
LARGE ORDINALSThomas JechThe Pennsylvania State UniversityAbstract. Let j be an elementary embedding of V� into V� that is not the iden-tity, and let � be the critical point of j. Let A be the closure of fjg under theoperation a(b) of application, and let 
 be the closure of f�g under the operationminf� : a(�) � b(�)g.We give a complete description of the set 
 under an assumption (ThresholdHypothesis) on cyclic left distributive algebras.1. IntroductionLet � be a limit ordinal such that there exists a nontrivial elementary embeddingj : (V�; �) ! (V�; �). The existence of such a � is a large cardinal axiom, and byKunen [5], � = limn!1�n where �0 = � is the critical point of j and �n+1 = j(�n)for all n = 0; 1; 2; . . . .Following Laver [6], if j and k are elementary embeddings from V� to V�, let j �kdenote the elementary embedding j(k) = S�<� j(k � V�). The binary operationj � k satis�es the left-distributive law(LD) a(bc) = ab(ac)[Here and throughout the paper we adopt the convention that abc = (ab)c.]Let j = V� ! V� and let � = crit(j) be the critical point of j. Let A = Aj bethe closure of fjg under � and let P = Pj be the closure of fjg under � and � where� denotes composition. Let � = fa� : a 2 Ag:[Another convention we adopt is writing a� instead of a(�).]As crit(ab) = a crit(b), � is the set of all critical points of all a 2 A, and it iseasily seen that � = fa� : a 2 Pg = fcrit(a) : a 2 Pg.In [6], Laver proved that A is the free left distributive algebra on one generator,and in [7] he showed, using a result of Steel, that � has order type !. In fact, if welet j1 = j; jn+1 = jnjthen � = f
n : n = 0; 1; 2; . . .g where
n = crit(j2n) and 
0 < 
1 < � � � < 
n < . . . :In this paper we investigate certain ordinal numbers de�ned in terms of theembeddings in A (P) and the critical points in �. These ordinals have been studiedin [7], [1] and [3]. Typeset by AMS-TEX1



2 THOMAS JECH1.1. De�nition. The set � of simple ordinals is the closure of � under theoperation a"� = supfa� : � < �g (a 2 A)The set 
 of ordinals is the closure of � under the operationa�� = minf� : a� � �g (a 2 A)The following facts are consequences of elementarity:1.2. Lemma. For all a; b 2 P and all ordinals �,a(b�) = ab(a�)a(b"�) = ab"a�a"b"� = (a � b)"�a(b��) = ab�a�a�b�� = (b � a)��:As a corollary, � = fa"
 : 
 2 � and a 2 Pg and 
 = fa�
 : 
 2 � and a 2 Pg.The following argument shows that every ordinal in � is in 
.1.3. Lemma. (Dougherty) Let c 2 A be such that 
 = crit (c). Then a"
 =c�(ca
), for every a 2 P.Proof. We have c(a"
) = ca"c
, and because c
 > 
, it follows that ca"c
 > ca
.Thus c(a"
) > ca
.If � < a"
, then � < a� for some � < 
. Since c� = �, we have c� < c(a�) =ca(c�) = ca� < ca
. Thus a"
 is the least � such that c� > ca
.It has been conjectured by Laver that � = 
. We prove this equality (Theo-rem 3.9), under an assumption on cyclic LD algebras (the Threshold Hypothesis3.1). Under the same hypothesis, we give a complete description of ordinals in 
(Theorem 4.4).To conclude this introduction, we state the following facts about the ordinalsthat will be used in subsequent arguments:1.4. Lemma. (a) If � < � then a� < a"�(b) If 
 2 � and a
 > 
 then a"
 < a
.(c) If 
 2 � and b
 > 
 then a"b
 > a(b"
)Proof. (a) follows from the de�nition; (b) from the fact that cf(a"
) = 
 whilecf(a
) = a(cf
) = a
, and (c) combines (a) and (b).2. Critical points and cyclic LD algebrasWe shall exploit the remarkable connection between the algebras A and P andthe (�nite) cyclic left-distributive algebras. We shall �rst review some facts from[3] about cyclic LD algebras.



LARGE ORDINALS 3For each n let An = f0; 1; . . . ; 2n � 1g. There is a unique left-distributive oper-ation �n on An such that a � 1 = a + 1 mod 2n. For every a 2 An there exists anumber pn(a) = 2k, the period of a such that(2.1) a < a � 1 < a � 2 < � � � < a � (2k � 1); a � 2k = 0and a � (2k + b) = a � b.In particular,(2.2) pn(0) = 2n; pn(2n � 1) = 1; pn(2n�1) = 2n�1and for all a, if 0 < a < 2n � 1 then 1 < pn(a) < 2n.Reduction modulo 2n is a homomorphism from An+1 to An:(2.3) a �n+1 b mod 2n = (a mod 2n) �n (b mod 2n):It follows that for every a 2 An, pn+1(a) either remains equal to pn(a) or doubles:(2.4) pn+1(a) = � pn(a)2pn(a)and(2.5) pn+1(a+ 2n) = pn(a):If the period pn(a) = 2k doubles to 2k+1, then a �n+1 2k = 2n.2.1. De�nition. The threshold tn(a) of a 2 An is the least c such thata �n c � 2n�1:(2.6) a �n (tn(a) � 1) < 2n�1 � a �n tn(a):If a � 2n�1 � 1 then tn(a) = 1: If a < 2n�1 � 1 then 1 < tn(a) � pn(a)=2:By (2.3), the inverse limit of the An is a left-distributive algebra; let A1 denoteits subalgebra generated by the element 1.If w is an element of the free left-distributive algebra on one generator 1 (a\word"), let [w]n denote the element of An to which w evaluates. By (2.3) we have,for all w,(2.7) [w]n+1 = � [w]n[w]n + 2nand A1 � v = w i� for all n, [v]n = [w]n. Theorem 4.4 of [3] gives several conditionsequivalent to the statement that A1 is the free algebra; by [6], these are true underthe assumption of the existence of a nontrivial elementary embedding j : V� ! V�.If a nontrivial j : V� ! V� exists, then A is the free one-generated left-distributive algebra and A is isomorphic to A1. Moreover, as Laver has shownin [6], the equivalence relation k 
n= ` (de�ned in [6]) gives a homomorphism of A



4 THOMAS JECHonto An. We recall that this equivalence relation can be de�ned algebraically onA1; see [3], De�nition 5.1. In particular we have(2.8) a 
n= b i� [a]n = [b]n:As A and A1 are isomorphic, we shall identify the generator j of A with 1, andconsider the elements a 2 A1 to be elementary embeddings. In particular, everyinteger k can be identi�ed with some k 2 A via(2.9) 1 = j; k + 1 = k � j:Using (2.8), we note that if An � a = b then for every 
 2 �(2.10) if a
 < 
n then b
 = a
if a
 � 
n then b
 � 
nif a"
< 
n then b"
 = a"
2.2. De�nition. For every word a let s(a) (the signature of a) be the largest nsuch that [a]n = 0; if a is an integer then s(a) is the largest s(a) such that 2s(a)divides a.The following summarizes the connection between the algebras An and the crit-ical points 
 2 �:2.3. Lemma. crit (a) = 
s(a);a
k � 
n i� pn(a) � 2k;a
k = 
n where n = s(a � 2k).In particular, this includes Laver's result mentioned in the introduction:(2.11) crit (2n) = 
n; 2n
n = 
n+1;the latter is equivalent to this fact about the An's:(2.12) An+2 � 2n � 2n = 2n+1;which has the following consequence (that one can also prove directly):(2.13) An+2 � 2n � a = 2n + a (a � 2n):2.4. Lemma. (2n � 1)
0 = 
n, (2n � 1)
1 = 
n+1.Proof. (2n � 1)
0 = (2n � 1) crit (1) = crit ((2n � 1) � 1) = crit (2n) = 
n;(2n � 1)
1 = (2n � 1)(1
0) = (2n � 1) � 1((2n � 1)
0) = 2n
n = 
n+1:2.5. Lemma. If a < 2n � 1 then a
0 < 
n and a
1 < 
n+1:Proof. If a < 2n � 1 then a � 1 � 2n � 1 and so s(a � 1) < n; hence a
0 < 
n: thesecond statement is proved by induction on n : When n = 2; we have a
1 = 
2 forboth a = 1 and a = 2: Thus let n > 2: If a < 2n�1�1 then a
1 < 
n; if a = 2n�1�1then a
1 = 
n and if a = 2n�1 then a
1 = 
1: If 2n�1 < a < 2n�1 then a = 2n�1+bwhere b < 2n�1�1; and we have (by 2.13) a
1 = (2n�1 � b)(2n�1
1) = 2n�1(b
1) �2n�1
n�1 = 
n:Following [3], Section 3, leta �n b = (a �n (b+ 1))� 1 mod 2n;for all a; b 2 An; the relation �n on An is a homomorphic image of composition onP under the homomorphism given by the equivalence relation =
n .



LARGE ORDINALS 52.6. Lemma. Let a 2 P. If a
0 = 
n then a"
1 = (2n � 1)"
1. If k � 1 anda
k = 
n then a"(2k � 1)"
1 = (2n � 1)"
1.Proof. We prove the second statement only, as the proof of the �rst one is similar.We have a"(2k�1)"
1 = a� (2k�1)"
1, a �n+1 (2k�1) = (a �n+1 2k)�1 = 2n�1,and the statement follows by Lemma 2.4 and by (2.10).2.7. Corollary. 
1 is the least ordinal in 
 above 
0; for every k � 1, (2k�1)"
1is the least ordinal in 
 above 
k.Proof. Again, we only prove the second statement. Let � = a�
 be an ordinal in
 greater than 
k. Let a
k = 
n; since 
k < �, we have 
n < 
. By Lemmas 2.6 and2.4, a"(2k � 1)"
1 = (2n � 1)"
1 < (2n � 1)
1 = 
n+1 � 
 and so (2k � 1)"
1 � �.2.8. Lemma. If 2n < a < 2n+1 then there is no � such that 
n � a� < 
n+1,and for no �, 
n � a"� < 
n+1.Proof. Let b = a � 2n; we have An+1 � a = 2n � b. If � � 
n then a� � 
n+1because crit (a) � 
n. If � < 
n then 2n� = �, anda� = 2nb(2n�) = 2n(b�);a"� = 2nb"2n� = 2n(b"�):Hence both a� and a"� are in the range of 2n, which is disjoint from the interval[
n; 
n+1).2.9. Corollary. Every � 2 � between 
n and 
n+1 is equal to a"
 for some
 2 � and a < 2n.Proof. Let � = b"
 where b 2 P and let a = [b]n+1. Hence � = a"
, and a < 2nby Lemma 2.8.3. The Threshold Hypothesis and its consequencesWe shall now formulate a conjecture about the cyclic algebras and use it to proveresults about embeddings in P and ordinals in 
.3.1. The Threshold Hypothesis (TH). Let a < 2n�1, and let pn+1(a) = 2k+1.If c+ 1 is the threshold of a in An+1 then pk+2(c) = 2pk+1(c).The conclusion of TH, pk+2(c) = 2pk+1(c); is equivalent to the statement that
k+1 = c
m for some 
m 2 �: We shall call the set fc� : � 2 �g the range of c:The statement that 
 2 range(c) is not necessarily equivalent to 
 = c(�) forsome ordinal �: However, if Laver's conjecture holds then these are equivalent: if
 = c(�) then � 2 
 and hence � = a"� for some � 2 �; therefore 
 = ca"c� andby co�nality, c� = 
; � = �:We conjecture that (TH) holds in every n. In the applications that follow weonly use the following consequence of TH:



6 THOMAS JECH3.2. Lemma. Assume TH and let a < 2n � 1. If a
k+1 = 
n+1 then there existsa c < 2k such that 
k+1 2 range(c) and An+2 � ac < 2n.Proof. By Lemma 2.3, pn+1(a) = 2k+1, and because a < 2n � 1; k � 1 (byLemma 2.5). Let c + 1 be the threshold of a in An; by (2.6), 0 < c < 2k, and byTH, 
k+1 2 range(c). Since c < tn+1(a), we have An+1 � ac < 2n. By Lemma 2.3,a
k+1 = 
n+1 implies that tn+2(a) = 2k+1, and it follows that An+2 � ac < 2n.3.3. Theorem. Assume TH. If a < 2n and a
k+1 = 
n+1 then a"
k+1 > 
n.Proof. The statement is vacuously true for n = 0. For every n � 1 we prove thetheorem by downward induction on a.First let a = 2n � 1. By Lemma 2.4 we have k = 0, a
0 = 
n and a
1 = 
n+1.Therefore 
n < a"
1 < 
n+1.Now let a < 2n � 1. by Lemma 3.2 there exists some c < 2k such that An+2 �ac < 2n, and 
k+1 2 range(c). Let � 2 � be such that c� = 
k+1, and letb = [ac]n+2. Since c < 2k, we have (by Lemmas 2.3 and 2.5) 
0 < � < 
k+1 and soa� = 
m+1 for some m < n. Thereforeac
m+1 = ac(a�) = a(c�) = a
k+1 = 
n+1and so b
m+1 = 
n+1: Since b > a and b < 2n, we have, by the induction hypothesis,b"
m+1 > 
n. Now the statement for a follows (using Lemma 1.4 and (2.10)):a"
k+1 = a"c� > a(c"�) = ac"a� = ac"
m+1 = b"
m+1 > 
n:3.4. Corollary. (TH) If a < 2n and if 
n < a"
 < 
n+1 then a
 = 
n+1Proof. Let a
 = 
m+1. By Theorem 3.3, a"
 > 
m, and so m = n.3.5. Corollary. (TH) If a < 2n and 
n+1 2 range (a) then there exists an � 2 �such that 
n < a� < 
n+1.Proof. It is � = c"� in the proof of Theorem 3.3.3.6. De�nition. For � 2 �, let �+ denote the least ordinal in � greater than �.3.7. Corollary. (TH) Let a < 2n and let �+ = 
 2 � be a critical point. If
n � a� < 
n+1 then a
 = 
n+1.Proof. If 
 = 
1 then � = 
0 by Corollary 2.7, and so a
0 = 
n. By Lemmas 2.4and 2.5, a = 2n � 1 and so a
1 = 
n+1.Thus let 
 = 
k+1 where k > 0. Then a
k+1 = 
m+1 where m � n. By Corollary3.5 there exists a � 2 � such that 
m < a� < 
m+1, and since 
 = �+, we have
m < a�. It follows that m = n and hence a
 = 
n+1.3.8. Corollary. (TH) If 
 = �+ 2 � and if a 2 P is arbitrary, then there is nocritical point � 2 � between a� and a"
.Proof. This is true if a� = �, so assume that crit (a) < �. Let n be such that
n � a� < 
n+1. We will show that a"
 < 
n+1. By Lemma 2.8, An+1 � a < 2n.Let b = [a]n+1; then b < 2n; 
n � b� < 
n+1, and by Corollary 3.7 we haveb
 = 
n+1.Since crit (b) = crit (a) < 
n we have b"
 < 
n+1, and it follows that a"
 < 
n+1.



LARGE ORDINALS 73.9. Theorem. Assume TH. Then Laver's Conjecture holds; i.e. every ordinalu�� 2 
 is in �.Proof. Let � = u��(� 2 �) be a counterexample. Let b"
 (
 2 �) be the leastordinal in � greater than �. Let � 2 � be such that �+ = 
. Since b� 2 �, wehave b� < � < b"
.Let a = u � b. We havea"
 = (u � b)"
 = u"b"
 > u� � �(by Lemma 1.4), and a� = (u � b)� = u(b�) < �:This contradicts Corollary 3.8.We conclude this Section with the following observation of Laver:3.10. Lemma (Laver). If 
 = � thena"�+ = (a�)+for all a 2 P and all � 2 �.Proof. Assume otherwise and let � 2 � be such that a� < � < a"�+. Then� < a�� < �+, a contradiction.4. Ordinals between 
n and 
n+1In this Section we again assume TH and describe all 
-ordinals between twoconsecutive critical points. We also formulate the Uniqueness Hypothesis, anotherconjecture about the cyclic algebras, and use it to prove that the representation isunique.4.1. De�nition. Let � 2 � be such that 
n < � < 
n+1; � is special (below
n+1) if �+ = 
n+1.4.2. Lemma. If � is special then there exist no � 2 
, � < � and no a 2 P suchthat � = a�.Proof. If a� = � then by Lemma 3.9 the ordinal �+ = a"�+ has co�nalitycf �+ < �+ and therefore is not a critical point.4.3. Lemma. If � 2 
, 
n < � < 
n+1 and � is not special, then there exist� 2 
, � < � and a 2 P such that � = a�.Proof. If � is not special then �+ = a"
 for some a 2 P and 
 2 �, 
 6= 
0. Let� 2 
 be such that �+ = 
. By Lemma 3.10, (a�)+ = a"�+ = a"
 = �+, and so� = a�.



8 THOMAS JECH4.4. Theorem. Let a < 2n, � 2 
 and 
n < � < 
n+1. The ordinal � isnot special if and only if there exist c < 2n; 
 2 �; a < c; � 2 � and b such that� = c"
; a� = 
 and An+1 � ab = c.Proof. First assume that � is not special. By Lemma 4.3 there exist � < � anda such that � = a�. By Lemma 2.8 we may assume that a < 2n.Let b and � 2 � be such that � = b"�. Then � = a� = a(b"�) = ab"a�. Leta� = 
 and c = [ab]n+1. We have a < c; c"
 = ab"a� = �, and by Lemma 2.8,c < 2n.Conversely, assume that the condition holds. Then � = c"
 = ab"a� = a(b"�).As a < 2n, its critical point is below 
n, hence a� > � and so b"� < �. By Lemma4.2, � is not special.We not describe all 
-ordinals between consecutive critical points:4.5. Theorem. Let n > 0. There exist a �nite sequencea1 = 2n � 1 > a2 > � � � > aknof embeddings and a �nite sequece
i1 = 
1; . . . ; 
iknof critical points such that
n < a"1
i1 < � � � < a"kn
ikn < 
n+1are all the 
-ordinals between 
n and 
n+1, and for every k = 1; . . . ; kn� 1,ak"
ik = ak+1�where � is the special ordinal below 
ik+1 .Proof. Let a1 = 2n � 1. By Corollary 2.7, a"1
1 is the least 
-ordinal greaterthan 
n (this is proved without using TH). By induction, let k � 1, ak = a and
ik = 
. If a"
 is special below 
n+1 we are done. Thus assume that a"
 is notspecial, and so there exist a � < a"
 and some x such that x� = a"
.Let � be the least � such that x� = a"
 for some x. We claim that � is special:if not then � = y"� for some y and � < �; then (x � y)� = x(y�) = x� = a"
,contradicting the minimality of �. Therefore there exists a special � < a"
 suchthat c� = a"
. By Corollary 2.9, there is such a c with the property that c < 2n.Let ak+1 be the largest c < 2n such that for some special �; a"
 � c� < 
n+1.First we note that by the induction hypothesis, it is impossible that c � a: thisis clear for k = 1, and if k > 1, then this would contradict the fact that ak is thelargest a < 2n such that for some special �, a"k�1
ik�1 � a� < 
n+1. Hence c < ak.We conclude the proof by showing that c� = a"
. Thus assume that c� > a"
.There exist a b and some � 2 � such that a = b"
, and we havec� = c(b"�) = cb"c� = d"c�



LARGE ORDINALS 9where d = [cb]n+1. By Lemma 2.8 we have c < d < 2n.Let � be special below c�. By Lemma 3.10, d"c� is the successor of d�, and sod� � a"
. This contradicts the maximality of c.We shall now address the question of uniqueness of the representation given byTheorem 4.5. If a"
 = b"� and 
; � 2 � then, by the reason of co�nality, 
 = �.The question is whether we can have a"
 = b"
 when a; b < 2n�1 and a"
 < 
n+1.We prove the uniqueness of a"
 under the assumption of the following UniquenessHypothesis:4.6. The Uniqueness Hypothesis (UH). Let a; b < 2n�1 and let pn(a) =pn(b) = 2k. Let c be the least c such that 
k is in the range of c and let c
i = 
k.If a
i = b
i and An � ac = bc, then a = b.We conjecture that (UH) holds in every An. The proof of Theorem 4.8 uses thefollowing consequence of UH:4.7. Lemma. Assume UH and let a; b < 2n�1, a 6= b. If a
k = b
k = 
n and if cis the least c such that 
k 2 range (c), then An � ac 6= bc.Proof. Let a; b < 2n�1 and let c be least with 
k 2 range (c); let c
i = 
k.Assume that An � ac = bc.By TH, c is smaller than the threshold of either a or b in An and so [ac]n =[bc]n < 2n�1. Since 
n is in the range of both a and b, [ac]n+1 = [bc]n+1 < 2n�1.Thus 
n = a(c
i) = ac(a
i) = [ac]n+1(a
i) = [bc]n+1(b
i), and it follows thata
i = b
i. By UH, a = b.4.8. Theorem. Assume UH. If a; b < 2n and 
n < a"
 = b"
 < 
n+1 then a = b.Proof. We proceed by induction on n and, for a given n, by downward inductionon a < 2n. If a = 2n � 1 then 
 = 
1, and because 
1 = 
+0 , Lemma 3.10 impliesthat if b"
1 = a"
1 then b
0 = a
0 = 
n, and by Lemma 2.5 we have b = 2n � 1.Now let b < a < 2n � 1 be such that 
n < a"
 = b"
 < 
n+1. By Corollary3.4, a
 = b
 = 
n+1. Let c"� be the special ordinal below 
. By Theorem 4.5 andthe induction hypothesis on n, c is the least c such that 
 2 range (c), and so byLemma 4.7, An+1 � ac 6= bc. By TH and by Lemma 2.3 we have [ac]n+1 < 2n and[bc]n+1 < 2n. By Lemma 3.10, a"
 = (a(c"�))+, and it follows that [ac]n+1"a� =[bc]n+1"b�. This contradicts the induction hypothesis on a, since a < [ac]n+1 < 2n.5. The conjectures TH and UHThe main result of our paper depends on the conjecture TH for �nite LD algebras.In this Section we discuss the numerical evidence for the conjecture as well as relatedconjectures.The statement TH is formulated in terms of the algebras An. In principle, onecan verify the validity of the statement TH for any particular value of n. In practice,the number of calculations for An grows exponentially, so we can't really expect toverify TH for too large values of n.In our experiments we use a sophisticated software developed by Randall Dougherty.Using various unpublished results about the algebras An, Dougherty devised an al-gorithm that can compute the binary operation in the algebras An for all n � 48.We used the code [2] with the author's permission. I am grateful to the ComputerScience Department of Penn State for letting me use their equipment.



10 THOMAS JECH5.1. Experimental result. TH is true for all n � 30.The proof of Lemma 3.2 that uses TH uses only the instance of TH when 
n+1is in the range of the embedding a. Thus we can formulate a weaker hypothesisthat is still su�cient for the results of our paper. (We also use n� 1 instead of n.)5.2. The weak threshold hypothesis (WTH). Let a < 2n�1� 1 be such thata
k = 
n. If c+ 1 is threshold of a in An then 
k is in the range of c.WTH can be reformulated in several equivalent ways. To see that, we �rstobserve the following:5.3. Lemma. Let a < 2n�1�1 be such that 
n 2 range (a) and let c+1 = tn(a).Then [ac]n+1 = [ac]n = [ac]n�1;[a � c]n+1 = [a � c]n:Proof. As c+1 = tn(a), we have [ac]n < 2n�1 � [a(c+1)]n. Thus [ac]n = [ac]n�1.Since 
n 2 range (a), we have tn+1(a) = pn(a) > c + 1, and so [ac]n+1 = [ac]n,and [a � c]n+1 = [a(c+ 1)� 1]n+1 = [a(c+ 1) � 1]n = [a � c]n.5.4. Lemma. Let a < 2n�1 � 1; a
k = 
n and c + 1 = tn(a). Consider thefollowing statements:(i) 
k 2 range (c)(ii) 
n 2 range ([ac]n)(iii) 
n 2 range ([ac]n�1)(iv) 
n 2 range ([a � c]n)(v) 
n�1 2 range ([a � c]n�1)The statements (i), (iv) and (v) are equivalent and imply (ii) and (iii) that are alsoequivalent; under Laver's conjecture all �ve statements are equivalent.Proof. (ii) and (iii) are equivalent by Lemma 5.3. To show that (i) implies (ii),let c� = 
k; we have
n = a
k = a(c�) = ac(a�) = [ac]n+1(a�) = [ac]n(a�):Conversely, if 
n 2 range ([ac]n) = range ([ac]n+1) then a
k = 
n 2 range (ac):By elementarity, 
k = c� for some ordinal �; and by Laver's conjecture 
k 2range(c): (See the remarks following De�nition 3.1.)To show the equivalence of (i) and (iv), let �rst c� = 
k; we have
n = a
k = a(c�) = (a � c)� = [a � c]n+1� = [a � c]n�:Conversely, if a
k = 
n = [a � c]n� = [a � c]n+1� = (a � c)� = a(c�), then 
k = c�.Finally, to show the equivalence of (iv) and (v), we �rst observe that if[a(c+ 1)]n = 2n�1, we have [a � c]n�1 = [a � c]n = 2n�1 � 1 and both 
n�1 and 
nare in the range of 2n�1 � 1.If [a(c+ 1)]n > 2n�1, then[a � c]n = [a � c]n�1 + 2n�1 = 2n�1 �n [a � c]n�1
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n�1 = 
n, we have 
n�1 2 range ([a � c]n�1) if and only if
n 2 range ([a � c]n): Let u = [a � c]n�1 and v = [a � c]n: If u� = 
n�1 thenv� = 2n�1u(2n�1�) = 2n�1(u�) = 
n: Conversely, if v� = 
n then � < 
n�1; and
n = 2n�1(u�); hence u� = 
n�1:An inspection of the arguments in the proof of Theorem 3.3 will con�rm that(WTH1) below su�ces in place of (WTH) to prove the theorem, and consequentlyLaver's conjecture. Thus it follows from Lemma 5.4 that (WTH) is equivalent toany of the following three statements:5.5 .(WTH1) If a < 2n�1 � 1; 
n 2 range (a) and c + 1 = tn(a) then 
n 2range ([ac]n).(WTH2) If a < 2n�1�1; 
n 2 range (a) and c+1 = tn(a) then 
n 2 range ([a�c]n).(WTH3) If a < 2n�1 � 1; 
n 2 range (a) and c + 1 = tn(a) then 
n�1 2range ([a � c]n�1).We remark that the assumption that 
n 2 range (a) is necessary in each (WTH1),(WTH2) and (WTH3):5.6. Example. (i) Let n = 5, a = 5; then c = 1, ac = 6 and 
5 is not in therange of 6.(ii) Let n = 10, a = 34; then c = 4, [a � c]9 = 242 and 
9 is not in the range of242.When investigating the weak threshold hypothesis, we notice that in most casesit is true for trivial reasons, namely because if 
n is in the range of a then 
n�1 isin the range of a as well. This leads to the following conjecture.5.7. The Twin Hypothesis. If n is odd, a < 2n�1 and 
n 2 range (a), then
n�1 2 range (a).If a satis�es the Twin Hypothesis then it satis�es WTH: this is because tn(a) =2k�1 where a
k = 
n, and 
k 2 range (2k�1 � 1).5.8. Experimental result. The Twin Hypothesis is true for all odd n � 31.Now we turn our attention to the Uniqueness Hypothesis. When we apply (UH)(in Lemma 4.7) we only use a weaker version:5.9. If a; b < 2n�1 are such that a
k = b
k = 
n and if c is the least c such that
k 2 range (c), then [ac]n = [bc]n implies a = b.We have veri�ed both UH and 5.9 for a large number of embeddings:5.10. Experimental result. UH is true for all n � 17; 5.9 is true for all n � 25.As a �nal remark, we observe that the 5.9 does not necessarily hold when c isnot the least c:5.11. Example. Let n = 9, a = 48, b = 192 and c = 51. Then a
7 = b
7 = 
9,c
3 = 
7 and [ac]9 = [bc]9 = 243.
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12
0
11"
1
23"
1
37"
14"
33"
22"
21"
2
415"
112"
33"
3
531"
128"
319"
316"
515"
22"
3
663"
160"
351"
348"
515"
3
7127"
1124"
3115"
3112"
579"
364"
763"
250"
348"
647"
2
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332"
631"
218"
316"
615"
414"
21"
3
8255"
1252"
3243"
3240"
5207"
3192"
763"
348"
715"
5
9511"
1508"
3499"
3496"
5463"
3448"
7319"
3304"
7271"
5256"
9255"
2242"
3240"
647"
332"
715"
6
101023"
11020"
31011"
31008"
5
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3960"
7831"
3816"
7783"
5768"
9255"
3240"
715"
7
112047"
12044"
32035"
32032"
51999"
31984"
71855"
31840"
71807"
51792"
91279"
31264"
71039"
71024"
111023"
21010"
31008"
6815"
3800"
7783"
6768"
10767"
2754"
3752"
6559"
3544"
7527"
6512"
10511"
2498"
3496"
6303"
3288"
7271"
6256"
10255"
414"
3
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