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LEFT-DISTRIBUTIVE EMBEDDING ALGEBRAS 29�nite left-distributive algebras An; these algebras can also be constructed directly,without large cardinals. One can then take a limit of these algebras to get anin�nite left-distributive algebra A1 on one generator.In the large cardinal context, it turns out that such a limit yields the originalalgebra of elementary embeddings, so it is free on one generator. So \A1 is free"is another statement about small (�nite or countable) algebras proved from a largecardinal hypothesis. This statement can be rephrased in purely algebraic form, asan assertion that certain equations do not imply certain other equations under theleft distributive law.It is now natural to ask whether the freeness of A1 can be proved withoutthe large cardinal assumption, or even at the level of basic arithmetic (Dehornoy'sproofs can be formalized at that level). The results we present here provide, tosome extent, a negative answer to this question; we show that the freeness of A1cannot be proved at a low level (Primitive Recursive Arithmetic, or PRA, which isoften referred to as the formal version of Hilbert's `�nitistic reasoning').The main result of this paper is the equivalence of \A1 is free" with the exis-tence of a certain algebra of increasing functions on the set N of natural numbers.We introduce embedding algebras, which are algebras (A; �) of increasing functionsa : N! N endowed with a binary operation �. The axioms for embedding algebrasstate that the operation � is left-distributive and that, if cr(a) is the least numbermoved by a (assuming a is not the identity), then cr(a � b) = a(cr(b)). If a nontrivialembedding algebra (one which contains a function other than the identity) exists,then A1 is free; conversely, we construct a nontrivial embedding algebra under theassumption that A1 is free.The �rst author proved [5] that the elementary embeddings from the large cardi-nal above yield numerical functions which grow faster than any primitive recursivefunction, and hence cannot be proved to exist in PRA. The properties of embeddingalgebras allow us to emulate this construction and produce the same fast-growingfunctions. Therefore, the existence of nontrivial embedding algebras, and hence thefreeness of A1, cannot be proved in PRA.In Sections 2 to 5 we outline the main results. Full proofs will appear else-where [7].2. Free left-distributive algebras and elementary embeddingsWe consider algebras with one binary operation � generated by a single elementthat we denote by the symbol 1. We shall often write ab instead of a � b, and usethe convention that abc = (ab)c.The left distributive law is the identitya(bc) = ab(ac):(LD)Let W = WA be the set of all words built up from 1 using the operation �. Denoteby � (or by �A) the equivalence relation on W given by: a � b i� the equationa = b is a consequence of (LD). Then A = W=� is the free left-distributive algebraon one generator.For the rest of this section, let (A; �) be a left-distributive algebra generated by 1.We will summarize the relevant known results on such algebras.De�nition 2.1. For a; b 2 A, say that a is a left subterm of b, or a <L b, if, forsome c1; : : : ; ck (k > 0), b = ac1 � � � ck.



30 RANDALL DOUGHERTY AND THOMAS JECHClearly the relation <L is transitive.Theorem 2.2 (Dehornoy [1]). On the free algebra A, the relation <L is connected:for all a; b 2 A, either a = b or a <L b or b <L a.It follows that <L is connected in any monogenic (i.e., generated by one element)left-distributive algebra (A; �). Therefore, <L is a strict linear ordering of A if andonly if it is irre
exive, i.e., a 6<L a for all a.Lemma 2.3 (Dehornoy [1]). If the relation <L on A is irre
exive, then (A; �) isfree and satis�es left cancellation.Theorem 2.4 (Dehornoy [3]). There is an algebra (A; �) on which <L is irre
ex-ive. Consequently, the free algebra is linearly ordered by <L and satis�es left can-cellation.These results were also proved by Laver [10] under a large cardinal assumption(see below).All of the steps in Dehornoy's proofs are accomplished by explicit recursionsand inductions, and the recursions are in fact primitive recursions. Therefore,these results can be proved in a very basic theory of arithmetic, such as PrimitiveRecursive Arithmetic (PRA). PRA is formalized in a language containing functionsymbols for all possible function de�nitions using the constant 0, the successorfunction 0, composition, and primitive recursion; it has axioms stating that thefunction symbols satisfy their de�nitions, and that 00 6= 0, and a rule of inferenceallowing induction on quanti�er-free formulas. (See Sieg [12] for more details.) Thistheory is among the weakest of the commonly studied fragments of arithmetic. It isnot hard to show that the methods used to prove the above results can be formalizedin this theory.Now consider algebras with two binary operations � and �. We use the conven-tions ab � c = (ab) � c and a � bc = a � (bc). Let WP be the set of all words built upfrom 1 using both operations, and let P be the free algebra on one generator underthe identities: a � (b � c) = (a � b) � c;(a � b)c = a(bc);a(b � c) = ab � ac;a � b = ab � a:(LL)Then P = WP= �P, where a �P b i� the equation a = b is a consequence of (LL).Note that (LD) is provable from (LL):a(bc) = (a � b)c = (ab � a)c = ab(ac):The motivation for axioms (LL) comes from large cardinal theory. Let V� be thecollection of all sets of rank less than �, where � is a limit ordinal. If E is the setof all elementary embeddings from V� to V�, then one can `almost' de�ne a binaryoperation � on E by: j � k is the result of applying j to k. This does not quite work,because k is too large to be in the domain of j. Instead, one can break k into pieceswhich are small enough for j to digest, and recombine the results:j � k = [�<� j(k \ V�):



LEFT-DISTRIBUTIVE EMBEDDING ALGEBRAS 31Then j � k will also be in E , and it is easy to show that the operation � is left-distributive and, together with the operation � of composition, satis�es (LL).If j is a nontrivial elementary embedding from V� to V�, let (Aj ; �) and (Pj; �; �) bethe subalgebras of (E ; �) and (E ; �; �) generated by j. Laver [10] shows, among otherthings, that (Aj; �) and (Pj; �; �) are respectively the free monogenic left-distributivealgebra and the free monogenic algebra satisfying axioms (LL).Again, we summarize some known facts about algebras (P; �; �).Clearly an algebra satisfying (LL) yields an algebra satisfying (LD), simply bydropping the second operation (and taking a subalgebra, if we want the result tobe monogenic). But one can move in the other direction as well:Proposition 2.5 (Laver [10], Dehornoy [2, Prop. 2]). Any algebra (A; �) satisfying(LD) can be extended and expanded to an algebra (P; �; �) satisfying (LL).Proposition 2.6. Let (P; �; �) be an algebra satisfying (LL) and generated by 1,and let (A; �) be the subalgebra of (P; �) generated by 1. Then (P; �; �) is a free(LL)-algebra if and only if (A; �) is a free left-distributive algebra.The proof of Propostion 2.6 can be carried out in PRA.Now consider the algebras Aj and Pj of elementary embeddings. For each non-trivial elementary embedding a from V� to itself, let cr(a) be the critical point of a,i.e., the least ordinal moved by a. Let � be the set of all ordinals which are criticalpoints of elements of Aj. We note thatcr(ab) = a(cr(b)); cr(a � b) = min(cr(a); cr(b)):Consequently, the critical point of every a 2 Pj is in �, and every a 2 Pj maps �into �.Theorem 2.7 (Laver and Steel [11]). The set � has order type !.Theorem 2.8 (Laver [11]). For every a; b 2 Aj , if a 6= b, then a(
) 6= b(
) forsome 
 2 �.One can adjoin to Pj the identity embedding id. The extended algebra stillsatis�es axioms (LL), as well as these rules:id � a = a; a � id = id; a � id = id � a = a:3. A limit of finite left-distributive algebrasIn this section, we describe, for each natural number n, an algebra An onf0; 1; : : :; 2n�1g with a binary operation �n satisfying the left distributive law. Wealso describe a second operation �n on this set so that the resulting two-operationalgebra Pn satis�es (LL). We then construct limit algebras (A1; �) and (P1; �; �).The construction of these �nite algebras is due to Laver; Wehrung proved someadditional properties of them. The proof of the following theorem has been recon-structed independently by several people, including the authors.Theorem 3.1 (mostly Laver). There are unique operations �n and �n on the setAn = Pn = f0; 1; : : : ; 2n � 1g such that the axioms (LL) hold and, for all a 2 Pn,a �n 1 = a + 1 mod 2n:



32 RANDALL DOUGHERTY AND THOMAS JECHThe operation �n can be de�ned by an explicit double recursion (which is morenaturally performed over f1; 2; : : : ; 2ng rather than f0; 1; : : :; 2n� 1g); then �n canbe de�ned by the formula a �n b = (a �n (b + 1)) � 1, where the addition andsubtraction are performed modulo 2n. The theorem is then proved by multipleinductions. Along the way, one obtains additional results: reduction modulo 2n isa homomorphism from Pm onto Pn for m � n; and, for each a 2 An, the sequencea �n 0; a �n 1; : : : is periodic with period 2k for some k � n depending on a.The element 0 of Pn plays the role that the identity embedding played at theend of Section 2: 0 � a = a; a � 0 = 0; a � 0 = 0 � a = a:The element 1 is the generator of An and Pn (for n > 0).Recall that WA and WP are the sets of words built up from 1 using � andusing �; �, respectively. For m > 0, let wm 2 WA be the product 1 � 1 � : : : � 1 withm 1's, associated to the left as usual. (In fact, it is often convenient to just write mfor wm when the context makes this clear. Note that wm evaluates to m in Anwhenever m < 2n.) Also, let uk 2 WA be the product 1 � (1 � : : : (1 � 1) : : : ) of(k + 1) 1's associated to the right.The algebras An have a natural purely algebraic de�nition: Wehrung [13] (seealso Dr�apal [8]) showed that An is the free algebra on one generator 1 subject tothe left distributive law and the equation w2n � 1 = 1 (i.e., w2n+1 = 1). If m is nota power of 2, then the free algebra subject to (LD) and the equation wm � 1 = 1works out to be An, where 2n is the largest power of 2 which divides m.For every word a 2 WP and every n � 0, let [a]n be the value of a in Pn.Consider the equivalence relation �1 de�ned by:a �1 b i� [a]n = [b]n for all n � 0.Let A1 and P1 be, respectively, the quotients by �1 of WA and WP. Then �and � are well de�ned on the quotients, and (A1; �) and (P1; �; �) are generatedby 1; also, they satisfy (LD) and (LL), respectively, because An and Pn do. (In fact,an equivalent de�nition for A1 and P1 is that they are the subalgebras generatedby 1 of the inverse limits of the algebras An and Pn, respectively.) Moreover,A1 � P1.Theorem 3.2. The following are equivalent:(i) (A1; �) is a free left-distributive algebra.(ii) (P1; �; �) is a free (LL)-algebra.(iii) <L on A1 is irre
exive.(iv) For every a 2 WA, there is an n such that [a]n 6= 0.(v) For every k � 1, there is an n such that [1 �wk]n 6= 0.(vi) For every k � 0, there is an n such that [uk]n 6= 0.(vii) For every k � 0, there is an m > 0 such that (LD) together with the equationwm � 1 = 1 does not imply the equation uk � 1 = 1.All steps of the proof can be formalized in Primitive Recursive Arithmetic, soTheorem 3.2 is a theorem of PRA.4. Embedding algebrasIn this section, we consider algebras of increasing functions from N to N whichimitate the behavior of the algebra of elementary embeddings from Laver [10] on



LEFT-DISTRIBUTIVE EMBEDDING ALGEBRAS 33ordinals. The existence of such algebras turns out to be equivalent to the propertiesin Theorem 3.2. Moreover, this equivalence can be proved (and formulated) inPrimitive Recursive Arithmetic.The algebras have the form (A; �), where A is a collection of strictly increasingfunctions from N to N and � is a binary operation on A (which we often denote byjuxtaposition). The axioms for the algebra will include the axiom (LD).Let id be the identity function on N. If f : N ! N is strictly increasing anddi�erent from id, let cr(f) be the least n such that f(n) > n (the critical point of f).This is analogous to the standard de�nition for nontrivial elementary embeddingsj : V� ! V�: the critical point of j is the least ordinal moved by j.De�nition 4.1. An embedding algebra is a structure (A; �), where A is a collectionof strictly increasing functions from N to N, � is a left-distributive binary operationon A, and for every a; b 2 A with b 6= id, cr(a � b) = a(cr(b)).The set A need not contain the identity function, but one can extend the oper-ation � to A [ fidg in a natural way: a � id = id, id � a = a. An embedding algebrais called nontrivial if it has an element other than id.We will also need to work with a more abstract and elaborate form of embed-ding algebra, including much of the machinery Laver constructs for algebras ofelementary embeddings.De�nition 4.2. A two-sorted embedding algebra consists of a nonempty set E (the`embeddings,' for which we will use variables a; b; : : :) and a nonempty set O (the`ordinals,' for which we will use variables �; �; : : : ), together with binary operations� and � on E , a binary relation � on O, a constant id 2 E , an application operationa; � 7! a(�) (which will often be written without parentheses) from E � O to O,a function cr : E�fidg ! O, and a ternary relation � � E � O � E , satisfying thefollowing axioms:� The relation � is a linear ordering of O.� Embeddings are strictly increasing monotone functions:� < 
 implies a� < a
; and a� � �:� For all a 6= id, a(cr(a)) > cr(a).� The operation � represents composition: (a � b)
 = a(b
).� The constant id represents the identity:id(
) = 
; a � id = id; and id � a = a � id = id � a = a:� The axioms (LL) hold.� For each 
, �
 is an equivalence relation on E which respects � and �; also, if
 � � and a �� b, then a �
 b.� If a �
 b and a� < 
, then a� = b�.� For any a 6= id, a �cr(a) id.� Coherence: a �
 b implies ca �c
 cb.Again, such an algebra is called nontrivial if there is an embedding other than id.Note that the important ordinals are the critical points, those ordinals of theform cr(a) for some embedding a; if we simply deleted all the other ordinals fromO,we would still have a two-sorted embedding algebra.The results of Laver [10] show that one can make the set of all elementaryembeddings from V� to itself into a two-sorted embedding algebra by letting O be



34 RANDALL DOUGHERTY AND THOMAS JECHthe set of limit ordinals less than � and de�ning �
 to be Laver's 
=. Conversely,many of Laver's arguments about elementary embeddings and their critical pointsuse only the properties of a two-sorted embedding algebra.If desired, one can restrict E to the embeddings obtained from a single embed-ding j 6= id using � and � (along with id), to get a two-sorted embedding algebragenerated by a single embedding. From now on, we will call a two-sorted embed-ding algebra monogenic if its embeddings are generated from a single non-identityembedding via � and �.The main result of this paper is the following theorem.Theorem 4.3. The following are equivalent:(i) (A1; �) is a free left-distributive algebra.(ii) There exists a nontrivial embedding algebra.(iii) There exists a nontrivial two-sorted embedding algebra in which the ordinalshave order type !.In order to prove Theorem 4.3, we need to perform a number of the arguments ofLaver [11] in the context of two-sorted embedding algebras. This is straightforwardfor arguments involving only the operations which are built into these algebras, butsome arguments use additional features of elementary embeddings. In particular,a few arguments use ordinals of the form a(<
), de�ned to be the least ordinalgreater than a(�) for all � < 
. For this purpose, we will de�ne an even moreelaborate algebra which includes this operation, and show that such algebras canbe constructed from ordinary two-sorted embedding algebras; this will allow us touse this new operation to prove facts about the original algebra.De�nition 4.4. An extended two-sorted embedding algebra is a two-sorted embed-ding algebra (with embedding set E and ordinal set O), together with two newoperations, a co�nality function cf : O ! O and a mapping from E � O to O forwhich we use the notation a; 
 7! a(<
), satisfying the following additional axioms:a(b(<
)) = ab(<a
);a(<b(<
)) = (a � b)(<
);a(<
) � a
;if 
 < �; then a
 < a(<�);if a �
 b and a(<�) � 
; then a(<�) = b(<�);cf(cr(a)) = cr(a);cf(a(<
)) = cf 
;cf(a
) = a(cf 
);cf 
 � 
;if a(cf 
) = cf 
; then a(<
) = a
:Again it is not hard to verify that the axioms for an extended two-sorted embed-ding algebra hold in the case where E is the set of elementary embeddings on V�and O is the collection of limit ordinals less than � [11].The following is a crucial technical result:



LEFT-DISTRIBUTIVE EMBEDDING ALGEBRAS 35Theorem 4.5. Suppose that we are given a two-sorted embedding algebra, in whichevery ordinal is a critical point. Then the algebra can be extended to a new two-sorted embedding algebra with the same embedding set, on which the required ad-ditional operations can be de�ned so as to give an extended two-sorted embeddingalgebra.Theorem 4.5 can be used to transfer various arguments from the context ofelementary embeddings to that of two-sorted embedding algebras. One example isthe following result, which is proved by following Laver's proof of Theorem 2.8.In a two-sorted embedding algebra, let j 6= id be some embedding, and let Aj bethe set of embeddings generated from j by the operation � (so each a 2 Aj is givenby a word in WA evaluated at j).Theorem 4.6. Assume that the set of all critical points of elements of Aj hasorder type !. If a and b are distinct elements of Aj, then there is a critical point 
such that a(
) 6= b(
).We now outline the proof of Theorem 4.3. First, suppose that A1 is free, andhence all of the statements in Theorem 3.2 hold. We build a two-sorted embeddingalgebra with embedding set P[fidg and ordinal set N, as follows. For a 2 P, de�necr(a) to be the least n such that [a]n+1 6= 0, or, equivalently, the largest n such that[a]n = 0. Let a(n) = cr(a �w2n), and de�ne a �n b to mean that [a]n = [b]n (wherewe put [id]n = 0). Then one can prove from the properties of the �nite algebras Anthat these de�nitions meet the requirements of a two-sorted embedding algebra.Next, suppose we have a nontrivial two-sorted embedding algebra in which the or-dinals have order type !. We may take the subalgebra Aj generated by some j 6= id,and then throw away all ordinals that are not critical points of members of Aj . Theremaining ordinals still have order type !, so we can relabel them as the naturalnumbers. By Theorem 4.6, distinct embeddings yield distinct functions from Nto N; the resulting set of functions, with the binary operation � transferred fromthe set of embeddings, forms an embedding algebra.On the other hand, if we have a nontrivial embedding algebra, then we can turn itinto a two-sorted embedding algebra. The set of ordinals will be the set of criticalpoints of the embeddings (which has order type !, since it is an in�nite subsetof N). Proposition 2.5 lets us extend the set of embeddings to admit a compositionoperation; the result of applying composite embeddings a�b to ordinals is de�ned bythe obvious formula (a � b)(n) = a(b(n)). With more work, one can de�ne suitableequivalence relations �n and show that all the axioms of a two-sorted embeddingalgebra hold.Finally, again assuming we have a nontrivial two-sorted embedding algebra inwhich the ordinals have order type !, we can imitate the arguments of Laver [11]for constructing the �nite algebras in the �rst place, to show that statement (iv)of Theorem 3.2 is true, and hence A1 is free. The only part of this argumentthat cannot be carried out in two-sorted embedding algebras is the proof of theLaver-Steel result (Theorem 2.7 here), so we have made this a hypothesis instead.This completes the proof outline.In the process of proving Theorem 4.3, we also obtain the following uniquenessresult for monogenic embedding algebras.



36 RANDALL DOUGHERTY AND THOMAS JECHTheorem 4.7. If (A; �) is a monogenic embedding algebra for which every naturalnumber is a critical point, then (A; �) is the embedding algebra constructed from thealgebras An as above.Similarly, any monogenic two-sorted embedding algebra in which the ordinalshave order type ! and are all critical points must be isomorphic to the one con-structed from the algebras An.5. The strength of \A1 is free"Laver's proof of the irre
exivity of the free left distributive algebra on one gener-ator assumed the existence of a nontrivial elementary embedding from V� to itself;this is an extremely strong large cardinal hypothesis. (Actually, Laver had notedthat the assumption can be reduced to the existence of an n-huge cardinal for eachnatural number n.) The possibility that the irre
exivity property was strong enoughto require large cardinal assumptions for its proof remained until Dehornoy provedthe property without such assumptions (in fact, using only Primitive RecursiveArithmetic).We now consider the statement \A1 is free" (and its equivalent versions).Laver [11] showed that this statement also follows from the existence of a non-trivial elementary embedding j : V� ! V�. (In fact, one might consider \A1 isfree" to be the algebraic content of the set-theoretic Theorem 2.7.) Laver (personalcommunication) has noted, and the authors have con�rmed, that one can use themethod of proof of Theorem 2.7 while working with only an n-huge embedding,to get a correspondingly weaker result; hence, the freeness of A1 follows from theexistence of an n-huge cardinal for each natural number n.However, unlike the irre
exivity of the free algebra, the freeness of A1 cannotbe proved without some `strong' hypothesis:Theorem 5.1. The statement \A1 is free" is not provable in Primitive RecursiveArithmetic.Of course, we assume throughout that PRA is itself consistent.It is a well-known result from proof theory (see Sieg [12]) that the only recursivefunctions that can be proved to be total using only PRA are the primitive recursivefunctions. Therefore, to prove Theorem 5.1, it will su�ce to show that PRA+3.2(vi)proves the totality of a recursive function F which is not primitive recursive.For each natural number n, let F (n) be the largest m such that [un]m = 0, whereun is the word 1 � (1 � (: : : (1 �1) : : : )) with n+1 1's. It follows from 3.2(vi) that F isa total recursive function.This function can be characterized in another way in terms of the monogenicembedding algebra or two-sorted embedding algebra constructed from the �nitealgebras. Let j be the generating embedding, and let � be the set of all criticalpoints of embeddings in the algebra. Among these critical points are a specialsequence �0 < �1 < �2 < � � � called the critical sequence of j: �0 = cr(j) and�n+1 = j(�n). Then F (n) is the number of members of � lying below �n.The main result of Dougherty [5] shows that, in the context of elementary em-beddings from V� to V�, the function F de�ned as in the preceding paragraph growsfaster than the Ackermann function, and hence cannot be primitive recursive. How-ever, the methods used in that proof use only the properties of embeddings that
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