
x0 Introduction

In [3], Foreman, Magidor and Shelah introduced a forcing axiom, called Mar-
tin's Maximum, which says that if P is a forcing notion preserving stationary subsets
of !1, and hD� j � < !1i is a sequence of dense subsets, then there exists a �lter
G � P meeting every D�: They showed that if the existence of a supercompact
cardinal is consistent with the set theory, then Martin's Maximum is also consistent
with the set theory. They also showed many consequences of Martin's Maximum.
For example, Martin's Maximum implies that the Singular Cardinal Hypothesis
holds, the nonstationary ideal on !1 is saturated, and every stationary set on every
countable space re
ects.

In this paper, we continue the study of Martin's Maximum initiated in [3].
We de�ne projective stationary sets and prove that Martin's Maximum implies that
every projective stationary set contains an increasing continuous 2{chain of length
!1. We will also show that the consequences of Martin's Maximum in [3] follow
from the assumption that every projective stationary set contains an increasing
continuous 2{chain of length !1. We will call this assumption the Projective Sta-
tionary Re
ection principle. It turns out that this principle is in fact equivalent to
the Strong Re
ection Principle of Todorcevic [9] (see next section for details). It
di�ers from the known stationary re
ection principles in two respects. First, it is
not applicable to every stationary set, but only to the projective stationary sets.
Basically, a projective stationary set is a stationary set which projects to every
stationary subset of !1. Hence there are many stationary sets which are not projec-
tive stationary. Secondly, it claims that every projective stationary set re
ects to
a closed unbounded subset, not just a stationary subset , of some countable space
[X]! with X has cardinality of @1.

It is a strong re
ection principle because it implies the known stationary re
ec-
tion principles, not the other way around. A typical stationary re
ection principle
is the following re
ection principle from [3]:

(RP) If S � [H�]! is stationary, then there exists an X of size @1 such that
!1 � X and S \ [X]! is stationary in [X]!.

This stationary re
ection principle has many interesting consequences. For
example, RP implies that every !1{stationary preserving partially ordered set is
semiproper; RP implies that the nonstationary ideal on !1 is presaturated (see
later for de�nitions), theorems of Foreman, Magidor and Shelah [3]; RP implies
that 2@0 � @2, a theorem of Todorcevic [8], etc. (See [1,2,3,8,9,10] for more results
on this direction.)

However, it is also proved in [3] that when a supercompact cardinal is Levy
collapsed to !2, in the resulting model, every stationary set re
ects. But in such a
model, the strong re
ection principle does not hold.
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In section 1, we study the Projective Stationary Re
ection Principle. We will
prove that it follows from Martin's Maximum and it is equivalent to the Strong
Re
ection Principle of Todorcevic.

In section 2, we present some natural examples of projective stationary sets.
In section 3, we study some special projective stationary sets, which form a

�lter. It turns out that this �lter is closely connected to the saturation of the
nonstationary ideal on !1. Namely, the saturation of the nonstationary ideal on !1
itself is a kind of re
ection.

We refer to [4,5] for all terms used but not explicitly de�ned in the text.

x1 Projective Stationary Sets

Let � be a regular cardinal � !2. Let H� be the set of all sets hereditarily
of size less than �. We assume that H� is endowed with a well ordering. We use
[H�]! to denote the set of all countable subsets of H�. Notice that [H�]! � H�: A
subset C � [H�]! is closed and unbounded (a club, in short) if there is a function
f : [H�]<! ! H� such that for every countable x 2 [H�]!, x 2 C if and only if x is
closed under f , i.e., if e 2 [x]<! , then f(e) 2 x, where [A]<! denotes the set of all
�nite subsets of A. A subset S � [H�]! is stationary if for every club C � [H�]!

the intersection C \ S is not empty. A basic fact that is used frequently is the
normality of the club �lter: if S is stationary, f : S ! H� is a choice function, i.e.,
f(x) 2 x for all x 2 S; then there is a stationary subset on which f is a constant.
In particular, the intersection of countably many clubs contains a club.

We use N � M to denote that N is an elementary submodel of M as usual.
Also if f : X ! Y and A � X, we use f 00A to denote the set ff(a) j a 2 Ag:

A sequence hN� j � < �i of countable submodels of H� is an increasing
continuous 2{chain of length � if for all � < �; (N� � H�) and for all � < � <
�; (N� 2 N�); and if � < � is a limit ordinal then N� =

S
�<�N�: It is a strongly

increasing continuous 2{chain of length � if , in addition, � + 1 < � implies
that hN� j � < �i 2 N�+1 for all limit ordinals � < �:

A sequence hN� j � < �i of countable submodels of H� is an increasing
continuous �{chain of length � if for all � < �; (� � N� � H�) and for all
� < � < �; (N� � N�); and if � < � is a limit ordinal then N� =

S
�<�N�:

We will frequently use a simple fact without mentioning it. This fact says that
if N � H� and x 2 N is countable then x � N: It follows that every increasing
continuous 2{chain is an increasing continuous �{chain.

Note that for closed unbounded many X 2 [H�]!; X \ !1 is an ordinal.

Definition 1.1 The projection of a set S � [H�]! is the set Proj(S) =
fX \ !1 : X 2 Sg: We say that S � [H�]! is projective stationary if for every
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club C � [H�]!, Proj(S \ C) contains a club in !1: Equivalently, S is projective
stationary if and only if the set ST = fX 2 S j X \ !1 2 Tg is stationary for every
stationary subset T of !1.

It follows from the de�nition that every projective stationary set is stationary.
But the converse is not true. Also, there are disjoint projective stationary sets. We
will see some natural examples later.

We are interested in projective stationary sets primarily because we are inter-
ested in the following Projective Stationary Re
ection principle:

Projective Stationary Re
ection: For every regular cardinal � � !2, if S �
[H�]! is a projective stationary set, then there exists an increasing continuous 2{
chain hN� j � < !1i of countable elementary submodels of H� of length !1 such
that N� 2 S for all � < !1:

We now show that the Projective Stationary Re
ection Principle follows from
Martin's Maximum.

Let us recall Martin's Maximum:
A forcing P is !1{stationary preserving if every stationary subset of !1 in the

ground model remains stationary in the generic extension. Martin's Maximum is
the following statement:

If P is a !1{stationary preserving partially ordered set, if fD� j � < !1g is a
sequence of dense subsets of P of size @1, then there exists a �lter G � P which
meets every D�.

It is proved in [3] that if the existence of a supercompact cardinal is consistent
with the axioms of set theory, then Martin's Maximum is also consistent with the
axioms of set theory. It is shown also in [3] that Martin's Maximum has many
interesting consequences.

To show that Martin's Maximum implies the Projective Stationary Re
ection
Principle, we need a lemma saying that every stationary subset S � [H�]! con-
tains strongly increasing continuous 2{chains of any countable length. This is a
generalization of the following lemma (see [4], Exercise 7.12, Page 60).

Lemma 1.1 If S � !1 is stationary, then for any countable ordinal �, for any
countable ordinal 
, there exists an x � S � 
 such that x is closed and has order
type �+ 1.

The proof of this lemma is by induction on �: We will use this lemma to prove
the following:

Lemma 1.2 If S � [H�]! is stationary, then for every countable ordinal �,
there exists a strongly increasing continuous 2{chain hN
 j 
 � �i of length � + 1
such that N
 2 S for all 
 � �.
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Proof Let S � [H�]! be stationary. Let � < !1 be �xed. We will show that in
some generic extension by a �{closed forcing the conclusion of the lemma holds for
this S and �. That will be enough.

Consider the following forcing P .
A condition p is a strongly increasing continuous 2{chain of length � + 1 for

some � < !1 such that p(�) � H� is countable for all � < � + 1:
The ordering is by extension.

Claim P is �{closed.

To see this, let hpn j n < !i be a decreasing sequence of conditions. Let �n
be the largest countable ordinal in the domain of pn. Let � =

S
n<! �n and let

N =
S
n<! pn(�n): Then N � H� is a countable elementary submodel. De�ne

q(�) = N and q(�) = pn(�) for � < � with n the least such that � � �n: q is then
a condition extending all the pn.

Hence P is a �{closed forcing.
Let G � P be a generic �lter over V . In V [G], let f =

S
G: Then f is an

increasing continuous 2{chain of length !1 which enumerates a closed unbounded
subset of ([H�]!)V . Since S remains stationary in the generic extension, the follow-
ing set is a stationary subset of !1:

T = f� < !1 j f(�) 2 Sg:

By the quoted lemma above, let x � T be a closed set of order type � + 1. Let
x = f
� j � � �g be the canonical enumeration. Let N� = f(
�) for � � �:
ThenhN� j � � �i 2 V is the desired strongly increasing continuous 2{chain of
length �+ 1.

This proves the lemma.

Theorem 1.1 Assume the Martin's Maximum. Then the Projective Station-
ary Re
ection principle holds. In fact, if S � [H�]! is projective stationary, then
there exists a strongly increasing continuous 2{chain of length !1 through S.

Proof Let S � [H�]! be projective stationary.
The idea is to shoot a strongly increasing continuous 2{chain of length !1

through S. Thus, a condition p = hN� j � � �i is a strongly increasing continuous
2{chain of length � + 1 for some � < !1 such that for all � � � (N� 2 S): The
ordering is by extension.

Let P be the set of all conditions. We are going to show that forcing with P
preserves stationary subsets of !1.

For � < !1, let D� = fp 2 P j � 2 dom(p)g: For x 2 H�, let Dx = fp 2
P j 9� 2 dom(p) (x 2 p(�))g:
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We claim that each D� and each Dx is dense. To see this, let � < !1 and
x 2 H�: Let p = hN� j � � �i be a condition.

Then S1 = fN 2 S j fp; xg � Ng is stationary. Applying the lemma above, let
hM
 j 
 � �i be a strongly increasing continuous 2{chain from S1. We then de�ne
q(�) = M� for all � � � such that � > � and de�ne q(�) = p(�) for all � � �: It
follows that q � p and q 2 D� \Dx:

We can now show that the forcing preserves stationary subsets of !1.
Let T � !1 be stationary. Let _C be a name for a club subset of !1. We would

like to show that ` �T \ _C 6= ;:
Let p 2 P be a condition.
Let ST = fN 2 S j N \ !1 2 Tg: Then ST is stationary.

Let � � (22
jP j

)+ be a regular cardinal. Consider the structure

H = hH�;2;4; P; f _Cg; ST ; � � �i;

where 4 is a well ordering of H�:
Let N � H be countable such that N \ H� 2 ST , and f _C;S; T; ST ; pg � N:

Let � = N \ !1: Let hDn j n < !i be a list of all dense subsets of P which are in
N . Let p0 = p: Inductively, pick pn+1 2 Dn \N so that pn+1 � pn: Let �n be the
largest countable ordinal in dom(pn). By elementarity and a density argument, we
have � =

S
n<! �n and N \H� =

S
n<! pn(�n): Therefore,

q =
[
n<!

pn [ f(�;N \H�)g

is a condition stronger than all pn. Since _C 2 N , for each � < �, there is a name
_
 2 N such that

` _
 2 _C & �� < _
:

Each such name corresponds to a dense subset in N . Hence, q ` _
 2 ��: It follows
that q ` \ _C \ �� is unbounded in ��:". Thus, q ` �� 2 _C. Therefore, q ` _C \ �T 6= ;:

It follows then that forcing with P preserves stationary subsets of !1:

Now let G � P be a �lter meeting all the dense subsets D� for � < !1 de�ned
above. Let

hN� j � < !1i =
[

G:

Then this is a strongly increasing continuous 2{chain of length !1 with eachN� 2 S:
This �nishes the proof.

From the proof above, we have seen that for a given stationary S � [H�]!, there
is a natural forcing notion PS associated with S to shoot an increasing continuous
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2{chain of length !1. Then S is projective stationary if and only if this forcing
notion PS preserves stationary sets of !1. (We have proved the harder direction.
To see the other direction, assume that S is not projective stationary. Let T � !1
be stationary such that ST = fN 2 S j N \ !1 2 Tg is not stationary. Then T is
not stationary in the extension by PS .)

After the work of Foreman, Magidor and Shelah [3], Todorcevic in a circulated
hand written note [9] in September 1987 formulated the following Strong Re
ection
Principle (SRP) (See also [1], page 57{60):

Strong Re
ection Principle: For every �, every S � [�]! and for every regular
� > � there is an increasing continuous 2{chain fN� j � < !1g of countable
elementary models of H� (with N0 containing a prescribed element of H�) such
that for all � < !1, N� \ � 2 S if and only if there exists a countable elementary
submodel M of H� such that N� �M , M \ !1 = N� \ !1, and M \ � 2 S:

In the following, we show that the Strong Re
ection Principle and the Projec-
tive Stationary Re
ection principle are equivalent.

Theorem 1.2 The Strong Re
ection Principle holds if and only if the Pro-
jective Stationary Re
ection principle holds.

Proof First we show that the Strong Re
ection Principle implies the Projective
Re
ection principle.

Let S � [H�]! be a projective stationary set. Let fN� j � < !1g be a contin-
uous 2{chain of countable elementary submodels of H� with � > �, given by SRP
for S.

We would like to show that f� < ! j N� \H� 2 Sg contains a club in !1.
Assume not. Let T = f� < !1 j N� \ H� 62 S and N� \ !1 = �g. Then T is

stationary.
De�ne D to be the following set

D = fN 2 [H�]
! j H� 2 N & 8� 2 N \ !1 N� 2 Ng:

By normality, D contains a club on [H�]!.
Since S is projective stationary, there exists an N 2 D such that N \ !1 2 T ,

N \ H� 2 S and N is an elementary submodel of H�: Let � = N \ !1: Since if
� < � then N� � N , N� \ !1 = � = N \ !1 and N� � N: Hence N� \H� 2 S by
the property of N�: This is a contradiction.

This proves that f� < !1 j N� \H� 2 Sg contains a club in !1:
We prove now that the Projective Stationary Re
ection principle implies the

Strong Re
ection Principle.
Let � � !1 and � > �. Assume that S � [�]! and � is regular. De�ne S� to

be the following set: for N 2 [H�]!, let N 2 S� if and only if N � (H�;2;4) and
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that there exists a countable M � (H�;2;4) such that N �M , N \ !1 =M \ !1
and M \ � 2 S implies that N \ � 2 S:

Claim S� is projective stationary in [H�]!:

Let g : [H�]<! ! H� and T � !1 be stationary in !1.
Let � be a regular cardinal larger than the cardinality of H�.
Let N 0 � (H�;2;4) be countable such that N 0 \!1 2 T and f�; �; S; gg � N 0:

Assume that there exists a countable M � (H�;2;4) such that M \!1 = N 0 \!1,
N 0 \ H� � M and M \ � 2 S: (If there are no such M , then N 0 \ H� 2 S�. We
have what we want.) Let N be the skolem hull of N 0 [ (M \ �) in the structure
(H�;2;4):

We claim that N \ � =M \ �: Hence N \H� 2 S� and we �nish the proof.
Let � 2 N \ �: Let � be a skolem term. Let a 2 N 0 and �1; � � � ; �m 2 M \ �

be such that � = � (a; �1; � � � ; �m):
De�ne h : [�]m ! � by

h(x1; � � � ; xm) =

�
� (a; x1; � � � ; xm); if � (a; x1; � � � ; xm) < �;

0; otherwise.

Then h 2 N 0. Hence h 2 N 0 \H� �M: Therefore, � = h(�1; � � � ; �m) 2M \ �:
This �nishes the proof that S� is projective stationary in [H�]!:
Applying the Projective Stationary Re
ection principle, let hN� j � < !1i be

an increasing continuous 2{chain of length !1 such that N� 2 S� for all � < !1.
Certainly, this is what the Strong Re
ection Principle needs for the given S.

x2 Some Examples

In this section, we investigate some natural examples of projective stationary
sets. These examples have been used previously by others, and in some cases we
are unsure of the authorship of these examples.

First let us consider the saturation of the nonstationary ideal on !1.
Let F be a set of stationary sets on !1. F is an antichain if A \ B is nonsta-

tionary for A 6= B in F . F is a maximal antichain if F is an antichain and for every
stationary subset T � !1 there exists some A 2 F such that T \ A is stationary.
The nonstationary ideal on !1 is saturated if every maximal antichain has size at
most @1.

In [7], Steel and Van Wesep showed that the nonstationary ideal may be sat-
urated using determinancy. In [3], Foreman, Magidor and Shelah showed that
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Martin's Maximum implies that the nonstationary ideal on !1 is saturated. In [9],
Todorcevic showed that the Strong Re
ection Principle is su�cient.

Example 2.1
Let F be a maximal antichain of stationary subsets of !1. Consider the follow-

ing set:

S = fN 2 [H!2 ]
! j N � H!2 ; F 2 N; and 9A 2 F \N (N \ !1 2 A)g:

We now check that S is projective stationary.
Let T � !1 be stationary. Let A 2 F be such that A \ T is stationary. Let C

be a club on [H!2 ]
!. Then we can �nd an elementary submodel N of H!2 with the

property that N \ !1 2 A \ T and N 2 C. Hence S is projective stationary.
Applying the Strong Re
ection Principle, let fN� j � < !1g be an increasing

continuous �{chain of elementary submodels of H!2 such that � � N� for every �
and there exists a club C � !1 such that if � 2 C then � = N� \ !1 and N� 2 S.

We proceed to check that F � X =
S
fN� j � < !1g:

Let A 2 F . Assume that this A 62 X. Let Y be the skolem hull of X [ fAg.
Let M� be the skolem hull of N� [ fAg: Let D � C be a club such that for every
� 2 D we have that M� \ !1 = N� \ !1 = �:

Let � 2 D \ A: Then � = N� \ !1 = M� \ !1. There must be some B 2
F \ N� such that � 2 B: This B must be di�erent from A. Hence A \ B must
be nonstationary. But by elementarity, as both A and B are in M�, there must be
some closed and unbounded subset E 2 M� of !1 such that E \ A \ B is empty.
We then have a contradiction because E 2 M� implies that M� \ !1 2 E and
M� \ !1 2 A \B.

Therefore F � X. Hence the size of F is at most @1:
Hence we have the theorem of Todorcevic [1,9] that the Strong Re
ection Prin-

ciple implies that the nonstationary ideal on !1 is saturated.

Example 2.2
Our next example is to show that assuming the Strong Re
ection Principle,

every stationary set E � !2 of ordinals of co�nality ! contains a closed copy of !1.
This is a theorem of Todorcevic [1,9].

Fix a regular cardinal � � !2.
Let E be a stationary subset of � such that every � 2 E has co�nality !:
Consider the following set:

S = fN 2 [H�]
! j N � H�; E 2 N; and sup(N \ �) 2 Eg:

We check that S is projective stationary.
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Let T � !1 be stationary. Let f : [H�]<! ! H�. Let M � H� be such that
!1 � M , M has cardinality @1, M is closed under f and sup(M \ �) 2 E. Then
there is a countable N � M such that N is closed under f and N \ !1 2 T and
sup(N \ �) = sup(M \ �).

This shows that S is projective stationary.
Applying the Strong Re
ection Principle, let fN� j � < !1g be an increasing

continuous 2{chain such that N� 2 S for � 2 !1. Then for each � < !1, sup(N� \
�) 2 E: We are done.

Example 2.3
Let E = f� < � j cf(�) = !g:
Let fE� j � < !1g be a family of disjoint stationary subsets of E: Let fT� j � <

!1g be a partition of !1 so that each T� is stationary for � < !1 and for every
stationary subset X � !1, there is some � < !1 such that X \ T� is stationary.

Then the following set S is projective stationary:

S = fN 2 [H�]
! j 8� < N \ !1 N \ !1 2 T� ) sup(N \ �) 2 E�g:

To see this, let T � !1 be stationary. Let � be the least countable ordinal such
that T \ T� is stationary. Then the following set is stationary:

fN 2 [H�]
! j � < N \ !1 2 T \ T�&sup(N \ �) 2 E�g:

This can be used to show, assuming the Strong Re
ection Principle, that if
� � !2 is regular, then �@1 = �. By Silver's theorem [6], this in turn implies the
Singular Cardinal Hypothesis holds. Here, by the Singular Cardinal Hypothesis we
mean the following statement:

For every singular cardinal �, if 2cf(�) < �, then �cf(�) = �+:
Thus, we have that the Strong Re
ection Principle implies that the Singular

Cardinal Hypothesis holds. In fact the Singular Cardinal Hypothesis follows from
a weaker re
ection principle as shown by Velickovic [10].

Example 2.4
We now prove that the Strong Re
ection Principle implies the Re
ection Prin-

ciple. In fact, if S � [H�]! is stationary then there exists an increasing continuous
2{chain hN� j � < !1i such that f� < !1 j N� 2 Sg is stationary in !1. (This is
the version of the re
ection principle used by Velickovic in [10] to show the Singular
Cardinal Hypothesis.) Notice that the Re
ection Principle is strictly weaker than
the Strong Re
ection Principle, because it does not imply that the nonstationary
ideal on !1 is saturated.
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Let S � [H�]!. There is another projective stationary set p(S) � [H�]! natu-
rally associated with S.

Let T � !1. De�ne ST = fN 2 S j N \ !1 2 Tg:
Let F � fT � !1 j T is stationary and ST is not stationary g be a maximal

antichain of the smallest cardinality.
De�ne p(S) to be the following set:

fN � H� j N 2 [H�]
! and (9A 2 N \ F (N \ !1 2 A) () N 62 S)g:

Then p(S) is projective stationary in [H�]!:
If we assume that hN� j � < !1i is an increasing continuous 2{chain from

p(S), then S is stationary if and only if f� < !1 j N� 2 Sg is stationary.
Let us assume that S is stationary. Toward a contradiction, let us assume that

f� < !1 j N� 2 Sg is not stationary. Then the complement of this set contains a
club. It follows that for every A 2 F there is some � < !1 such that A 2 N�: Let
f : !1 ! F be a surjective mapping. For each � < !1 let C� � [H�]! be a club
to witness that f(�) 2 F . Let C = ��<!1C�: Then C \ S is stationary and the
following set T is stationary in !1:

T = fN \ !1 j N 2 C \ Sg:

Let � 2 T be such that for all A 2 N� \ F there is a � < � with A = f(�), for all
� < �, f(�) 2 N�, and � = N� \ !1. Then N� 2 S: This is a contradiction. Hence
f� < !1 j N� 2 Sg is stationary in !1.

To see the other direction, assume that S is not stationary. By minimality,
the cardinality of F must be one and the member of F must contain a club. By
elementarity, there must be such a club in N0. Therefore, for all � < !1, N� \ !1
must be in this club. Hence no N� will be in S.

Furthermore, if we require the !1 sequences to be strongly increasing continu-
ous, then we can have that if S � [H�]! is stationary and T � [H�]!1 is !1{closed
and unbounded, then there exists an X 2 T such that S \ [X]! is stationary in
[X]!.

Example 2.5
Let C be a sequence de�ned on all the limit ordinals < � such that for all limit

ordinals � < �, C� � � is a club in � and for all limit ordinals � < �, if � 2 C� is
a limit point of C�, then C� = � \C�: C is a �

� sequence if there is no club D � �
such that for every limit point � of D, C� = � \D:

Let SC be the set of all countable elementary submodels N of H� such that,
letting � = sup(N \ �), C� \N is bounded in �.

The following theorem is essentially due to Velickovic [10].
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Theorem 2.1 The following are equivalent:
(1) SC is projective stationary.
(2) SC is stationary.
(3) There is no club D � � such that for all limit points � of D, C� = � \D:

That is, C is a �

� sequence.

Proof

(2) ) (3). Assume that (3) is false. Let D be a witness. Let � > � be a
su�ciently large regular cardinal. Let N � H� be a countable elementary submodel
containing all the relevant objects. Then N \H� 62 SC:

(3) ) (1). This is essentially due to Velickovic [10].
For an f : [H�]<! ! H�, and a countable ordinal �, let us consider the

following game G(�; f), due to Velickovic [10]. Two players, Player One and Player
Two, take in turn playing in ! many steps. Player One plays an interval In � �
of size less than � and an ordinal �n 2 In at his nth move. Player Two plays an
ordinal �n in his responding move. At the end of the play, Player One wins the play
if and only if for every n < !, �n < inf(In+1) and the elementary submodel N of
H�, which is generated by � [ f�n j n < !g and which is also closed under f , has
the property that N \ !1 = � and N \ � �

S
n<! In:

Notice that if Player One loses a play, Player One loses at some stage even
before the game is over. Hence this game is a determined game.

Lemma 2.1 (Velickovic) There exists a club Ef � !1 such that for every
� 2 Ef , Player One has a winning strategy ��f for the game G(�; f):

Let f : [H�]<! ! H�. Let T � !1 be stationary.
Assume (3), we need to �nd a countable elementary submodel N � H� with

the property that N is closed under f , N \ !1 2 T and N 2 SC:

Let � 2 T \ Ef . Let � be a winning strategy for Player One in the game
G(�; f).

Let � = (2�)+: Let hM� j � < �i be an increasing continuous 2{chain of
elementary submodels of H� of size < � such that all the relevant objects are inM0

and M� \ � 2 � for all � < �: Let D = fM� \ � j � < �g: Then D is a club in �:
Let M � H� be an elementary submodel of size less than �, containing all the

relevant objects, such that M \ � is an ordinal of co�nality !1: Let � =M \ �:
Assume that there is a X 2M such that � \X � C� and M j= \X is a club in

� ". Let Y be the set of all the limit points of X. Then Y 2M . Let 
 < � be inM
such that both are in Y . Then 
 and � are limit points of C�. Hence C
 = 
 \C�:
Therefore, for every pair 
 < � from Y , we have C
 = 
 \ C�: This contradicts to
our assumption (3).

Thus, for every club X � �, if X 2 M then there is some ordinal 
 2 X \ �
which is not in C�: It follows that for every 
 < �, there is some � < � such that
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�� =M� \ � is not in C� and �� > 
:
Inductively pick �n so that ��n 62 C� and there is some ordinal � 2 C� with

��n < � < ��n+1 :
Let � =

S
f��n j n < !g. Then C� = � \ C�:

Consider the following play of the game G(�; f). Player One follows his winning
strategy � which is in M0. Player Two plays �n = max(��n \C�), which is in M�n ,
in his nth move. Let In and �n be the nth move of Player One following his winning
strategy �. Then �n 2 In � (�n; ��n) for all n < !. Let N � M be generated by
�[ f�n j n < !g which is closed under f . Then N \!1 2 T and supN \ � = � and
N \ C� � I0. Hence N \H� 2 SC:

This shows that (3) implies (1).

Corollary 2.1 If for every stationary S � [H�]! there is an increasing
continuous 2{chain hN� j � < !1i such that f� < !1 j N� 2 Sg is stationary,
then there is a club C � � such that for every limit point � 2 C, C� = � \ C: In
particular, there is no �

� sequence.

Proof By the previous theorem, we need only to prove that SC is not stationary.
Toward a contradiction, let us assume that SC is stationary. Let hN� j � < !1i

be an increasing continuous 2{chain be such that T = f� < !1 j N� 2 SCg is
stationary. Let 
� = sup(N� \ �) for � < !1. Let � = supf
� j � < !1g: Let
� 2 T be such that 
� 2 C� and 
� is a limit point of C� \ f
� j � < !1g: We
get a contradiction, since � 2 T implies that N� 2 SC and C
� = 
� \ C� whose
intersection with N� is not bounded in 
�:

x3 Saturation and Reflection

In this section, we take a closer look at the saturation of the nonstationary
ideal on !1. It turns out that it itself is a kind of re
ection property.

To start with, let us de�ne �rst certain �lters. For a regular cardinal � � !2,
forX � [H�]!, let X be in F� if and only if for every stationary subset A � !1 there
exist a stationary subset B � A and a closed and unbounded subset C � [H�]!

such that fN 2 C j N \ !1 2 Bg � X:

Theorem 3.1 The following are equivalent:
(1) The nonstationary ideal NS!1 on !1 is saturated.
(2) For every regular cardinal � � !2, for every stationary set S � [H�]!, there

exists a stationary set A � !1 such that S is A{projective stationary (i.e., for every
stationary B � A, the set fN 2 S j N \ !1 2 Bg is stationary).



13

(3) For every regular cardinal � � !2, for every X � [H�]!, X 2 F� if and
only if X contains a closed and unbounded subset. Namely, the �lter F� is just the
club �lter on [H�]!.

(4) For every regular cardinal � � !2, for every X 2 F�, there exists an
increasing continuous 2{chain hN� j � < !1i of countable elementary submodels of
H� of length !1 such that N� 2 X for all � < !1.

Proof (1) ) (2)
Let S � [H�]! be a stationary set. If S is projective stationary, then there is

nothing needed to be proved. So we assume that S is not projective stationary.
For a stationary T � !1, we let T 2 F if and only if there exists a club

C � [H�]! such that
T \ fN \ !1 j N 2 C \ Sg = ;:

Since S is not projective stationary, F is not empty.
Because the nonstationary ideal on !1 is saturated, we can take a sequence

fA� j � < !1g from F so that for every A 2 F , A �r�<!1A� is nonstationary,
where r�<!1A� is the diagonal union of the sequence fA� j � < !1g de�ned by

r�<!1A� = f� < ! j 9� < � (� 2 A�)g:

For each � < !, we let C� � [H�]! be a witness for A� to be in F .
Let ��<!1C� be the diagonal intersection of the sequence fC� j � < !1g

de�ned by
��<!1C� = fN 2 [H�]

! j 8� 2 N \ !1 N 2 C�g:

Let A = ! �r�<!1A�. We claim that S is A{projective stationary.
First notice that A is stationary. This is because ��<!1C� \ S is stationary.

Now let T � A be stationary and let C � [H�]! be a club.
Since T \r�<!1A� is not stationary, T 62 F . Therefore the following intersec-

tion is not empty:

T \ fN \ !1 j N 2 C \��<!1C� \ Sg:

Hence fN 2 S j N \ !1 2 Tg is stationary.

(2) ) (3)
Since every closed and unbounded subset of [H�]! is in the �lter F�, and (2)

implies that every stationary subset of [H�]! intersects every member of the �lter
F�, the �lter F� and the club �lter on [H�]

! are the same �lter.

(3) implies (4) is trivial.
(4) ) (1)
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Let F be a maximal antichain of stationary subsets of !1. Let SF = fN 2
[H�]! j 9 A 2 F \N (N \!1 2 A)g: Then SF 2 F�. Namely, for a given stationary
subset A � !1, let T 2 F be such that B = A \ T is stationary. Let C be the club
of all countable elementary submodels of H� which contains T . Then if N 2 C and
N \ !1 2 B then N 2 SF . Now by the argument of Example 2.1, assuming (4), F
has cardinality at most @1.

This completes the proof.

The next thing we want to show is that the presaturation of the nonstationary
ideal on !1 is also a kind of re
ection property, which in turn is equivalent to the
�lter F� being countably closed.

First let us recall that the nonstationary ideal on !1 is presaturated if for
every countable sequence fFn j n < !g of maximal antichains of the nonstationary
ideal on !1, for every stationary subset T , there exists a stationary subset B � T

such that for each n the set fA 2 Fn j A\B is stationary g has cardinality at most
@1 (see [3]).

Theorem 3.2 The following are equivalent:
(1) The nonstationary ideal NS!1 on !1 is presaturated.
(2) For every regular � � !2, the �lter F� is �{closed.
(3) For every regular cardinal � � !2, for every countable sequence hXn j n <

!i from F�, for every stationary subset T � !1, there exists an M � H� such
that !1 � M , M has cardinality @1 and fN 2 [M ]! \

T
n<!Xn j N \ !1 2 Tg is

stationary in [M ]!:

Proof (1) ) (2)
Let Xn 2 F� for n < !. Let X =

T
n<!Xn: We need to show that X 2 F�:

For each n < !, let hBn
�; C

n
� j � < �ni be such that all the B

n
�'s form a maximal

antichain of stationary sets and for each � < �n, N 2 Cn
� and N \ !1 2 Bn

� imply
that N 2 Xn.

Let A � !1 be stationary. Applying the presaturation property of the non-
stationary ideal, let B � A be stationary such that for each n < !, the set
In = f� < �n j B \ Bn

� is stationary g has cardinality at most @1. To simplify
the notation, we assume that In = !1. Let

T = B \
\
n<!

r�<!1B
n
�

and let
C =

\
n<!

��<!1C
n
�:
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It follows that if N 2 C and N \ !1 2 T then N 2 X:
Hence the �lter F� is �{closed.

(2) ) (3)
It will be su�cient to show that every X 2 F� re
ects.
Let X 2 F�. Let T be a stationary subset of !1. Let B � T be stationary

and let C � [H�]! be a closed and unbounded subset such that for all N 2 C,
N \ !1 2 B implies that N 2 X.

Let hN� j � < !1i be an increasing continuous 2{chain from C. Let M =S
�<!1

N�. Then fN� j � = N� \ !1 2 Bg is stationary in [M ]!.

(3) ) (1)
Fix a sequence fFn j n < !g of maximal antichains of the nonstationary ideal

on !1. For each n < !, let

Sn = fN � H� j N is countable and 9A 2 Fn \N (N \ !1 2 A)g:

Then every Sn 2 F�.
Fix a stationary subset T of !1. Applying (3), let X � H!2 be such that

!1 � X, X has cardinality @1 and fN 2 [X]!\
T
n<! Sn j N \!1 2 Tg is stationary

in [X]!: Write X =
S
�<!1

N�, the union of an increasing continuous �{chain of
countable elementary submodels with � � N�. Then

B = f� 2 T j � = N� \ !1 & N� 2
\
n<!

Sng

is a stationary subset of T .
We claim that for every n the set f A 2 Fn j A\Bis stationary g has cardinality

at most @1 .
Assume not. Let n be the least counterexample. Let A 2 Fn�X be such that

A\B is stationary. Let M� be the skolem hull of N� [ fAg for each � < !1. Then

C = f� < !1 j � = N� \ !1 =M� \ !1g

is a club. Let � 2 C\A\B: Let Z 2 N�\Fn be such that � 2 Z: Since both A and
Z are in M� which is an elementary submodel of H�, and M� \ !1 = � 2 A \ Z,
we conclude that A \ Z is stationary. This is a contradiction.

Hence for every n < !, for every A 2 Fn, if A \ B is stationary, then A 2 X.
We are done since X has cardinality @1.
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Projective Stationary Sets and A Strong Re
ection Principle
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Abstract1*

We study projective stationary sets. The Projective Stationary Re
ection prin-
ciple is the statement that every projective stationary set contains an increasing
continuous 2{chain of length !1. We show that if Martin's Maximum holds, then
the Projective Stationary Re
ection Principle holds. Also it is equivalent to the
Strong Re
ection Principle. We show that the saturation of the nonstationary ideal
on !1 is equivalent to a certain kind of re
ection.
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