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ABSTRACT. Let 7 be an elementary embedding of V) into V) that is not the iden-
tity, and let x be the critical point of j. Let A be the closure of {j} under the
operation a(b) of application, and let 2 be the closure of {«} under the operation
min{¢ : a(€) > b(a)}.

We give a complete description of the set  under an assumption (Threshold
Hypothesis) on cyclic left distributive algebras.

1. Introduction

Let A be a limit ordinal such that there exists a nontrivial elementary embedding
J (W, €) = (Vi,€). The existence of such a A is a large cardinal axiom, and by
Kunen [5], A = nlgrgo kn Where kg = & is the critical point of j and k411 = j(Kn)
foralln=0,1,2,....

Following Laver [6], if j and k are elementary embeddings from V) to Vy, let j -k
denote the elementary embedding j(k) = (J,., j(k | Vo). The binary operation
j - k satisfies the left-distributive law

(LD) a(be) = ab(ac)

[Here and throughout the paper we adopt the convention that abe = (ab)ec.]

Let j = Vi — Vi and let k = crit(j) be the critical point of j. Let A = A; be
the closure of {j} under - and let P = P; be the closure of {j} under - and o where
o denotes composition. Let

I'={ar:a € A}.
[Another convention we adopt is writing ax instead of a(x).]

As crit(ab) = a crit(b), T is the set of all critical points of all « € A, and it is
easily seen that I' = {ak : a € P} = {crit(a) : a € P}.

In [6], Laver proved that A is the free left distributive algebra on one generator,
and in [7] he showed, using a result of Steel, that T' has order type w. In fact, if we
let

J1=1J, Jn+1=JnJ
then T = {~, :n=20,1,2,...} where
Yo = crit(fan) and o<y < <Yy < .t

In this paper we investigate certain ordinal numbers defined in terms of the
embeddings in A (P) and the critical points in I'. These ordinals have been studied
in [7], [1] and [3].
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1.1. Definition. The set ¥ of simple ordinals is the closure of I' under the
operation

a’o = supf{af : & < a} (a € A)

The set Q of ordinals is the closure of I' under the operation

a” o = min{é : af > o} (a € A)

The following facts are consequences of elementarity:

1.2. Lemma. For all a,b € P and all ordinals o,

a(ba) = ab(ax)
a(’a) = ab’ax
a’b’a=(aoch)a
a(ba) = ab” ax

a b"a=(boa) a.

As a corollary, L = {a”v:v €T and a € P} and Q = {a~ v :v €T and a € P}.
The following argument shows that every ordinal in X is in Q.

1.3. Lemma. (Dougherty) Let ¢ € A be such that v = crit (¢). Then a”y =
¢~ (caw), for every a € P.

Proof. We have ¢(a”y) = ca”cy, and because ¢y > 7, it follows that ca” ¢y > cay.
Thus ¢(a”y) > cay.

If n < a”, then 5 < af for some £ < 5. Since c€ = &, we have ¢y < ¢(a) =
ca(c€) = caé < cay. Thus a”~ is the least n such that ¢n > cay.

It has been conjectured by Laver that ¥ = . We prove this equality (Theo-
rem 3.9), under an assumption on cyclic LD algebras (the Threshold Hypothesis
3.1). Under the same hypothesis, we give a complete description of ordinals in €
(Theorem 4.4).

To conclude this introduction, we state the following facts about the ordinals
that will be used in subsequent arguments:

1.4. Lemma. (a) Ifa < then aa < a”f
(b) If y €T and ay > 7 then a”y < ay.
(¢c) Ify € T and by > 7 then a”by > a(b”7)

Proof. (a) follows from the definition; (b) from the fact that cf(a”+) = v while
cf(ay) = a(cfy) = av, and (c) combines (a) and (b).

2. Critical points and cyclic LD algebras

We shall exploit the remarkable connection between the algebras A and P and
the (finite) cyclic left-distributive algebras. We shall first review some facts from
[3] about cyclic LD algebras.
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For each n let A, = {0,1,...,2" — 1}. There is a unique left-distributive oper-

ation x, on A, such that a x 1 = a + 1 mod 2”. For every a € A, there exists a
number p, (a) = 2%, the period of a such that

. a<axl<ax2<---<ax —1), ax =
2.1 1 2 2k 1 2k =0

and a * (2% +b) = a xb.
In particular,

(2.2) p(0) =27, pa(2" — 1) =1, py(2"~ 1) = 2771

and for all a,if 0 < a < 2” — 1 then 1 < pp(a) < 2".
Reduction modulo 2" is a homomorphism from A,4q to Ay:

(2.3) a #p41 0 mod 2" = (a mod 27) *, (b mod 27).

It follows that for every a € A, pnt1(a) either remains equal to p,(a) or doubles:

24 ot = { 0
and
(2.5) Prti(a+2") = pa(a).

If the period p,(a) = 2* doubles to 251 then a #,41 2% = 27.

2.1. Definition. The threshold t,(a) of a € A, is the least ¢ such that
a #pc> 20 L

(2.6) a #p (tn(a) — 1) < 2"l < a x, tn(a).

If a > 2771 — 1 then t,(a) = 1. If a < 2"~1 — 1 then 1 < ¢,,(a) < p,(a)/2.

By (2.3), the inverse limit of the A, is a left-distributive algebra; let A, denote
its subalgebra generated by the element 1.

If w is an element of the free left-distributive algebra on one generator 1 (a
“word”), let [w], denote the element of A, to which w evaluates. By (2.3) we have,
for all w,

[w]n

.7) o = { -

and Ae F v = wifffor all n, [v], = [w],. Theorem 4.4 of [3] gives several conditions
equivalent to the statement that A, is the free algebra; by [6], these are true under
the assumption of the existence of a nontrivial elementary embedding 5 : V), — V).

If a nontrivial j : V), — V) exists, then A4 is the free one-generated left-
distributive algebra and A is isomorphic to A,,. Moreover, as Laver has shown
in [6], the equivalence relation k& 2 ¢ (defined in [6]) gives a homomorphism of A
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onto A,. We recall that this equivalence relation can be defined algebraically on
Aco; see [3], Definition 5.1. In particular we have
(2.8) aZb it [a], = [b]n.
As A and A, are isomorphic, we shall identify the generator j of A with 1, and
consider the elements @ € A, to be elementary embeddings. In particular, every
integer k can be identified with some k € A via
(2.9) 1=1j, k4+1=Fkxj.

Using (2.8), we note that if A, F a = b then for every v € T

if ay <7, then by = ay
(2.10) if ay >7v, then by>7,
if  a’y<7v, then b¥y=a"y

2.2. Definition. For every word a let s(a) (the signature of a) be the largest n
such that [a], = 0; if @ is an integer then s(a) is the largest s(a) such that 25(%)
divides a.

The following summarizes the connection between the algebras A, and the crit-
ical points v € I':
2.3. Lemma. crit (a) = 7,(q);

avye 2 Yn IEPn(Cl) < Qk;
avys = Yo where n = s(a * 2%).

In particular, this includes Laver’s result mentioned in the introduction:
(2.11) crit (2°) = Yo, 2"Yn = Ynt1;
the latter is equivalent to this fact about the A, ’s:
(2.12) Apga F 27 %20 = 20F
which has the following consequence (that one can also prove directly):

(2.13) Api2F2"xa=2"+a (a <27).

2.4. Lemma. (2" — 1)y = vn, (2" — )31 = Yn41-
Proof. (2" — 1)y = (27 — 1) crit (1) = crit ((2" = 1) x 1) = crit (27) = vn;
2" =Dy = (2" = D(ly) = (27 = D+ H{(2" = Do) = 2" = Tnt1-
2.5. Lemma. Ifa < 2" —1 then avyy < ¥, and ay1 < Yp41.
Proof. If a < 2" — 1 then a* 1 <2” — 1 and so s(a * 1) < n; hence ayy < 7y,. the
second statement is proved by induction on n : When n = 2, we have avy; = ~» for
botha =1and a = 2. Thuslet n > 2. If a < 2°~1 —1 then ay; < v,,ifa=2""1-1
then ay; =7, andifa = 2" ' thenay, =v. If2" ! < a < 2" —1 then a = 2"~ 14
where b < 2=t —1, and we have (by 2.13) ay; = (2" 71 *b) (2" 1yy) = 2"~ 1(byy) <
2n_17n—1 = Tn.

Following [3], Section 3, let

aonb=(a *, (b+1)) —1 mod 27,

for all a,b € A, ; the relation o, on A, is a homomorphic image of composition on
P under the homomorphism given by the equivalence relation =7~.
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2.6. Lemma. Leta € P. If ayg = 4, then a”y; = (2" = 1)’y,. If k > 1 and
avys = Yn then a” (28 — 1)y, = (2% — 1) 1.

Proof. We prove the second statement only, as the proof of the first one is similar.
We have a” (28 —1)"y; = ao (28 = 1)"y1, @ 0pq1 (28 — 1) = (@ %41 28) =1 = 27— 1,
and the statement follows by Lemma 2.4 and by (2.10).

2.7. Corollary. 7, is the least ordinal in Q above vo; for every k > 1, (28 —1)"y,
is the least ordinal in £ above ;.

Proof. Again, we only prove the second statement. Let « = ¢~ be an ordinal in
Q greater than ;. Let ay, = v, since v, < «, we have v, < v. By Lemmas 2.6 and
24, a (28 — 1)y = (27 = 1)y < (2" = 1)1 = Yaq1 <7y and so (28 — 1)y, < a.

2.8. Lemma. If2" < a < 2"%! then there is no o such that v, < aa < Yn+1,
and for no o, v, < a”’a < Ypy1.

Proof. Let b = a — 27; we have App1 Fa=2"xb. If a > =, then aa > Y41
because crit (a) < 7y,. If @ < 7, then 2o = a, and

ace = 2"6(2"a) = 2" (bev),
a’a=2"0"2"a = 2" (b a).

Hence both aa and a”« are in the range of 2”7 which is disjoint from the interval
(Vs Ynt1)-

2.9. Corollary. Every a € ¥ between 7, and .41 is equal to a”v for some
~v €Tl and a < 27.

Proof. Let a ="y where b € P and let a = [b],,41. Hence o = a”~, and a < 2"
by Lemma 2.8.

3. The Threshold Hypothesis and its consequences

We shall now formulate a conjecture about the cyclic algebras and use it to prove
results about embeddings in P and ordinals in Q.

3.1. The Threshold Hypothesis (TH). Let a < 2" —1, and let p, 41(a) = 25+L.
If ¢+ 1 is the threshold of @ in Apy1 then prya(c) = 2pri1(c).

The conclusion of TH, pry2(c) = 2pr41(c), is equivalent to the statement that
Ve+1 = CYm for some 7, € T'. We shall call the set {cd : § € T'} the range of c.

The statement that v € range(c) is not necessarily equivalent to v = ¢(«) for
some ordinal a. However, if Laver’s conjecture holds then these are equivalent: if
v = e(a) then o € Q and hence o = a”§ for some § € T', therefore v = ca”¢d and
by cofinality, ¢§d = v, a = 4.

We conjecture that (TH) holds in every n. In the applications that follow we
only use the following consequence of TH:
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3.2. Lemma. Assume TH and let a < 2" — 1. If ayi41 = yn+1 then there exists
a ¢ < 2% such that y411 € range(c) and A,is F ac < 27,

Proof. By Lemma 2.3, p,yi(a) = 25t and because a < 2" — 1,k > 1 (by
Lemma 2.5). Let ¢ + 1 be the threshold of a in A,; by (2.6), 0 < ¢ < 2%, and by
TH, 7,41 € range(c). Since ¢ < t,41(a), we have 4,11 F ac < 2". By Lemma 2.3,
aYk+1 = Yn41 implies that ¢, 12(a) = 28+ and it follows that A, 2 F ac < 27.

3.3. Theorem. Assume TH. Ifa < 2" and a1 = Yn41 then a’yp11 > n.

Proof. The statement is vacuously true for n = 0. For every n > 1 we prove the
theorem by downward induction on a.

First let « = 2" — 1. By Lemma 2.4 we have k = 0, ayo = v, and ay1 = Yn41.
Therefore v, < a”v1 < Yp41-

Now let @ < 2® — 1. by Lemma 3.2 there exists some ¢ < 2¥ such that Anyo F
ac < 2", and vyg41 € range(c). Let 6 € T be such that ¢d = 7541, and let
b = [ac]pqo. Since ¢ < 2%, we have (by Lemmas 2.3 and 2.5) y9 < J < 541 and so
ad = ym41 for some m < n. Therefore

acYmt1 = ac(ad) = a(ed) = avpt1 = Yn41
and 8o bYm41 = Yn41. Since b > a and b < 27, we have, by the induction hypothesis,
b’ Ym41 > Yn. Now the statement for a follows (using Lemma 1.4 and (2.10)):

a"ypp1 = a’cd > a(c”d) = ac’ad = ac’ Y41 = b Ymy1 > Yn-

3.4. Corollary. (TH) Ifa < 2" and if v, < a”y < Yn41 then ay = Yn41
Proof. Let ay = Ym41. By Theorem 3.3, ¢’y > 4, and so m = n.

3.5. Corollary. (TH) Ifa < 2" and vy,41 € range (a) then there exists an o € X
such that v, < ao < yp41.

Proof. It is o = ¢”§ in the proof of Theorem 3.3.
3.6. Definition. For o € ¥, let o™ denote the least ordinal in ¥ greater than a.

3.7. Corollary. (TH) Let a < 2" and let a* = v € T be a critical point. If
Yo < ao < Yp41 then ay = yo41.

Proof. If vy =~ then a =5y by Corollary 2.7, and so avy = v,. By Lemmas 2.4
and 2.5, ¢ = 2" — 1 and so ay1 = Yn41-

Thus let ¥ = 4541 where & > 0. Then avk4+1 = Ym+1 where m > n. By Corollary
3.5 there exists a 3 € X such that v, < a8 < Ymy1, and since ¥ = aT, we have
Ym < ac. It follows that m = n and hence ay = y,41.

3.8. Corollary. (TH) Ify = at €T and if a € P is arbitrary, then there is no
critical point § € ' between aa and a”+.

Proof. This is true if acv = «, so assume that crit (a) < a. Let n be such that
Yo < aa < Ypp1. We will show that a”v < vp41. By Lemma 2.8, 4,11 Fa < 27,
Let b = [a]n41; then b < 27, < ba < 4,11, and by Corollary 3.7 we have
by = Ynt1-

Since crit (b) = crit (a) < v, we have b’y < 4,41, and it follows that @’ < y,41.
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3.9. Theorem. Assume TH. Then Laver’s Conjecture holds; i.e. every ordinal
u"AEQisin X,

Proof. Let £ = u= A(A € T') be a counterexample. Let 6y (v € T') be the least
ordinal in ¥ greater than €. Let a € ¥ be such that ot = . Since ba € %, we
have ba < £ < b77.

Let a = uob. We have

a’y = (uod)’y = u’'by > ué > A
(by Lemma 1.4), and
aq = (u o b)a = u(ba) < A.
This contradicts Corollary 3.8.

We conclude this Section with the following observation of Laver:

3.10. Lemma (Laver). IfQ =X then

a’at = (aoz)"'

for all a € P and all o € 3.

Proof. Assume otherwise and let £ € ¥ be such that ao < € < a”at. Then
a < a”€& < at, a contradiction.

4. Ordinals between v, and v,41

In this Section we again assume TH and describe all Q-ordinals between two
consecutive critical points. We also formulate the Uniqueness Hypothesis, another
conjecture about the cyclic algebras, and use it to prove that the representation is
unique.

4.1. Definition. Let o € ¥ be such that v, < a < yp41; « is special (below
Yo1) if aF = yn 41

4.2. Lemma. If « is special then there exist no & € Q, £ < o and no a € P such
that o = aé.

Proof. If aé = o then by Lemma 3.9 the ordinal ot = a”¢% has cofinality
cf €t < aT and therefore is not a critical point.

4.3. Lemma. Ifa € Q, v, < o < Y41 and « is not special, then there exist
£E€Q, & <aanda€ P such that a« = a€.

Proof. If a is not special then at = a”v for some a € P and y € T', v # 5. Let
& € Q be such that ¢t = 4. By Lemma 3.10, (aé)t = a”¢*T = ¢’y = o, and so
a = aé.
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4.4. Theorem. Let a < 2" a € Q and v, < o < Ypy1. The ordinal a is
not special if and only if there exist ¢ < 2",v € I'a < ¢, A € ' and b such that
a=cv,aA =7~ and Ap;1 Fab=c.

Proof. First assume that « 1s not special. By Lemma 4.3 there exist £ < « and
a such that o = a&. By Lemma 2.8 we may assume that a < 27.

Let b and A € T be such that £ = 6”A. Then a = a = a(b”A) = ab”aX. Let
al = v and ¢ = [ab],41. We have a < ¢, ¢’y = ab”al = «, and by Lemma 2.8,
c< 2",

Conversely, assume that the condition holds. Then o = ¢y = ab”aX = a(b” ).
As a < 27, its critical point is below v,, hence aa > o and so 8’ A < a. By Lemma
4.2, o 18 not special.

We not describe all Q-ordinals between consecutive critical points:

4.5. Theorem. Let n > 0. There exist a finite sequence

a1 =2"—-1>ay > > ag

n

of embeddings and a finite sequece

Yie = V1 Viky,
of critical points such that

Yo < @17y, <o <Ak Yik, < Yntl

are all the Q-ordinals between =, and yn41, and for every k =1,.. .k, — 1,
ak’ Vi, = Q100

where « is the special ordinal below 7;, ;.

Proof. Let a3 = 2" — 1. By Corollary 2.7, a”17; is the least Q-ordinal greater
than v, (this is proved without using TH). By induction, let & > 1, a = a and
~i, = 7. If a”’~ is special below v,41 we are done. Thus assume that ¢”+ is not
special, and so there exist a £ < @”~ and some x such that 2 = a”~.

Let « be the least & such that & = a”~ for some &. We claim that « is special:
if not then o = y”n for some y and n < «; then (z o y)n = z(yn) = xa = a’v,
contradicting the minimality of a. Therefore there exists a special a < @”4 such
that ca = a”~. By Corollary 2.9, there is such a ¢ with the property that ¢ < 27.

Let ap41 be the largest ¢ < 27 such that for some special a,a¢”y < ea < Yp41.
First we note that by the induction hypothesis, it is impossible that ¢ > a: this
is clear for £ = 1, and if £ > 1, then this would contradict the fact that ay 1s the
largest a < 2™ such that for some special £, a”_17%;,_, < a€ < Yp41. Hence ¢ < ay.

We conclude the proof by showing that caw = @”+. Thus assume that ca > a”~.
There exist a b and some A € I" such that @ = #”+, and we have

ca=c(b’A) = cb”ch = d’cA



LARGE ORDINALS 9

where d = [¢b],+1. By Lemma 2.8 we have ¢ < d < 2".
Let 1 be special below cA. By Lemma 3.10, d”cA is the successor of dr, and so
dn > a”~. This contradicts the maximality of c.

We shall now address the question of uniqueness of the representation given by
Theorem 4.5. If a”y = 8”8 and v, € I' then, by the reason of cofinality, v = §.
The question is whether we can have a”y = ”v when a,b < 2"~ ! and a”v < Y 11.
We prove the uniqueness of a”~ under the assumption of the following Uniqueness
Hypothesis:

4.6. The Uniqueness Hypothesis (UH). Let a,b < 2"~! and let p,(a) =
pn(b) = 2%, Let ¢ be the least ¢ such that 4 is in the range of ¢ and let ey; = .
If ay; = by; and A, F ac = be, then a = b.

We conjecture that (UH) holds in every A,. The proof of Theorem 4.8 uses the
following consequence of UH:

4.7. Lemma. Assume UH and let a,b < 2" a#b. If ayy = bys = v, and if ¢
is the least ¢ such that v, € range (c), then A, F ac # be.

Proof. Let a,b < 2"71 and let ¢ be least with v € range (¢); let ey; = k.
Assume that A,, F ac = be.

By TH, ¢ is smaller than the threshold of either a or b in A4, and so [ac], =
[beln < 2771, Since 7, is in the range of both a and b, [acl,41 = [be]ptr < 2771
Thus v, = a(ey;) = aclay;) = [aclpyi(ay;) = [be]ns1(byi), and it follows that
ay; = bvy;. By UH, a = b.

4.8. Theorem. Assume UH. Ifa,b < 2" and~y, < a”y =b"~y < Yp41 then a = b.

Proof. We proceed by induction on n and, for a given n, by downward induction
ona< 2% If a=2" —1 then y = 71, and because v, = 77, Lemma 3.10 implies
that if 8”y1 = a@”~; then byy = ayy = ¥n, and by Lemma 2.5 we have b = 2" — 1.
Now let b < a < 2” — 1 be such that v, < a”y = by < y,41. By Corollary
3.4, ay = by = yp41. Let ¢”d be the special ordinal below . By Theorem 4.5 and
the induction hypothesis on n, ¢ is the least ¢ such that v € range (¢), and so by
Lemma 4.7, Ap41 F ac # be. By TH and by Lemma 2.3 we have [ac],4+1 < 2" and
[bclng1 < 27, By Lemma 3.10, a”vy = (a(c”d))™, and it follows that [ac],4+1”ad =
[bc]na1”bd. This contradicts the induction hypothesis on a, since a < [ac],+1 < 27.

5. The conjectures TH and UH

The main result of our paper depends on the conjecture TH for finite LD algebras.
In this Section we discuss the numerical evidence for the conjecture as well as related
conjectures.

The statement TH is formulated in terms of the algebras A, . In principle, one
can verify the validity of the statement TH for any particular value of n. In practice,
the number of calculations for A,, grows exponentially, so we can’t really expect to
verify TH for too large values of n.

In our experiments we use a sophisticated software developed by Randall Dougherty.
Using various unpublished results about the algebras A,, Dougherty devised an al-
gorithm that can compute the binary operation in the algebras A, for all n < 48.
We used the code [2] with the author’s permission. T am grateful to the Computer
Science Department of Penn State for letting me use their equipment.
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5.1. Experimental result. TH is true for all n < 30.

The proof of Lemma 3.2 that uses TH uses only the instance of TH when 7,41
is in the range of the embedding ¢. Thus we can formulate a weaker hypothesis
that is still sufficient for the results of our paper. (We also use n — 1 instead of n.)

5.2. The weak threshold hypothesis (WTH). Let a < 2"~! — 1 be such that
aygy = Yn- If ¢+ 1 is threshold of @ in A, then ~ is in the range of ¢.

WTH can be reformulated in several equivalent ways. To see that, we first
observe the following:

5.3. Lemma. Leta < 2"~'—1 besuch that~y, € range (a) and let c+1 = t,(a).
Then

[aclntr = [acln = [ac]a-1,

[aoclnsr = [aodcy.

Proof. Asc+1=t,(a), we have [ac], < 2"~ < [a(c+1)],. Thus [ac], = [ac],_1.
Since v, € range (a), we have t,41(a) = pn ( ) > ¢+ 1, and so [ac]p41 = [ac]n,
and [a5 1 = [a(e 4+ 1) — s = [o(c+ 1) — 1], = [0 el

5.4. Lemma. Let a < 2"7' —1 ay, = v, and ¢ + 1 = t,(a). Consider the
following statements:

(i) 3 € range ()

(i) 2n € range (facl,)

(i) 7 € range ([ach )

(iv) v, € range ([ao¢c],)

(v) Anr € range (a0 1)
The statements (i), (iv) and (v) are equivalent and imply (ii) and (iii) that are also
equivalent; under Laver’s conjecture all five statements are equivalent.

Proof. (ii) and (iii) are equivalent by Lemma 5.3. To show that (i) implies (ii),
let ¢d = ~i; we have

Y = avyi = a(ed) = ac(ad) = [acln41(ad) = [ac]y(ad).

Conversely, if v, € range ([ac],) = range ([ac]p41) then ayy = v, € range (ac).
By elementarity, v = ca for some ordinal «, and by Laver’s conjecture ~; €
range(c). (See the remarks following Definition 3.1.)

To show the equivalence of (i) and (iv), let first ¢§ = 75; we have

Yo = ays = a(cd) = (aoc)d = [aoc]pt1d = [aoc],d.

Conversely, if ayy = v, = [a o c|pd = [a o c]p410 = (a0 ¢)d = a(cd), then v, = cd.

Finally, to show the equivalence of (iv) and (v), we first observe that if
[a(c+1)], = 277!, we have [aoc],_; =[aoc], = 2" — 1 and both y,_; and 7,
are in the range of 2771 — 1.

If [a(c + 1)],, > 2771, then

[aocl, =[aoclu_1+2"" P =2""1 v, [aoc], 1
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and because 2"_17n_1 = Y, we have y,_1 € range ([aoc],—1) if and only if

Yo € range ([ao¢ly): Let w = [aoclp—1 and v = [a o c],. If ud = 4,_1 then
vé = 2"ty (27718) = 2"~ H(ud) = 7,. Conversely, if vd = 7, then § < ,_1, and
Yn = 2"~ H(ud), hence ud = v, _1.

An inspection of the arguments in the proof of Theorem 3.3 will confirm that
(WTH1) below suffices in place of (WTH) to prove the theorem, and consequently
Laver’s conjecture. Thus it follows from Lemma 5.4 that (WTH) is equivalent to
any of the following three statements:

5.5 .

(WTHL) If @ < 27! — 1,4, € range (a) and ¢ + 1 = t,(a) then 7, €
range ([ac]y).

(WTH2) Ifa < 2"~ '—1,5, € range (a) and c+1 = t,(a) then v, € range ([ao
n).

(WTH3) If a < 2"7' — 1,4, € range (a) and ¢+ 1 = #,(a) then v,_1 €
range ([a o c]p—1).

We remark that the assumption that v, € range (a) is necessary in each (WTH1),
(WTH2) and (WTHS3):

5.6. Example. (i) Let n = 5, a = 5; then ¢ = 1, ac = 6 and 45 is not in the
range of 6.

(ii) Let n = 10, a = 34; then ¢ = 4, [a o ¢]o = 242 and 7y is not in the range of
242.

When investigating the weak threshold hypothesis, we notice that in most cases
it 1s true for trivial reasons, namely because if 7, is in the range of a then ~,_; is
in the range of a as well. This leads to the following conjecture.

5.7. The Twin Hypothesis. If n is odd, ¢ < 2*~! and v, € range (a), then
Yn—1 € range (a).

If a satisfies the Twin Hypothesis then it satisfies WTH: this is because t,(a) =
25=1 where ay; = v,, and v, € range (2871 —1).

5.8. Experimental result. The Twin Hypothesis is true for all odd n < 31.

Now we turn our attention to the Uniqueness Hypothesis. When we apply (UH)
(in Lemma 4.7) we only use a weaker version:

5.9. If a,b < 2"~1 are such that ays = by = 7, and if ¢ is the least ¢ such that
s € range (c), then [ac], = [bc], implies a = b.
We have verified both UH and 5.9 for a large number of embeddings:

5.10. Experimental result. UH is true for all n < 17; 5.9 is true for all n < 25.

As a final remark, we observe that the 5.9 does not necessarily hold when ¢ is
not the least ¢:

5.11. Example. Let n =9 a =48 b =192 and ¢ = 51. Then ay; = byr = o,
cvs = 7 and [ac]s = [be]y = 243.

11
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6. Appendix. Ordinals below ~;5

Yo
"
1"y
72
3’m
73
7'
473
372
27y
s
V4
1577
12773
3773
5
317
28773
19773
1675
1572
2773
e
63771
6073
51773
4875
15773
V7
1277y
1247 5
11573
11275
79773
6477
637 y2
50773
487 vs
47775
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3473
327 s
317y
18773
16”76
15774
147,
173
8
2557y,
2527 ~3
2437 ~3
240775
207 ~3
19277
63773
48”7
1575
Yo
5117y,
508" ~3
499”7 ~3
496”5
4637 ~3
4487 ~v7
31973
3047y,
27175
256”79
255774
24273
240”6
4773
3277
15776
Y10
10237y,

1020”’)/3
101173
1008”75

13
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975743
9607 v
8317 ~3
816”7y
783775
768”79
25573
240”7 Y7
1577
Y11
20477 v,

20447 3
203573
20327 5
19997 ~5
19847 ~7
185575
18407 Y7
18077~
17927 44
12797~
12647 ~7
10397~
10247 v11
10237 4
101075
1008”4
815”73
8007y
783776
768”7 y10
76772
754”7 3
752"~
559743
5447 ~7
527" ~6
512”7~19
51174
4987 ~3
4967 e
3037 ~3
2887 Y7
2717 ~6
256”y10
25574,
14773
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