DIOPHANTINE APPROXIMATION BY
PRIME NUMBERS, II

By R. C. VAUGHAN

[Received 2 June 1973]

1. Introduction

We continue the study of the problems discussed in the introduction to
[22]. We suppose, as before, that A,,...,A, are s non-zero real numbers
not all of the same sign and not all in rational ratio, and k is a natural
number. Davenport and Heilbronn ([11]) have shown that the inequality

8
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j=1

<e (1.1)

has infinitely many solutions in natural numbers n; provided that
s > 2k+1. Davenport has given an account of this in [9]. Davenport and
Roth ([12]) reduced the permissible size of s for large & by showing that
s > Cklogk will suffice, where C is an absolute constant. Their method
shows that if s,(k) is the least s for which (1.1) has an infinity of solutions,
then Tim sy(k)/(klogk) < 6. They mention that for small values of % it
does not seem altogether easy to obtain results which correspond exactly
to those found by Davenport ([5], [6], and [8]) for the classical Waring’s
problem, but they do show that s,(3) < 8. Also, Danicic ([38]) has shown
that s,(4) < 14.
Let s,(k) be the smallest s for which the inequality

<e (1.2)
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has infinitely many solutions in prime numbers p;. Schwarz ([20]) has
obtained s;(k) < 241 (k < 12) and s,(k) < 2k%(2logk +loglogk+58)—1
(& = 12). Danicic ([4]), Baker ([1]), and Ramachandra ([18]) have made
further contributions to this subject (see the introduction to [22]). We
show that s,(k) < Cklogk also holds in this problem, and we obtain
results which correspond exactly to those found by Hua ([16], Chapter 9)
and based on Davenport’s methods, for small values of £ in the Waring—
Goldbach problem. In fact, our bounds for s, (k) improve all known bounds
when k£ > 4, and C can be taken arbitrarily close to 4 when k is large. We
also obtain bounds for s,(k) which, except when k = 5, are the same as
those obtained for G(k), when k is small, by Davenport’s methods. The
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386 R. C. VAUGHAN

difficulty when % = 5 arises because we have not been able to obtain an
analogue of Davenport’s Theorem 4 of [7].

It would be nice to show that Iimsy(k)/(klogk) < 4, for instance as is

obtained for G(k) in Vinogradov’s Chapter 4 of [24], but again there is a
difficulty, not dissimilar to the one that occurs above. We content
ourselves by giving a bound just 1 smaller than that given for s, (k).

2. The main theorems

Throughout, A, ..., A, are s non-zero real numbers such that A, A,, and
Ag are not all of the same sign and A, /), is irrational, and 7 is a real number.
The symbols %(X) and ¥"(X), with or without suffices or superfices, are
used to denote finite sets of distinct real numbers such that no element
exceeds X in absolute value and each pair of different elements, say u, %',
satisfies [u—u’| > 1. We use || to denote the cardinality of the set 7,
and we say that %(X) has density v if |%(X)| > X*. We further assume
that k > 4, and put

1 6 =21-% (k < 12), 0= (2k%(2logk+loglogk+3))~t (k> 12) (2.1)
an

a = (2%+2(k+1))-L. (2.2)

The theorems enunciated here depend on a technical lemma which
embodies the principal new idea and therefore also merits the title of
theorem. They are thus numbered 2 and 3.

THEOREM 2. Suppose that r > 3k+1, v>1-2r0/k, s > 2r+2m+1,
0 < o < 3o, and that for every sufficiently large X there are sets %,(X)
(¢ = 1, 2) with density v and such that every element can be written in the form

m—1 M
ZO Aory2jtr1 Py
7=

with p* < X. Then there are infinitely many solutions of the inequality

< (maxp;)~. (2.3)

S
n+ 2 /\ijk
Jj=1

Let 2(k) be the least s for which (2.3) has infinitely many solutions.

COROLLARY 2.1. Let

k=1/k (2.4)
and
N = [(—log 20 +log(1 — 2«))/(—1og(1 —«))]. (2.5)
Then
D(k) < 2k+2N +1. (2.6)

COROLLARY 2.2. We have D(4) < 15, D(5) < 25, D(6) < 37, D(7) < 55,
D(8) < 15, D(9) < 97, and D(10) < 128.
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DIOPHANTINE APPROXIMATION, II 387

These bounds correspond exactly to those found by Hua ([16],
Chapter 9) in the Waring-Goldbach problem.

THEOREM 3. Suppose that r > k+3, v > 1—70/k, s > r+2m, and that
for every sufficiently large X there are sets U (X) (t = 1, 2) with density v and
such that every element can be written in the form

m—1

2 Aoy

=0
with n < X. Then there is a positive number 8 such that there are infinitely
many solutions of the inequality

< (maxn;)d. (2.7

8
7+ X Ank
i=1
Let D(k) be the least s for which (2.7) has infinitely many solutions.

CoroLLARY 3.1. Suppose that (2.4) and (2.5) hold. Then
D(k) € 2k+2N +6.

CoroLLARY 8.2. We have D(5) < 24, D(6) < 36, D(7) < 53, D(8) < 73,
D(9) < 96, and D(10) < 121,

This compares with the bounds G(5) < 23, GQ(6) < 36, G(8) < 73,
G(9) < 96, and G(10) < 121 due to Davenport ([8]), Davenport ([8])
and Sambasiva Rao ([19]), Narasimhamurti ({17]), Cook ([2]), and
Cook ([2]) respectively. When k = 7 Sambasiva Rao’s claim G(7) < 52,
or rather his Lemma 5, of [19] cannot be substantiated by the method
described there. It seems that G(7) < 53 is the best that can be done.

3. Theorem 1

We consider the numbers A, ..., A, 1, 8, k, v, and o as constant and let
8 denote a sufficiently small positive number. P and ¢ are positive numbers
which are respectively large and small in terms of 8. In the proof of
Theorems 2 and 3 we shall take ¢ = P=2 and ¢ = P~ respectively. The
implied constants in Vinogradov’s forms of the O notation, € and >,
depend at most on 8. We write e(z) = €272,

flx)y= 3 e(xnk) (3.1)
sP<n<P
and
K (x) = m%x%sin*mex (x # 0), K, (0) = &% (3.2)

THEOREM 1. Let R = P*=3 and let ¥~ = ¥ (R) denote a set with density v.

Suppose that
F(x) = 3 e(xv), (3.3)

vey

(1+1)8 > k—kv, (3.4)
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388 R. C. VAUGHAN

and
0>0,>k—kv—16. (3.5)
Then
fw |[f Q) +1F (x)?| K (x)dx < ePH* Y2 (1> k+1) (3.6)
and

f T fQafF@R| K (@) de < ePHE| 7R (1> k+2). (3.7)

4. Proof of Theorem 1
We proceed by lemmas.

Levmma 1. For every real y,

|7 oK (@) d = max(0,e~1y).

—00

This follows easily from Lemma 4 of Davenport and Heilbronn ({11]).

Let
Q = P, (4.1)
P
L(y) = fspe(yz")dz, (4.2)
and
S(g.a) = 3 elan*/q). (43)

Lemma 2. Supposethat q < @, (¢,a) = 1,z =y+a/q, and |y| < ¢ 1QP%.
Then
f(@)—q7'8(g,a)L(y) < PA-VEH < P10

Proof. By Lemma 7.11 of Hua’s book [16] the left side is < g*~1/k+3,
The stated result follows at once.

Lemma 3. If (1, %) = (91, @) = (92, @2) = 1, then

8(0192 @192 + @20:) = S(¢1,21)8(¢2, @5), (4.4)

and if (q,a) = 1, then
S(g,a) < g+-VE. (4.5)

Furthermore, if p ¥ ak, then

|8(p,a)| < kyJp, (4.6)
S(pta)=p"1 (1 <h<k), (4.7)
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DIOPHANTINE APPROXIMATION, II 389

and
S(p", a) = p¥-18(p"~*,a) (b > k). (4.8)

This is due to Hardy and Littlewood; (4.4) is essentially (3.11) of [13],
(4.5) is (3.41) of [15], (4.6) follows from Lemma 13 of [14], (4.7) from
Lemma 12 of [14], and (4.8) from (4.11) and (4.12) of [13]. Vinogradov has
collected all these results together in Chapter 2 of [24].

Lemwma 4. Suppose that|x—a/q| < g2 with (¢,a) = 1and @ < ¢ < P*Q-.
Then
f(x) &£ P1-6+8

When k < 12 this is due to Weyl; see, for instance, Lemma 3.6 of [16].
When % > 12 this is shown in the same way as Theorem 9 of [16]. The
slight extension of the range of ¢ makes no essential difference to the
argument.

LemMmA 5. Suppose that r 2 2. Then

3
|, Ewray < s
Proof. By (4.2) and a partial integration, L(y) < P(P*|y|)™ (y # 0),
and trivially L(y) < P.
Let

A= 3 |S@a)lq (4.9)
(a1

Levma 6. Suppose that r 2 k+2. Then
> 4,(9) < 1.
<Q

Proof. By (4.4) and (4.9), 4,(¢) is multiplicative, and clearly 4,(1) = 1.
Hence

Y4,09) < II (1 s Ar(p"))
a<Q h=1

p<Q

providing that all of the infinite series on the right converge. It suffices,
therefore, to show that

Z A, (p") <p. (4.10)
If p|k, then by (4.5) and (4.9), 4,(p*) € p~2/%, so that

EIAT(P") <l<p

1Z0Z Jequiada@ Q| uo Jasn (gi oussled) AlsieAlun 81elS uuad Aq £81/951/G8€/E/82-ES/eonie/swid/woo dno olwepeoe//:sdiy Woly papeojumo(



390 R. C. VAUGHAN
If p k k, then, by (4.6), (4.7), and (4.8), for b > 0 we have

iAr(Pb’“”) < krpt—tr-btr=k) 4 % pi-r-bir=k)
j=1

i=2

& p2birh),
which gives (4.10).

We dissect the real line into basic and supplementary intervals as
follows. When 1< ¢ <@ and (g,a) =1 we use .#;(q,a) to denote the
closed interval with endpoints (a—@QP-*)A,~1g~* and (a+QP-*)A1g?
These intervals are disjoint. We use .#; to mean their union and we wrlte

=R\ 4. (4.11)

Let x € 4;. By a well-known elementary theorem we may choose ¢,a
so that |Ax—a/q| < q'QP* 1<q<P¥Q! and (g,a)=1. Since
x ¢ M; we have ¢ > (. Hence, by Lemma 4,

Ff@) < P10+ (z e A)). (4.12)

On hypothesis, the elements of ¥~ are well spaced and |¥"| > R*. Hence,
by (3.3) and Lemma 1,

f | F) R K ()dz < eR~| VP (4.13)
Therefore, by (3.4), (3.5), and (4.12),
f [F AP @)2| K, (z) do < ePHi-k| 9|2 (4.14)
and
f FO)F@)?| K () dz < ePHOE |V I, (4.15)
Suppose that » > £+ 2. By Lemma 2,
[ \Or F? | K ) do < |¥ | Byt PPl (4.16)
where
H=3 3 ISqar| [Log-a/QrK@de (417
a<Q a=— Mi(g,a)
(g,a)=1
and
H,= f | F(x) 2K (x) da. (4.18)
My

We split the sum over a in (4.17) into two parts according as |a| < g/e

or |a| > ¢q/e, so that
H, < H +H,, (4.19)
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DIOPHANTINE APPROXIMATION, II 391
where, by Lemma 5 and (3.2),

q
Hi=egpP-*+y ¥ z  IS(gb)re
g<Q b=1_ 0<a<q/e
(b,0)=1 a=b(mod q)
and

q
Hy=P-*% 3 |8(gblg" X g™
<@ (b?q=)']='-1 asgfrgéﬁl q)
Therefore, by Lemma 6,
H+H! < ePr-*, (4.20)

By (4.18), (4.13), (3.4), and (3.5),

Pr-"H, L ePr*|V 2 (r=1+1)
and

Pr—r0H2 < ePr+61~k|«y/|2 (r= I).

Thus, by (4.16), (4.19), and (4.20) we have

[ (0arF @ K @) do < eProk 7P

3
and

J' f ) F(@)?| K, () dor < ePHok| 97 |2,
My
This with (4.14), (4.15), and (4.11) completes the proof of Theorem 1.

5. Proof of Theorem 2
Without loss of generality we may assume that s = 2r+2m+ 1. Since
A /A, is irrational there are infinitely many pairs of integers g, a with

AL a s
N g <q3 (6.1)
(¢, ) =1,9 > 0,and a # 0. We choose ¢ > ¢,(8) and let
P = g2k, (5.2)
oo l< o< $, (5.3)
W = Po, (5.4)
&= P, (5.5)
T = WP_k, (5~6)
and
T = Pt (5.7)
We further define
gle)= T e(xp) (5.8)

SP<p<P
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392 R. C. VAUGHAN
and

u@=jP“W” (5.9)

logy
8P
We use p = f+1y (B, real) to denote a typical zero of the Riemann zeta

function and Y’ to denote summation over all those p with |y| < T and
B > %. We then let

E@)= ¥ (logn)-n-t+elke(zn), (5.10)
S*PE<n<Pk
J(@) = X'E,(x), (5.11)
B(z) = glz) — I(x)+J (#), (5.12)
and for any function of a real variable, ®(x),
D,(z) = D). (5.13)

We use C to denote a positive absolute constant, not necessarily the same
one on each occurrence.

Lemma 7. We have

B(z) < PHlog P)°(1+ P¥|z]).
This can be shown in the same way as Lemma 5 of [22].
Lemma 8. We have

1(2) < Pmin(1, P%|z|-1), (5.14)
[" 17@)Pdz < P=+oxp(~2(log P, (5.15)
I
¥
[ 11wy pde < P, (5.16)
-$
f’ | B,(z) [2dz < P*~*exp(— 2(log P)}), (5.17)
-7
and
fT |g;(x)[>dw < P2-*. (5.18)

Proof. The inequality (5.14) follows from (5.9) by partial integration,
and (5.15) is shown by the same kind of argument that is used to prove
(29) of [22]. To prove (5.16) we simply apply (5.14). The inequality (5.17)
is a consequence of (5.13), Lemma 7, (5.6), (5.4), and (5.3). Now (5.18)
follows from (5.13) and (5.12).

For convenience we write

W) = I g;(x) (5.19)
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DIOPHANTINE APPROXIMATION, II 393

and
2r+1
Y¥@) = II L), (5.20)
j=1
and we dissect the real line as follows;
E, = {z:|2| <7}, (5.21)
={z: 7 <|2| < W, |0:1(@)] < 192()1}, (5.22)
Ey={z:7<|z| < W, |gi(2)] > |g2(2)| }, (5.23)
={x: |x| > W} (5.24)

Lemma 9. Let E, be given by (5.21). Then
f | (2) — P*(@)| K, (x) de < 2P +1~kexp(— (log P)).
£

Proof. We first note that

g;(x), Liz) < P (5.25)
and, by (5.19), (5.20), and (5.12),
Y@ -1e) = 3 (Toe) B -e)( 1T ). G20

We recall that, by (3.2), K () < 2. We then replace all but one of the 2r
terms in the products in (5.26) by their bounds (5.25), so that

| 1@ - ¥e@) K @) de

<3S [ 1B - 50) (9,0) + @) de

j=1 h=1J—
The proof is completed by using Schwarz’s inequality and Lemma 8.
LemMma 10. Suppose that |x—m/n| < n~2, (m,n) =1,
Y = min(X%, n, X*n-1),
o 18 given by (2.2), and

log Y > 26k-2(2k + 1)loglog X.
Then

> e(xp*) €« XY=

p<X
This is a theorem of Vinogradov ([23]).
LevuMA 11. Let b = 2 or 3 and suppose that z € E,. Then
In-1(%) < eP(log P)~>r2.
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394 R. C. VAUGHAN

Proof. Let z € E,uE,, so that by (5.22) and (5.23), 7 < |x| < W. Let
V = 8W and choose a,/q; so that ¢; < P¥V-! and |Ajx —a,/q;| < ¢; 71V P,
By the method of Davenport and Heilbronn in [11], Lemma 13, we have
max(q;,q,) = W. Hence, by Lemma 10, (5.3), and (5.5),

min(|g,(x)|,|gx()|) € P=*" < eP(log P)~%-2.

The lemma is an immediate consequence of this, (5.22), and (5.23).
Let

Fle)= 3 e(ou), (5.27)

where R = P9 agrees with the definition in Theorem 1, and
U= |%R)|. (5.28)

LemMa 12. Let h=2o0r 3. Then

fEhl ¥(2)F, (@) Fy(w) | K, (z) dz < 2P +1-k(log P)~2r—2,T,,

Proof. In view of Lemma 11 it suffices to show that forj = 1,2,...,2r+1
andt=1,2,

[* 19,y E@) PE (@) dz < sP*-+T. (5.29)
)

By Lemma 1 we can write the left side as a finite sum, which is
clearly bounded by the integral in (3.6) with F replaced by F, and
I+1 = 2r. This gives (5.29).

Lemma 13. Let Q(z) = Y e(zw(yy, ---,Y,)), where w is any real function
and the summation is over any finite set of values of y,,...,y,. Then, for
any X > 4/¢ we have

16 [«
| Je@rE @< g [ |96 K @ da.

Proof. The left side is

e 10 PK @) d
lzl>Xe

where Q (z) = ¥ e(xw(yy, ..., ¥,)/¢), and the right side is

16 [«
= [ 19,0 P Ky=) d.
X —c0

The lemma now follows from Davenport and Roth’s Lemma 2 of [12].
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DIOPHANTINE APPROXIMATION, II 395
LemMA 14. Let E, be given by (5.24). Then

| ¥ @E@F) K@ ds < 2PrH-Hlog Py =TT,

Proof. By (5.29), (5.4), (5.3), (56.5), and Lemma 13,
| 10,0y E@) R K () de < Prr-K10g PY-2T].
E,

The lemma now follows easily.

LeMMmA 15. We have
flzw] Y*(x)| K, (x) dx < e2P¥+1-%(log P)~2-2 (5.30)
and
wa‘I"*(x)Fl(x)Fz(m)e(xn)Ks(x) dz > e2P¥+1-k(log P)-2r-10,U,. (5.31)

Proof. The inequality (5.30) follows easily from (5.14). To prove (5.31)
we use Lemma 1 to write the integral on the left as

~1+1/k ~1+1/k
zl / .._z2r+1/ 2r+1

N+uU +us+ 2 Az
j=1

PIDY

dz,...dz,,. 1,
u ug v B (lOg 21)(10g z2r+1) ) ! el

(5.32)

where the box Z is the cartesian product of the intervals 8*P* < z; < Pk.
Suppose that

max (0, e—

1§l < 3R (5.33)
and % and [ are chosen so that A,A, < 0. If

My

A
28 ) <

i

Pk < 2 < 38| Pk

4
and
8Pk < 2, < 28%°P* (1<j<2r+1,5#h,j=1),

J
then, by (5.33),

8P4 e A1 < — (g+2_§1A,.zj)Ah—1 < PE_Ja|a, L
i7h
Hence the box % contains a region #’ with volume » ¢P?* and such
that if (2, ...,25..1) € #' and u, € U, (t = 1, 2), then '

l 2r41

nt+u tHus+ X AR < e
i=1

Thus the expression (5.32) is
> (Pl—k)21'+1(10g P)—2r—182P2rk[]1[]2.
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396 R. C. VAUGHAN
This completes the proof of Lemma 15.

It is now a straightforward matter to deduce Theorem 2 from Lemmas 1,
9, 12, 14, and 15.

6. Proof of Corollaries 2.1 and 2.2
The next lemma is an analogue of Davenport’s Theorem 2 of [7].

Lemma 16. For each large X let %(X) be a set with density v—39, where
1/k <v < 1, and let

1

_ h+l—v(k-1)
Suppose further that A is a non-zero real number and
_ pk—1
= (6.2)

Then, for every sufficiently large Y, there is a set V" (Y) with density p— 8 and
such that every element v can be wrilten in the form Ap* +wu with p* < Y and
u e U(Y?).

Proof. Let Y > Y(8), so that, in particular, if

X=1Yr (6.3)
then
|%(X)| > X¥-4. (6.4)
Let
Z =8YVk (6.5)
and I', be the number of solutions of
—f<Mtu—n<i (6.6)
with
Z<p<2Z (6.7)
and
u € % (X). (6.8)

To prove the lemma it suffices to show that when 1 < & < k— 2 we have

§ I‘n2 < Z1+6| 2(X)|(1 + X Z-k+1-21-P

N=—00
+ X-2"MZ-a-2"Mk-D-+27H (X ) 27", (6.9)
For then the argument of Davenport’s Theorem 2 of [7] gives
v o]
2 1 > Z]+k¢u—38

n=—c0
>0
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DIOPHANTINE APPROXIMATION, II 397
so that, by (6.5) and (6.2),

3 1> 27, (6.10)
N=—00
T,>0
We are thus able to take a representative » from each interval (n — 4,7 + 3]
for which I', > 0, so that, by (6.7), (6.8), (6.5), and (6.3), v = Ap*+u,
ue YY), p*< Y, and |v| < Y. The worst that can happen is that all
of these v are in consecutive intervals and we have to discard half of them.
By (6.10) the remainder form a set ¥"(Y) as required.

To prove (6.9) we formally follow the argument of Davenport’s
Theorem 1 of [7]. Clearly X, I',,% is at most the number of solutions of the
inequality

—1 < Ak —ngk) +u, —uy < 1
with Z < n,,n, < 2Z and u,,u, € %(X). We use the notation
A(D(x)) = D(x+t) —D(x), Ay, ((PR) = B, (A, 4, (D)),
and let N, (1 < ¢ < k—2) be the number of solutions of
=207 <My (1) g —up < 2070 (6.11)

withZ < n < 2Z, u),u, € %(X), 0 <t < XZ'*, and 0 < #; < Z. Then

3 T2 <Z|%X)|+], (6.12)
N=—00
Let O(t, ) be the number of solutions of (6.11) with (¢,¢,,...,¢,_;) = t and
u, = u. Then, by Cauchy’s inequality,

N2 < XZ-k+|Y(X)| 3 O(t, u)2. (6.13)

The sum 3., O(t,u)? does not exceed the number of solutions in
b, by, . es b1, My, Mg, Uy, Uy, and u O
=20 <A (B = AA (F) —up < 22 (6.14)
with
=207 My () Fuy - < 2071, (6.15)
For each set of numberst,t,, ...,¢,_;, 7, 7y, %, and u, the number of choices
for u is at most 2¢+ 1. Hence the number of solutions of (6.14) and (6.15)
with n; # n, is € N,,,. Also, for each set of numbers ¢, ¢,, ..., t,_;, n,,
Ny, Uy, and w the number of choices for u, is at most 2¢+1+1. Hence
the number of solutions of (6.14) and (6.15) with n; = n, is < N,. Thus,

by (6.13),
y (&1 N3 < X259\ 2(X) | (N + Ny)- (6.16)

Since ¢ < k-2, the number of integers in an interval of length 22/|2] is
< 1. Thus, for each pair w;,u, the number of choices for t,¢,,...,¢,;
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398 R. C. VAUGHAN
and n which satisfy (6.11) with Z < n < 2Z and
0 < tt...t, < XZ¥+,
is € Z%. Thus
N, < Z8|U(X) > (6.17)

The inequality (6.9), and thus the lemma, now follows from (6.12), (6.16),
and (6.17).

We next prove Corollary 2.1. Let A, ...,AY) be m (> 1) non-zero real
numbers and X be a large real number. It is trivial that there is a set
%M (X) with density (1/k)— 15 and every element well spaced and of the
form AP p,* with p,* < X. We apply Lemma 16 iteratively, noting that

@[i) if v = (1/k)+ 18, then u > 2/k,

() p > (1/k)(1 +v(k—1))+ 6 whenever v > 1/k.

This enables us to assert the existence of a %™ (X) with density »™,
where
v = 1—(1-2«)(1—k)™2% (m > 3), (6.18)

and such that every u € #{™(X) can be written in the form

SND m
= 5pn

with p,* < X. We use this in Theorem 2 with r =%, m = N+3, and
M = Xgpi9jeer- This with (2.1), (2.4), and (2.5) ensures that

vim > 1 —2rf/k.
This completes the proof of (2.6).

The estimate (6.18) is in essence Hardy and Littlewood’s Lemma 22
of [15], and with »™ replaced by »*™ +4§ it could have been shown in

much the same way. However, we require the full strength of Lemma 16
for Corollary 2.2. We begin as in the proof of Corollary 2.1 by noting the

existence of a #{®(X) with v =2«—8. When 5< k<9 we apply
Lemma 16 iteratively. For convenience we follow the calculations of
Hua ([16], Chapter 9) when 5 < k < 8 and Cook ([2]) when k=9 (we
extend the calculations one step further when k = 5, 6, and 7). We obtain

(@) v® = 0911 (k= 5),

(b) v13) = 0-9482 (& = 6),

(c) v19 = 0-9668 (k="1),

(d) v = 09838 (k = 8),

(e) »19 =0-9933 (k& =9).
The hypothesis of Theorem 2 is now satisfied if we take r = 4, 5, 8, 9, and
8 respectively. This gives the asserted upper bounds for 2(k) when
k=5,6,17, 8, and 9.
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When k = 10, we use the method of Cook ([2]) to obtain

(f) »BD = 0-9963 (k = 10).

Note that the estimate given by Davenport and Erdés ([10]) can be
adapted to our needs in a straightforward manner; for generalizations in
a different direction see [21]. The hypothesis of Theorem 2 is now
satisfied with r = 10. Thus 2(10) < 123.

When k = 4 there is an extra difficulty. We should like to take m = 5,
vim = (5539/6268)—08, and r =2, but this violates the requirement
r 2 3k+1. This can be overcome by replacing the expression F(x) in
(3.6) by

file) % e(au),

ueU(PiP)
where
1236
p= 1567 (6.19)
and %,(P*) has density v— 8 with
' 331
V= m . (6.20)

On the supplementary intervals, .4, we note that by the method of
Lemma 16 the number of solutions of

|)‘j(2714_1024)+“1“u2| <e
with 8P < p, < P and u,, u, € %,(P%) is

< P2—4utas ] %I(P«lw) |2,
where
5539

The estimation over these intervals then proceeds as before. On the basic
intervals, .#;, we use Lemma 2 to replace the factor |f;(z)[® by
|g~%8(g, @) L(A\;x — a/q) |*+ P85, The contribution over .#; of the first term
can be estimated as in the proof of (3.6), and the second term contributes

=]

2
< pH f K (v) do

—©

Y e(xu)

we U (PP)

< eP¥HO8| g (Pto)|

< ePHH10-t50 | 7 (Plo) 2,
By (6.19) and (6.20), §—4vp = $357 < 2. We thus obtain

It

(@) % e(zu)

ue U (P4?)

*K.(¢)dz < eP?| % ()2,
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The method used to deduce Theorem 2 from Theorem 1 now shows that
when k = 4 and 0 < o < (25600)~1 there are infinitely many solutions of
(2.3) with s =15. This gives 2(4) < 15, and completes the proof of
Corollary 2.2.

7. Proof of Theorem 3

We give only the briefest outline. Let P*2 be the denominator of a
convergent to the continued fraction for A,/A;, and dissect the real line
into the regions

& = {o: |2] < Pre-t,
6y ={x: P1*3 < |g
6= {x: P7*3% < |z
6y ={x:|x| > P}.
Let ¢ = P-%. The region & can be treated in a straightforward manner.
On &, and &, the method of Davenport and Roth’s Lemma 6 of [12] and

the bound (3.7) with I = r— 1 give a suitable estimate. If r is even we use
Lemma 13 and (3.6) to majorize

|, 150y B & (2 da

If r is odd we replace this by

P | 1w K, (o) do
and by Lemma 13 and (3.7) this is
<P [7 | fay @ K @) ds < Pkt |4,
-0

8. Proof of Corollaries 3.1 and 3.2

Corollary 3.1 follows from Theorem 3 in the same way that Corollary 2.1
follows from Theorem 2.

We deduce Corollary 3.2 from Theorem 3 by noting that the computa-
tions giving rise to (a), (b),...,(f) in §6 enable us to assert the existence
of suitable sets %,(X) such that in Theorem 3 we may take

(a) m=8, r=8 (k=25),

(b) m=13,r=10 (k= 6),

(c) m=19,r=15 (k=1),

(d) m=28r=17 (k=8),

() m=40,r=16 (k=29),

(f) m=151,r=19 (k= 10).

This establishes Corollary 3.2.
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