Remark 2.2. The least upper bound ¢ of the sequence {f, : @ < A} has the following

property:
If h <; g then h <j fo for some o < A.

We say that the sequence {fq}a is cofinal in g.

Proof. Let h <y g. For each a < A\ let X, = {a € A : h(a) < fa(a)}. Since
A > 2|A|, there exist an X and a set K C A of size A such that X, = X for all
a € K. We claim that A — X € I, which completes the proof.

If A— X is not in I, let ¢’ be the function that is equal to g on X and to h
on A — X, and we have ¢’ <1 ¢. But ¢’ is an upper bound of {f, : a € K}, and
therefore of {f, : @ < A}. Thus ¢ is not a least upper bound, a contradiction. O

Let S be a set of ordinal functions on A and let ¢ be an <;-upper bound of 5.
We say that S is bounded below g if there is an h <; g that is an upper bound of S.

If X C Aand X € I then we relativize the various concepts discussed above
to X: We let I | X be the ideal generated by I U{A — X} and then f <; g on
X, f <7 gon X, (least) upper bound on X, cofinal in g on X, bounded below ¢
on X etc. all refer to the ideal I [ X rather than I itself.
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Corollary 2.3. (The splitting lemma.) Let I be an ideal on A, let A be a regular
cardinal, A > 2l41, and let {f, : @ < A} be an increasing sequence in <j. Let g
be an upper bound of {fy}o. Then either {f,}o is bounded below g, or {f}s is
cofinal in g, or A splits into two sets A = X UY such that {f,}« is bounded below
g on X and is cofinal in g on'Y .

Proof. Let f be a least upper bound of {fa}s and let X = {a € A : f(a) <
gla)y. O

Now let us consider reduced products

IT 21

a€EA

where {A\, : @ € A} are limit ordinal numbers and I is an ideal on A. A set
S C IlseaAa is bounded, cofinal etc. if it is bounded, cofinal etc. below the
function {\, : @ € A}.

Let A be a regular cardinal. A A-scale (for I) on a set X C A, X ¢ I, 1is a
sequence {fo : a < A\} C HaEA Aq that is <j-strictly increasing on X and cofinal
on X. A A-scale is a A\-scale on A. If there is a A-scale we say that [[,c4 Aa/I has
true cofinality \.

We say that [, Ao/ is A-directed (or simply that I is A-directed) if every subset
S of size < A is bounded.

If B C A is such that A — B € I then I[B] denotes the ideal generated by
ITu{B}; I[B]=1](A- B).

Lemma 2.4. Let \ be a regular cardinal, A > 214!, and assume that [Tocara/I
is A-directed. Then either [],c 4 \a/I is AT -directed, or there is a A-scale, or there
exists a set B € I'™ with A— B € I, such that I has a \-scale on B and that I|B]
is AT -directed.

Proof. Assume that [[,.4 Ao/ is A not At-directed, and let S be a set of size
A that is not bounded. We can easily construct a strictly increasing sequence
{fa : @ < A} (using A-directedness) such that for every f € S there is an o < A
such that f <; fo. As {fa}ao is unbounded, there is some Y € I such that {fs}a
is a scale on Y.

Now consider the collection S of all sets Y ¢ I that have a A-scale, and for every
such YV let {fY }o<x be a A-scale on Y. Consider the set S = {fY :a <\, Y € S};
since 2 < X\ we have |S| = \. Again, we can construct a strictly increasing
sequence {f, : @ < A} such that for every f € S there is an o < A such that
f <1 fa-

Either {fs}ao is a A-scale, or A splits into A = X U B such that {f,}o is bounded
on X and cofinal on B. The set B has a A-scale, and we claim that every set of
size A is bounded on X. If not, we repeat the argument above and find a ¥ C X
that has a scale; this contradicts the fact that S is bounded on X. O

3. Uncountable cofinality and the nonstationary ideal.
In this section we prove a theorem that is closely related to the theorems of Silver

[S] and of Galvin and Hajnal [GH].
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Theorem 3.1. Let s be a regular uncountable cardinal, let X, be a singular car-
dinal of cofinality x and assume that 2% < R,. Let I be the ideal of nonstationary
subsets of 1. Then [[, ., Neq1/I has true cofinality N, 41.

Remark. The theorem holds even without the assumption 2% < R, (see [BM],
Lemma 6.3 for a proof). On the other hand, if we assume that R < R, for all
§ < n then every strictly increasing sequence of length 8, in H€<n N¢qq 1s a scale;
this can be used to prove Silver’s theorem.

Proof. Let us fix a continuous increasing sequence {n(¢) : £ < s} with limit n such
that 2% < R, (0); it suffices to consider [[, ., N, (¢)4+1/1 where [ is the nonstationary
ideal on x. It is not difficult to see that the reduced product is N, 4;-directed. If
there is no W, 4;-scale then by Lemma 2.4 there is a stationary set S such that
[Tees Nycey+1/1 is Rypo-directed.

Thus let us assume, toward a contradiction, that there exists a stationary set
So C k such that every set of R, functions in H5<,.; Nn(ﬁ)-l-l/I 1s bounded on Sy
(and such that each £ € Sp is a limit ordinal).

For each limit ordinal 3 < N, 41 choose a closed unbounded subset C'z of 3 of
order type cf § (whichis < R, ) and for every a < R, 1 let &, = {CpNa : f < Ny4q}.
Each &, has size <N, ; and consists of sets of size < N,.

Now we construct, by induction on «, a strictly increasing sequence {f, : o <
N, 41} on Sp. Assume that {f, : ¥ < a} has been constructed. For each E € &,, let
g% be the pointwise supremum of {f, : v € E}, i.e. for all sufficiently large £ € S
(namely if N, g1 > [E|), 9%5(§) = sup{f,(§) : v € E}). Let fq € H€€SO N (6)+1
be an upper bound of the set (of size <N, 1) {gF: E € &FU{f, v <al.

Now let h € [[¢cs, Ry(e)+1 be the least upper bound of {fa : @ < R;41}. Since
h(€) < Nyg41 for all £ € So, and R, (¢ is singular for every limit ¢, we have
cf h(§) < N, for every { € Sp. Therefore there exist a stationary set S C Sy and
some v < n such that cf h(§) < X, for all £ € S (and such that v < n(¢) for all
£ € 9). For each € € S we choose a cofinal set D¢ C h(&) of cardinality < N,.

Now we construct, by induction on v < R4y, a strictly increasing (on S) se-
quence of functions , € [[¢cg De/I and an increasing continuous sequence {a(v)},
such that fo() <71 hy <1 fa@41y on S, for all v <V, 4y, Let 8 = lim, 4, a(v).

Consider the (previously chosen) club C' = C3 C 3 (of size N,41). For every
v < Nyy1, let v’ be the least v/ > v such that a(v') € C. Let ¢, € S be such that

o) ) < Fatn(E0) < hul€) < Fa(un(&):

Since |S| < N,41, there exist a set Z C N4 of cardinality N,y; and some £ € S
such that &, = £ for every v € Z. Moreover, we may require that if 1y < vy are in
Z then v] < vs.

Now if 11 < vy are in Z then a(v]) € C Na(ry), and so

Faw () < gele2l, (6.
Therefore
T, (€) < Faw)(€) < 90021, (E) < Faqun)(€) < T (€).

Consequently, {h,(£) : v € Z} is a subset of D¢ of size R,;, a contradiction. O
Remark. The collection {&, : o € R, 1} was dubbed “silly square” by Shelah.



6 THOMAS JECH

4. Possible cofinalities and cardinal arithmetic.

In this section we prove Theorem A. We show that if R, is a strong limit cardinal
then there exists an ultrafilter D on w such that cof [[7—,R,/D = 2%,
Let A be a set of regular cardinals. If D is an ultrafilter on A, we denote

cof D = the cofinality of H {a:a€ A}/D
a€A

and define
pcf A = {cof D : D an ultrafilter on A}.

The set pef’ A (the set of all possible cofinalities of [[ A) is a set of regular cardinals,

includes A (via principal ultrafilters), has cardinality at most 22" and satisifies
pef (A1 U Ag) = pef Ay U pef A,
If pef A has a largest element, we call it the mazimal cofinality of [] A:
max cof A = max(pcf A)

We say that A is an interval if it contains every regular A such that min A < A <
sup A.

Lemma 4.1. Assume that A is an interval and that min A = (2141)*. Then pcf A
is an Interval.

Proof. Let D be an ultrafilter on A and let A be a regular cardinal such that
min A < X\ < cof D. We shall find an ultrafilter £ on A with col E = \.

Let {fo : a < cof D} be a D-increasing sequence in [ A. Since A > 241, the
sequence {f, : @ < A} has a least upper bound ¢ in <p. For each a € A let
h(a) = cf g(a) and let S, be a cofinal subset of g(a), of order type h(a). It is easy
to see that [],. 4 S./D has an increasing A\-sequence cofinal in g, and therefore
[I.c4h(a)/D has a cofinal sequence {hq : o < A}.

For D-almost all a, h(a) is greater than 2/l : this is because the number of

functions from A into 24! is less than \. Thus, without loss of generality, h(a) € A
for all a € A. Let E be the ultrafilter on A defined as follows:

XecE if A YX)eD.

We can now construct, inductively, functions ¢g,, o < A, such that the sequence
{ga0oh :a < A} is D-increasing and cofinal in h. Then {g, : @ < A} is E-increasing
and cofinal in [[A. O

Corollary 4.2. IfN, is a strong limit cardinal then pef {X,,}52, is an interval and
suppef {N, }o2, < Ny,

Proof. The first statement is a consequence of Lemma 4.1 (applied to the interval

A =[(2%)F, R,)). The second follows from |pef {R,},| < R,. O
For the proof of Theorem A we need the following fact:
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Lemma 4.3. Let k < w and let A be a cardinal such that 28 < )\ < Ny, . There
exists a family Fy of A subsets of A\, each X € F) of size Ny such that for every
subset Z of A of size N}, there exists an X € Fy such that X C Z.

Proof. We prove, by induction on A, that for every ordinal A such that 2% < \ <
Ny, there exists a family F) which has the stated property. First, such F exists
for A = 2% Also, if \ is not a cardinal then Fy can easily be constructed by a one-
to-one transformation from Fial- If )\ is a cardinal and 2% < )\ < Ny, , we observe
that cf A # Ny, and it follows that Fy = (J,\ Fa has the required property. [

We now proceed to prove Theorem A. We assume that R, is a strong limit
cardinal. We shall show that 2% = sup pef {8, }2%,. Since cf 2% > R, (by
Kénig’s theorem) and sup pef {R,}, < Ry, it then follows that 28 is a successor
cardinal, and therefore 2% = max cof {X,,},.

Let A = sup pef {R, },.

Lemma 4.4. There exists a family F of functions in [[_, Ry, |F| = A, such that
for every g € [[,—, Ry there is some f € F such that g(n) < f(n) for all n.

Proof. For every ultrafilter D on w choose a sequence {fY : a < cof D} that is
cofinal in [[2Z, R, /D, and let F be the set of all f = max{fPr, fD2 ... fPm}

[e S ao ) 7 J Qyp

where {Dy,..., Dy} is a finite set of ultrafilters and {ay,...,a;,} a finite set of
ordinals. Since A > R, > 22"° we have |F|l= A

To see that each ¢ is majorized by some f € F, assume the contrary, and let
g be a counterexample. Considering the sets X” = {n : g(n) > f2(n)}, we note
that the family {X2}, p has the finite intersection property, and so extends to an
ultrafilter U. Then ¢ <y fU for some a, a contradiction. [

Now let k < w be large enough, so that X > 2% and that Ny, > A

For every countable subset a of R, we shall construct an elementary chain of
models M, of length wy. (By a model we mean an elementary submodel of a
Skolem expansion of Vy for some large v.) Each M$ will have size N and will be
such that M2 D a U wy.

We choose M{ so that M{ O aUwg. If @ < wp is a limit ordinal, we let

Mg = Uﬂ<a Mg. Given Mg, we find Mg, as follows: Let
Xe(n) =sup(M§ Nwy) (all n > k).

There exists a function f € F such that f(n) > x&(n) for all n > k; let M3, be
so that f3 € MS, .
For each countable a C N, let M =], Mg

«?

and let

X“(n) =sup(M* Nw,) (all n > k).
Lemma 4.5. If a and b are countable subsets of X, and if y* = x® then M*NR, =
MR,

Proof. By induction on n we show that M* N\ X, = M*NR,, for all n > k.
This is true for n = k; thus assume that it is true for n and prove it for n + 1.
Both M* NN, ;1 and MbPN N, 41 contain a closed unbounded subset of the ordinal
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X4 n + 1) = x*(n + 1) (of cofinality V), and so there is a cofinal subset C of
this ordinal with the property that C C M® and C C M". Note that for every
v > wy in C there is one-to-one function 7, € M* N M? that maps w, onto ~,
and therefore v N M® = v N M®. Consequently, w,4q N M* = w,i1 N MP°, and the
Lemma follows. [

Each M® has 8% = X} countable subsets, and X, has 2% countable subsets.
We complete the proof of Theorem A by showing that the number of functions y*
is at most \:

Lemma 4.6. The set {x" : a C N, countable} has size at most \.
Proof. For each a let Z, = {f%: o <wi}. I S is any subset of wy of size Ry then

for all n > k.,

x“(n) = sup xq(n) = sup f5(n)
aES aES

and so the set X = {f?: a € S} determines y*. Applying Lemma 4.3 to the set F
(of size \) we get a family Fy of A sets X C F such that for each a there is some
X € Fy with X C Z,. It follows that the number of the xy*’s is at most A. [

5. The structure of pcf.
In this section we assume that A is a set of regular cardinals and that 2141 <
min A.

Theorem 5.1. Assume that 214l < min A. There exist sets By C A, \ € pcf A,
such that for every \ € pcf A

(5.1) maxcof By = \.
(5.2) for every ultrafilter D on A, if cof D = \ then By € D.

Remark. While we prove the theorem under the assumption 214l < min A, it is true
under the weaker assumption |A| < min A. The sets By are called generators of

pet A.

First we prove several consequences of Theorem 5.1.
Corollary 5.2. If2/4l < min A then |pef A] < 2141,
Proof. By (5.1), the generators corresponding to distinet \’s are distinct.
Corollary 5.3. IfX, is a strong limit cardinal then 2% < R(2x0)+-

This upper bound (proved in [Sh]) follows from Theorem A.
Corollary 5.4. For every ultrafilter D on A,

cof D = least \ such that By € D.

Proof. Let A = cof D. We have By € D by (5.2), and if y < A then B, ¢ D by
(5.1).

Corollary 5.5. If2/4l < min A then maxcof A exists.

Proof. Assume that pcf A does not have a largest element. Then the set {A— B) :
A € pcef A} has the finite intersection property, and so extends to an ultrafilter D.
By (5.2), Beot p € D, a contradiction. 0
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Definition. For every cardinal x < maxpcf A, let

Jx = the ideal generated by {By : A < k and A\ € pef A}.

To see that J, is an ideal, we observe that if X € J, then X C By, U---U By
and so max cof X < k, and therefore X # A.

n

Corollary 5.6. For every X C A,

X e J, ifand only if cof D < k for every ultrafilter D on X.

Proof. As we just observed, if X € J, than max cof X < k. On the other hand,
if X ¢ J, then the set {X — By : A < x} has the finite intersection property, and
so there exists an ultrafilter D on X such that By ¢ D for all A < k. By (5.2),
cof D> r. O

Proof of Theorem 5.1.
We construct the By’s by induction, so that for each cardinal K < suppcf A, the
following conditions hold:

(5.3) the ideal J, generated by {Bx : A < k and A\ € pef A} is k-directed (i.e.
the partial ordering <j_ of [[ A is s-directed)

(5.4) if k ¢ pef A then J, is kT -directed

(5.5) if k € pef A then there exists a By € JT such that J, has a x-scale on By,
and

(5.6) if kK = max pef A then B, = A, and if not then J,[B,] is a kT-directed
ideal.

First note that if (5.3)—(5.6) are satisfied then the generators satisfy (5.1) and
(5.2). Let A € pct A. To show that A € pef By, let D be any ultrafilter on B that
extends the filter dual to Jy (i.e. DNJx = ). Any A-scale on B) for <j, is a scale
for <p, and so we have cof D = A. Also, if D is any ultrafilter on B, then either
D N .Jy =0 in which case cof D = )\, or let v be the least v such that B, € D;
then D is an ultrafilter on B, such that J, N D = (), and since B, has v-scale for
Jy, we have cof D = v. This proves (5.1).

If D is an ultrafilter on A such that By ¢ D, then either D 3 B, for some v < A
in which case cof D < \, or else D N Jy[By] = 0, and since Jy[B,] is AT-directed,
so D is AT-directed, and we have cof D > \. This proves (5.2).

We shall now prove (5.3)—(5.6), by induction on . We use Lemma 2.4 and the
assumption that 214l < min A.

(5.3): If Kk < min A then J, = {0} is r-directed. If £ is a limit cardinal then
Je = U>\<,.; Jx and the claim follows easily. If K = AT then the statement follows
either from (5.4) or from (5.6).

If x is a singular cardinal, then x-directed implies xT-directed and so J, is xT-
directed. If s is regular then by Lemma 2.4 either .J, is x*-directed or .J, has a
r-scale on some B € JI. To prove (5.4), we show that if there is a x-scale on some
B then x € pcf A: Let D be any ultrafilter on B such that D N .J, = (). Then the
k-scale is a k-scale for <p, and so cof D = k.
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For (5.5) we prove that if J, is xT-directed then x ¢ pef A. So let D be any
ultrafilter on A. Either D 3 B) for some A < k, in which case cof D < &, or else
DN J, =0 in which case <p is xT-directed and cof D > . Hence x ¢ pcf A.

Finally, (5.6) follows from Lemma 2.4, provided we show that when s € pef A
then k = max pcf A if and only if J,; has a r-scale on A. If there is a x-scale, then
for every D on A either D 3 By for some A < x in which case cof D < k or else
DN J,=0and D has a x-scale, and so x = max cof A. If there is no x-scale then
Jx|Byx] is a kt-directed ideal, and if D is any ultrafilter such that D N J,[Bx] = 0
then <p is kT-directed and so k < cof D. O

Lemma 5.7. (Compactness.) Forevery X C A there exists a finite set Ay,..., A, €
pcf X such that X C By, U---UB,,,.

Proof. Assume the contrary. Then the set {X — B, : v € pcf X} has the finite
intersection property and so there is an ultrafilter D on X such that B, ¢ D for
all v € pef X. But Beot p € D by (5.2), a contradiction. 0O

By Corollary 5.6, the ideals J; are independent of the choice of generators.
Moreover, each generator By is uniquely determined up to the equivalence mod Jy:
ift BABy € Jy then B also satisfies (5.1) and (5.2). To see this, note that by
Corollary 5.6, if XAY € Jy then pef X — A = pef' Y — A, and that (5.2) can be
written as A ¢ pef (A — By).

We shall now produce better generators for pef A.

Theorem 5.8. Assume that 214l < min A. There exist generators By for pef A
such that for every \ € pcf A,

(5.7) max cof (U{B“ cp € Bal) < A

We remark that even better generators can be found, namely such that B, C B
whenever © € By, and that the assumption can be weakened to |A| < min A.

Proof. Let By, A € pcf A, be generators for pcf A. We shall replace each By by
an equivalent generator, so that (5.7) is satisfied.

For each ), there exists (by (5.5)) an increasing (mod Jy) sequence {f2 : a < \}
of functions on A that is cofinal on B). Moreover, by Lemma 2.1 we may assume
that for each A and each a of cofinality > 24l f2 is a least upper bound of
{fé‘ 1B < al.

Let k = (2|A|)+, and assume, with no harm, that x < min A. We consider an
elementary chain (Mg : £ < k) of models of size x with the property that My
contains (as elements) A, pef A, the generators By, the scales {f2 : a < A}, and
every function ¢ : A — A. Moreover, we assume (M, : £ <n) € M, for every n.
Let M = M,.

For each £ < k, we define y¢ € [[ A as follows:

Xe(v) = sup(Me Nv) (v € A).

Let v = xx; we also define x(\) = sup(M N A) for all A € pef A.
Each y¢ belongs to M, and therefore to M, and if { < 1 then y¢(v) < xy(v) for
all v € A. The function y is the pointwise least upper bound of {x¢ : £ < k}.
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Let A € pef A, and consider the function f;‘(A). We have cf y(\) = &, and
therefore f;‘(A) is a least upper bound (in <) of {f2 : @ € M N \}. Now if

a € M N\ then f2 € M and so f2(v) < x(v) for all v € A. On the other hand,

if ¢ < k than there exists an o such that y¢ <, f2 on Bj, and since M is an

elementary submodel, there exists such an « in M. It follows that the function

Y is a least upper bound (in <j) of {f2 : @ € M N A} on By, and consequently
;\(A) = y almost everywhere (mod Jy) on Bj.

Thus we replace each generator By by the generator
(5.8) Bl ={v € Bx: f;‘(x)(’/) = x(v)}

and we proceed to show that the generators B} satisfy (5.7).

Let E = |{B;}, : p € B}}; we will show that £ € Jy+. For each v € E let
1t = @(v) be such that v € B and p1 € B} (and ¢(v) € A arbitary if v ¢ E). By
our assumption on M, ¢ is in M. For each o < A, let g, € [[ A be the function
defined as follows:

galv) = f4(v), where ji = p(v) and 5= fA(u) (v € A).

The set {go : @ < A} is in M and since Jy+ is AT-directed, there exists a ¢ € M
such that g, < ¢ mod Jy+ for all @ < A\. Since g € M, we have g(v) < y(v) for all
v.

Now let o = x(A). Since g, < x mod Jy+, we shall complete the proof by
showing that g, = x on E. Thus let v € E be arbitrary, and let © = ¢(v) and

3= fé‘(/,L) Since pu € BY, we have § = fé‘(u) — )?()\)(/“L) = x(p) and since v € BZ7
it follows that go(v) = fg(l/) = fxim(Ww) =x(v). O

We conclude this Section by proving two consequences of the structure of pecf,
which will be used in the proof of the Main Theorem.

Theorem 5.9. Let x be a regular uncountable cardinal, and let N, be a singular
cardinal of cofinality x such that 2% < R, . Then there is a closed unbounded set
C C n such that maxcof {Noq1:a € C}=N,14.

Proof. Let Cy be any club subset of n of order type x, and consider the structure
of pef A where A = {Ro41 1 a € Cp}. Let A = R, 44, let By be a generator for A,
and let X = {a € Cy: Nyy1 € Br}. If D is any ultrafilter on Cp that extends the
closed unbounded filter then by Theorem 3.1, cof [],cc, Ra+1/D = A, and by (5.2),
X € D. Thus X contains a club subset C. By (5.1), maxcof {Rq41: a0 € C} < A
and therefore = A. O

Theorem 5.10. Let C be a subset of pcf A such that |A| < |C|, and assume that
219 < min A. Than there exists a set B C C such that |B| < |A| and such that
max cof B > supC.

Proof. Let By, A € pctf (AU C) be generators for pef (A U C) that satisfy (5.7).
For each A € C, let B{ = AN By. As \ € pef A, there is an ultrafilter D on A of
cofinality . By (5.1), Bx € D, and so By € D, therefore A € pcf By
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Let E = |J{By : A € C}; we have C' C pecf E, and so max cof E > supC. Let
B C C be any set of cardinality at most |A| such that E = [J{B{ : A € B}. We
will finish by showing that max cof B > max cof E.

By the compactness lemma 5.7 there are Ay,..., A\, € pcf B such that B C
By, U---UB,,, and so

(5.9) EC| [{By:peBr}U---U(J{Bu:p€ By}
Applying (5.7) to the set in (5.9), we get

max cof £ < max{\y,...,\,} <maxcof B. O

6. Proof of Theorem B.

We shall now use the results of Section 5 to prove, under the assumption that R,
is a strong limit cardinal, that max cof {R,, },,<. is less than ®,,,. Since 280 < N, we
know by Lemma 4.1 and by Corollaries 5.2 and 5.5 that pef {X,, },<. is an interval
and has a largest element Ngy; where O < (ZNO)"' < N,,.

Theorem 6.1. Assume that R, is a strong limit cardinal, and let © be the ordinal
such that 2% = Not1. There exists an ordinal function F on P(©) with the
tollowing properties
(6.1) if X CY then F(X) < F(Y),
(6.2) if ¥ < O is a limit ordinal of uncountable cofinality then there exists a
closed unbounded set C' C v such that F(C') =9,
(6.3) if X C O is a set of order type wy then there exists some v € X such that
F(XN~v)>supX.

Proof. Let X be a subset of ©, and consider the set B = {Rgqq : £ € X}, As
218l = R} for some finite k, max cof B exists and is equal to some N,+1. We define
F(X) to be this n.

It is clear that X C Y implies F(X) < F(Y). Property (6.2) follows from
Theorem 5.9: If kK = cf  then x < R, and so 2" < X, < R, and Theorem 5.9
applies. Finally, property (6.3) is a consequence of Theorem 5.10: If X C O then
Neyq 1 €€ X} Cpef {R,}ncw, and since 2151 < R, Theorem 5.10 applies and so
X has a countable subset Y such that F(Y) >sup X. O

We shall complete the proof by showing that properties (6.1)—(6.3) imply that
0 < wy.
We need one more lemma. Let

E} ={a<ws: cfa=uw}

Lemma 6.2. There exists a family {C, : o € E}} such that each C, is a club
subset of a, and such that for every club C C ws, the set {a € E} : C,, C C'} is
stationary.

Proof. Tt suffices to find a family {C, : a € E3} such that each C,, is a subset of «
and so that for each club C' C ws, the set {a € EJ : C,, is a club in a and C, C C}
1s stationary.
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Assume that no such {C, }, exists. Let {C? : a € E}} be any collection of club
subsets of the a’s, such that [C'?| = X;. By induction on v < wy, we construct clubs
E, C w3 and collections {C? : o € E}} as follows: C¥ = C9 N ﬂ€€u E¢, and E, is
such that the set {a € E} : C¥ is a club in « and C% C E, } is nonstationary.

Let E be the club F = ﬂy<w2 FE,, and for each a let C, = C’g N E. The set
S={aeE}: ENnaisclubin a} is stationary, and for each o € S there exists a
v(a) < wy such that Cp = CQ(‘”) (because C° D Cl D ... of length w,).

There is a ¥ < wy and a stationary set 7' C S such that C, = C} for all o € T
If a € T then C% = C%*t' = CY N E,, and so C% C E,, contrary to the choice of
E, O

The following lemma completes the proof:

Lemma 6.3. Let F' be an ordinal function on P(O) with properties (6.1)—(6.3).
Then O < wy.

Proof. Assume that © > w,. Let {C, : a € E}} be some family that satisfies
Lemma 6.2. Let M,, a < ws, be an elementary chain of models of size N3 that
contain the family {C, }, are closed under F, such that (M : £ < a) € Mq4q for
each «a, and that for each o, no, = M, Nwy is an ordinal. Let n : w3 — w4 be the
continuous function n(a) = n,.

By (6.2) there is a club €' C w3 such that F(n[C]) = sup, . Let a € E? be
such that C, C C. By (6.3) there exists a § < «a such that F(n[Cy N G]) > n(a).
Let X = n[Cy N ).

Since Cy € My and n | 8 € M, we have X € M,. Since X C n[C] we have, by
(6.1), F(X) < F(n[C]) < wa. As M, is closed under F we have F(X) € M,, and
since wy N My = n(a), it follows that F(X) < n(«a), a contradiction. O
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