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Explicit formule

12.1 Classical formulae

When we proved the Prime Number Theorem, we confined the contour of
integration to the zero-free region. If we pull the contour further to the left, then
we encounter a number of poles that leave residues, and thus we can express the
error term in the Prime Number Theorem as a sum over the zeros of ¢(s). Let
Yo(x) = (Y (xT) + ¥ (x7))/2. By applying Perron’s formula (Theorem 5.1) to
the Dirichlet series — %(s) =Y, A(m)n~*, we see that

-1 oo +iT +/ N
Yox) = lim —/ Cor X as.
T—00 2700 Jou—iT € s

Here the integrand has a pole at s = 1, at zeros p, at s = 0, and at the trivial
zeros —2k. Since x* decays very rapidly as 0 — —o0, it is reasonable to expect
that we can pull the contour to the left, and thus show that the above is

) XxP é-/ Oox—Zk
=x— 1 — =20+ )y —. 12.1
x — lim ; p §(> ; o (12.1)

T—o0

lyI=T
Here %(0) = log 27 by (10.11) and (10.14), and the sum over the trivial zeros is
1
5 log(1 —1/x7),

which is continuous and tends to 0 as x — oo. In order to give a rigorous proof
of the above, we first establish estimates for %(s).

Lemma 12.1 We have
7' -1 1
—(5) = —— — + 0 12.2
;O =t ; s, T Olog) (122)
ly—tl=<1

uniformly for —1 <o < 2.
397
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398 Explicit formulce

Here the first term on the right is significant only for |#| < 1. We could prove
the above by the same method that we used to prove Lemma 6.4, but we find it
instructive to argue instead from Corollary 10.14.

Proof By combining (10.29) and Theorem C.1, it is immediate that

¢ -1 11 1
o R (5 eg) g oo

s—p

On applying this at o + if and at 2 + i¢, and differencing, it follows that

¢ - I I
?(s)—s_l+;<s_p—2+”_p>+o<1>.

By Theorem 10.13 it is clear that

1
T <K I K< logrt.
Xp: 24it—p Xp:

ly—11=1 ly—rl=1
Now suppose that 7 is a positive integer, and consider those zeros p for which
n<|y—t|l <n+1.Since

1 1 2—o0
- . = . < -
s—p 24it—p (s—p)2+it—p) n

it follows that such zeros contribute an amount

Nt+n+1)—Nt+n+Nt—n)—Nt—n—1 log(t +n
<<( ) ( )2( ) ( )<< g(z).

n n

On summing over n we obtain the stated estimate. O

Lemma 12.2 For each real number T > 2 thereisa T\, T <T, <T + 1,
such that

!/

%(U +iT)) <« (log T)?
uniformly for —1 < o < 2.

Proof By Theorem 10.13, there is a T} € [T, T + 1] such that |T} — y| >
1/1og T for all zeros p. Since each summand in (12.2) is < log 7', and there
are < log T summands, the estimate is immediate. |

The next lemma is useful in Chapter 14, but we establish it here since it is a
also an immediate corollary of Lemma 12.1.

Lemma 12.3  For any real number t,
argl(o +it) K logt

uniformly for —1 <o < 2.
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12.1 Classical formulee 399

The function log ¢(s) has a branch point at s = 1, and also at zeros p of
the zeta function. To obtain a single branch of the logarithm, we remove from
the complex plane the interval (—oo, 1], and also intervals of the form (—oo +
iy, B +iy]. What remains is simply connected, and in this region we take
that branch of log ¢ (s) for which log ¢(s) — 0 as 0 — oo. This is the branch
of the logarithm that we have expanded as a Dirichlet series, for o > 1 (cf.
Corollary 1.11). Thus, if ¢ is not the ordinate of a zero, we define arg ¢ (s) =
Slog ¢(s) by continuous variation from oo + it to o + it, which is to say
that

arg¢(s) = —/ %%((x +it)da.

If ¢ is the ordinate of a zero then we setarg £ (s) = (arg £ (o +itT) +arg (o +
it7))/2.

Proof  Suppose that —1 < o < 2, and that ¢ is not the ordinate of a zero.
Then

2 /
arg¢(o +it) = arg¢ (2 +it) — / %%(0{ +it)da.

Herearg £ (2 4 it) < 1 uniformly in ¢, by Corollary 1.11. Thus by Lemma 12.1,

the right-hand side above is

2
1

— F——d o( .

Z /; \ya+it—p a+ O(log)

ly—tl=1
Here the summand is

o—p 2 —
— arctan .
r—y r—vy
If t > y, then this lies between —m and 0, while if ¢ < y, then the above lies
between 0 and . Thus in any case the quantity is bounded, and by Theo-
rem 10.13 the number of summands is < log 7, so we have the result when ¢
is not the ordinate of a zero. Since the ordinates of zeros have no finite limit
point, we obtain the same bound when ¢ is the ordinate of a zero, since in that

case arg £ (s) = (arg ¢ (o 4+ itT) +arg (o — it7))/2. O

arctan

Lemma 12.4 Let A denote the set of those points s € C such that 0 < —1
and |s + 2k| > 1/4 for every positive integer k. Then

/

%(s) < log(ls| + 1)

uniformly for s € A.
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400 Explicit formulee
Proof We recall (10.27), in which the first two terms are bounded for s € A.
Also,

1"/
T4 =) <log(ls| + 1)

by Theorem C.1. Finally

TS . 2i )
cot7 =i+ T <
since s is bounded away from even integers, so we have the result. O

We are now in a position to prove the explicit formula (12.1) in a quantitative
form.

Theorem 12.5 Let c be a constant, ¢ > 1, suppose that x > c, that T > 2,
and let (x) denote the distance from x to the nearest prime power, other than x
itself. Then

P 1

Yolx) = x — E il —log2m — =—log(1 —1/x%) + R(x,T) (12.3)

= P 2
lyI=T

where
. X X 2
R(x, T) <« (logx) min (], —T(x)> + T(long) . (12.4)

Since (x) > O for all x, we obtain (12.1) by letting 7 — oo in the above.
Moreover, if n; < n, are two consecutive prime powers, then from the above
we see that ZIV\ST x*/p converges uniformly for x in an interval of the form
[n1 4+ 8, np — &]. This sum, of course, cannot be uniformly convergent for x
in a neighbourhood of a prime power, since y(x) has jump discontinuities
at such points, but we see from the above that it is boundedly convergent in
the neighbourhood of a prime power. The sum over p is also convergent when
x = 1, but it is not boundedly convergent near 1, since log(1 — 1/x?) — —oo
asx — 1T,

Proof Let T be the number supplied by Lemma 12.2. Then by Theorem 5.2
and its Corollary 5.3, with oy = 1 4 1/log x, we see that

-1 oo+iTh é- X’
Yox) = —./ Lo astr,

27 o—iT, g

where

2 A
R « Z A(n)min( Th )—i—%z n((:)
n=1

x/2<n<2x

n#x
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12.1 Classical formulee 401

Here the second sum is — %(ao) =< 1/(og — 1) = logx. In the first sum, the
terms for which x 4+ 1 < n < 2x contribute an amount

xlogx x 2
< ) < Z (log x)2.
x+1<n<2x r g

The terms for which x /2 < n < x — 1 are handled similarly. Finally, any terms
for which x — 1 < n < x + 1 contribute an amount

« (log x) min (1, %) ,

SO
R; <« (log x) min (1, ﬁ) + %(logx)z.

Let K denote an odd positive integer, and let C denote the contour consisting
of line segments connecting oy — iT}, —K —iTy, —K +iTy, o9 + iT;. Then
by Cauchy’s residue theorem,

xP xk
Yo(x) = x — —+ > % " OFR+R
R Py S
lyl<Th -
where
R, = — g—(s) —ds.
2mi C é'
Since |0 £iT)| > T, we see by Lemma 12.2 that
ooty ¢/ (log T)? x(logT)>  x(logT)?
= d “d .
/;H[m N ) < T /—1 o< T log x < T
Similarly, since (log|lo £iTi|)/|oc £iT\| < (logT)/T, we see by Lemma
12.4 that
T g logT [~} log T logT
/ g—(s)x‘v ds K g / x%do <« £ < £ .
—K+iT, C T —00 XTIOg)C T

As | — K +it| > K, by Lemma 12.4 we also see that

K+iTh x* lo KT T TlogKT
/ Yo ds « <% x_K/ ldi « 2
—k-ir, & -7 Kx
This tends to 0 as K — 00, so we obtain the stated result. a

Let ¥o(x, x) = (W (xT, x) + ¥ (x~, x))/2. Not surprisingly, our treatment
of 1o(x) extends readily to provide explicit formula for o(x, x).
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Lemma 12.6 Let x be a primitive character modulo q with g > 1. Then

L0 > L 0dogqr) (12.5)
—(s, — 0 .
78X s—p 24T

ly—rl=<1
uniformly for —1 <o < 2.

Proof By combining (10.37) and Theorem C.1, it is immediate that
L 1 1
_(S’X)ZB(X)-FZ —— + — ) + O(loggr).

L NS —p P
On applying this at o + it and 2 + iz, and differencing, it follows that

Yo=Y (- L)+ 0dogqn)
—(s, — — (0] 7).
LSX s—p 24it—p &4

P

By Theorem 10.17 it is clear that

Z ﬁ<< Z 1 K loggr.

p P
ly—tl=1 ly—tl=1

Now suppose that 7 is a positive integer, and consider those zeros p for which
n<|y—tl <n+1.Since
1 1 2—0 1

s—p 2+it—p - (s —p)2+it—p) < n?’
it follows that such zeros contribute an amount

logg + log(|t + n| + 2) +log(Jt — n| + 2 lo T+n
« logdq (| | 2) g(| | )<< gq(2 ).

n n

On summing over n we obtain the stated estimate. O

Lemma 12.7 Let x be a primitive character modulo q, and suppose that
T >2 ThenthereisaT;,, T <T, <T + 1, such that

L' ) 2

f(a +iTh, x) < (logqT)
uniformly for —1 <o < 2.

Proof By Theorem 10.17, there is a T} € [T, T + 1] such that both |7} —
y| > 1/logqT and |T; 4+ y| > 1/logqT for all zeros p of L(s, x). Since
each summand in (12.5) is < log ¢ T, and there are < log g7 summands, the
estimate is immediate. d

Lemma 12.8 Let x be a primitive character modulo q, g > 1. Then
arg L(s, x) < loggrt

uniformly for —1 <o < 2.
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12.1 Classical formulee 403

Proof Suppose that —1 < o < 2, and that ¢ is not the ordinate of a zero. Then
2 ’

L
arg L(o +it, x) =arg L2 +it, x) — / \C‘sz(a +it, x)da.

Here arg L(2 +it, x) < 1 uniformly in ¢, by Theorem 4.8. Thus by
Lemma 12.6, the right-hand side above is

2
1
— S——d o .
> /c,\yot—i—it—p o + O(logq7)

ly—tl=1
Here the summand is

o—p 2-p
— arctan .
=y r—vy
If t > y, then this lies between —m and 0, while if ¢ < y, then the above lies
between 0 and . Thus in any case the quantity is bounded, and by Theo-
rem 10.17 the number of summands is < log 7, so we have the result when ¢
is not the ordinate of a zero. Since the ordinates of zeros have no finite limit
point, we obtain the same bound when ¢ is the ordinate of a zero, since in that

case arg L(s, x) = (arg L(o +it™, x) +arg L(c —it™, x))/2. O

arctan

Lemma 12.9 Let x be a primitive character modulo g with g > 1, putk = 0
or 1 according as x(—1) = 1 or —1, and let A(x) denote the set of points s € C
such that o < —1 and |s 4+ 2n — k| > 1/4 for each positive integer n. Then

/

L

7 (s 0) < log(2gls))
uniformly for s € A(k).

Proof By (10.35) and Theorem C.1 we see that

!/

—.0) = Z cot %(s + ) + 0(log g) + Olog(|s| +2)).

2
Here
T . 2i
COtE(S-‘rK):l-i- S — 1 <1
since s is bounded away from integers with the parity of «. O

Theorem 12.10 Let ¢ be a constant, ¢ > 1. Suppose that x > c, that T > 2,
and that x is a primitive character modulo g with g > 1. Then

xP 1
Yolx, x) = — Z — — —log(x —1)
=~ o 2
lyI=T

_x(=1

log(x + 1)+ C(x) + R(x, T; x) (12.6)
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where
L q
CO=—0x)+log = —Co (12.7)
L 2w
and
) X x 2
R(x,T;x) < (logx)min (1, —— ) + =(oggxT)". (12.8)
T (x) T
Here (x) denotes the distance from x to the nearest prime power, other than x
itself.
Proof Putoy =1+ 1/logx. By arguing as in the proof of Theorem 12.5, we
see that
-1 oo+iTy L/ x‘v
Yolx, x) = 5— —(s, ) —ds+ Ry
2mi oo—iT) L N
where

Ry < (logx)min|( 1, —— | + —=(logx)
X x)>.
! " T{x) 1

Let K be chosen so that K — «k is an odd positive integer, and let C denote
the contour consisting of the line segments connecting oy — i1y, —K —iT},
—K +iTy, 09 + iT; where T; is chosen as in Lemma 12.7. Since K and « have
opposite parity, the line segment from —K — i7 to —K + i T) lies in the region
A(x) of Lemma 12.9. Thus by Cauchy’s residue theorem,

k—2k

1<k<(K4)/2 2k —

xP

Yo, ) =— > — +

)
lyl<h

+E+R +R

where k = 0if x(—1) = 1 and k = 1 if x(—1) = —1, E is the residue of
I \

(5, 0=
— (s )=
L X s
ats =0, and

R -1 L’( )xs J

=— [ —(s, x)—ds.
2= o Jo L
By proceeding as in the latter part of the proof of Theorem 12.5, but using now
Lemma 12.7 and Lemma 12.9 in place of Lemma 12.2 and Lemma 12.4, we
see that

TloggK

X
R, « =(logqT)*
2 K (loggT)" + KoK
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This last term tends to 0 as K — oo. Put

xP
Ry=— Y —.
7 P

T<lyl<T

Then R(x, T) = Ry + R» + R3,and R3 < xT ! loggT by Theorem 10.17.
It remains to compute the residue E. By logarithmic differentiation of the
functional equation in the asymmetric form of Corollary 10.9, we find that
L ! 1 )~ loa 2 r’ 1 T T
f(s,x)——f( -5, %)~ OgE_F( —S)‘f‘ECOtE(S‘i‘K)
(12.9)

If x(—1) = —1, then %(s, x) is analytic at s = 0, so

!’ !/

E=—Lo =20 p+10eL —c
= ———W, = —\, og — — )
[ AT P

in view of (C.11). Since cot z is an odd function, its Laurent expansion about
z =0is of the formcotz = 1/z + Z,fozl cx 2?1 Hence if x(—1) = 1, we see
by (12.8) that the Laurent expansion of %(s, x) begins

L=t Ea 5 10e L 1yt
—(s, =-—-—(1, — log —
L= T e TR

Hence
/

L
E=—logx + —(1,%) +log - — C,
L 2

in this case.
Finally, we note that

o x72k e 1-2k 1 x+1

1 X
- = ——1 1 — 72’ = —1
2 5 log(1 —x7%) k; og

This completes the proof. O
By letting T — oo we immediately obtain

Corollary 12.11 Suppose that x is a primitive character modulo q, q > 1,
and that x > 1. Then

x? 1 x(=1)
Yo(x, x) = _;7 — 5 log(x — 1) = *—

log(x + 1)+ C(x). (12.10)

By Theorem 11.4 we see that C(x) < loggqg if L(s, x) has no exceptional
zero, and that

1
Cx) = 1——,31 + O(logg)
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if L(s, x) has the exceptional zero B;. In this latter case, the sum over p includes
a large term due to p = 1 — B;. This, however, is largely cancelled by C(x),
since

— 1—
_xh-1 logx / " do < x'"Plogx. (12.11)
1 -5 1 =81 Jo
This is quite small compared with the contribution —x#' /8, made by p = B,
not to mention the contributions of other zeros with g > 1/2.

In principle, we could derive an explicit formula for ¥(x, x) when yx is
imprimitive, by taking into account the contributions made by zeros on the
imaginary axis. However, we find it simpler to pass from o(x, x*) to ¥o(x, x)
by elementary reasoning. Suppose that x is a character modulo ¢ induced by
the primitive character x* modulo d, where d|q. (The possibility that d = 1 is
not excluded here.) Then

Yolx, x*) — Yolx, x) = Z Z “)log p

p)(d 1<p <x

< Z[ ]logp (12.12)
p’fd

< w(gq/d)logx
< (logg/d)(ogx).

Note that the distinction between v¥o(x, x) and ¥ (x, x) can be dropped at this
point:

Y (x, x) = Yolx, x*) + O((log 2g)(log x)). (12.13)

This estimate, though somewhat crude, suffices for most purposes.

The explicit formule that we have established thus far arise from Perron’s
formula. We may similarly derive other explicit formule using other kernels in
the inverse Mellin transform. Examples of such formule are found in Exercises
12.1.5-10. In some cases it may not be so easy to apply complex variable
techniques, but for such weighted sums over primes we may use the formula
above, with integration by parts. For example, from Theorem 12.5 we see that

> wmAm) = /2 w(dy ()

n<x

:/ wu)du — Z/ w)u” " du + smaller terms.
2 2

0
lVI=T

To facilitate the estimation of these ‘smaller terms’ it is useful to record a little
more information concerning the error terms in the truncated explicit formula.
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Theorem 12.12  Suppose that c is a constant, ¢ > 1, and let x be a character
modulo q. For x > c and T > 2 there exist functions E1(x, x) and E>(x, T, x)
with the following properties:

xP
Y(x, x) = Eo(x)x — Z ;+E1(X,X)+E2(X,T7X); (12.14)

P
lyI=T
/ 1|dE(u, x)| < (logxq)*; (12.15)
Ex(x. T. 3) < logx + Z-(logxTq)’: (12.16)
X x2
|Eax(u, T, )| du < ?(longqﬁ. (12.17)

Proof  Suppose first that x is non-principal. Thus x is induced by a primitive
character x* (mod d) where 1 < d < gq. Put

1
Ei(x, x) = Yox, x) — Yolx, x*) — Elog(x -1
x( 1)

log(x + 1) + C(x™), (12.18)
Er(x, T, x) = %ﬁ(x,x)—wo(x,x)vLR(x,T,x*) (12.19)

where R(x, T; x*) is defined by taking x = x* in (12.6). Thus (12.6) gives
(12.14). By (12.12) we see that

/ o, 00— vt 0] < Y [ log | 1027 < logx)(l0zg).

rlg
ptd

Thus we have (12.15). Itis also clear that (12.8) gives (12.16). To obtain (12.17),
we note that

. 1 x?logT
i 1,— — 1 —d .
/c m‘“( T () ) > ( +fx/ru “) < Tlogx

pk<2x

Since ¥ (x, x) — Yo(x, x) = 0 except for jump discontinuities at the prime
powers, this term makes no contribution to the integral (12.17). Thus we have
12.17).

Now suppose that y is principal. Put

1
Ei(x, x0) = ¥(x, x0) — Yo(x) — log 2w — 5103(1 — 1/x%),
EZ(-X7 Tv XO) = W(xv XO) - wo(xv XO) + R(X, T)

where R(x, T) is defined by (12.3). Then the desired assertions follow from
(12.3) and (12.4) in the same way as in the former case, so the proof is
complete. O
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12.1.1 Exercises
1. Suppose that |s — 1| > 1. Show that
log¢(s) = Z log(s — p) + O(log )
I
ly—t=1

uniformly for —1 < o < 2, where log ¢ (s) is defined by continuous variation
along theray fromo + it to oo + it, withlog ¢ (oo + it) = 0, and [Ilog(s —

P <m.
2. (a) By using the Brun-Titchmarsh inequality, show that

A(n)
Z P <« (log x)(loglog x).

x+1<n<2x

(b) Let R; be defined as in the proof of Theorem 12.5. Show that

Ry < (logx)min | 1, L + ﬁ(log)c)(log log x).
T (x) T
3. Let § be a small positive number. For a given T >4, let S = {r € [T,
T+1] : min, |t —y|>§/logT},andfor T <t < T + 1 define

f@)=1logT + !

T—1<y<T+2 It =¥l

where the sum is over ordinates y of zeros of the zeta function.
(a) Show thatif T <t < T + 1, then

max
—1<0<2

%(s)\ < f).

(b) Show that meas S < 1 whenever § is a sufficiently small positive con-
stant.
(c) Show that

f f()dt < (logT)loglog T.
S

(d) Deduce that for every T > 4 thereisa T} € [T, T + 1] such that

max2 ‘%(O’ + iTl)‘ &K (logT)loglogT.

—l<o<

4. Show thatif s # 1, and ¢(s) # 0, then

A(n) x'7 ¢ xP 2 xS
Z ns :l—s_?(s)_Z —S+Z2k+s

n<x
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where it is understood that the term n = x is counted with weight 1/2 if x
is a prime power, and the sum over p is calculated as limy_, Z\ylsT'
5. (cf. Ingham 1932, p. 81) By (12.1) we know that

xP 1 )
Y = =x —o(x) — log2m — = log(l — 1/x?)
o P 2
for x > 1. Show thatif 0 < x < 1, then

xP A(n) 1 1—x
Z—: Z —— +logx 4+ Cp+x + < log
=P nsie M 2 1+x

6. (de la Vallée Poussin 1896) Show that if x > 1, then

prrl

Z A(n)(x —n) = —x — Z i (log 27)x + %(—1)

n=<x

o 2kt

Z 2k(2k — 1)
7. Show that if x > 1, then

xP I 1 & 2%
;A(n)logx/n:x—;ﬁ—(loan)logx— <?) ) — Z 2

8. (Hardy & Littlewood 1918; Wigert 1920) (a) Let k be a non-negative integer.
Show that for s near —k, the Laurent expansion of I'(s) begins
(=1 (=D r

MO =te+n ™ w0 &b+

(b) Let k be a positive integer. Show that for s near —2k, the Laurent expan-
sion of %(s) begins
;/ 1 ;/ F/

= - —2k+1 log2nr — — 2k +1
{s T ;“( + 1) + log 2w 1_( +1)+

(c) Show that if Nz > O, then

o0
Z Am)e ™ = 7 — Z [(p)z” — e log2m + (—1 4 cosh 1/z)log z
= Y

00 k;/ Z_k o0 l—w/ Z—Zk—l
+;(—1) TkED L - ; FO+ DG
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9. Suppose that a > 0, that x > 1, and that x is not of the form 2% where k
isa positive integer Show that

( (logX/n)2>

=eaz/x_X: ap/2,0+ Z 2a2k

p O<k< ‘“g‘

2
—Lexp <M>/ C( (logx)/a* + it)e™ @002 gy

2

12.2  Weil’s explicit formula

In order to see better the relationship between a sum over zeros and a corre-
sponding sum over primes, we now derive an explicit formula that applies to a
general class of kernels. (The next theorem is not used later, and can be omitted
on a first reading.)

Theorem 12.13 (Weil) Let F(x) be a measurable function such that
oo
f G2 B ()| dx < o0, (12.20)
—0Q
and
© 1
/ 22T g F(x)| < 00 (12.21)
—o0

where 8y > 0 is fixed. Suppose that F(x) = %(F(x’) + F(x)) for all x, and
that F(x) + F(—x) = 2F(0) 4+ O(|x|). Put

O(s) = / F(x)e 61/ gy
-0

for =8p < o < 14 8. Let x be a primitive character modulo q. Then

1 r’
lim 3" a(p) = &uxmm+wm+—ﬁ%Wn+—aM+w®F@

lyI<T
LA (o r (2 togn) + xmF (21
- — — 1o — o

—(14+2k)x
+ / Fpp— (QF(0) — F(x) — F(—x)) dx.  (12.22)
o 11—

Here Eo(x) =1 if x = xo, Eo(x) = 0 otherwise, and k =0 if x(—1) =1,
k=1ifx(—1)=-1.
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We note thatif p = 1/2 + iy, then
o0 —~
D(p) =f F(x)e(—yx)dx = F(y).
—00

The values of I''/ T can be evaluated explicitly; from Appendix C we see
that

1"/

F(l/4) =—Co—3log2—m/2
and

F/

F(3/4) =—Cop—3log2+n/2.

Here C, is Euler’s constant. Since [ |dfg| < [|f|ldgl+ [ Iglldf], from
(12.20) and (12.21) we see that e*/*! F(x) is of bounded variation for any a,
0<a<(/2+ dp)2r.Hence F(x) < exp(—(1/2 + &9)2m|x|),and O(s)is an-
alytic in the strip —§p < 0 < 1 + §p. For [t| < 1 we note that ¢(s) < 1. For
|t| > 1 we integrate by parts to see that

1 o0
O(s) = E/ e(—tx)d (F(x)exp((1 —20)mx));

hence ®(s) < 1/(J¢| 4+ 1) uniformly for —§yp < o < 1 4 §y. In these estimates,
and in the proof below, implicit constants may depend on F and on &.

Proof We note that
3 a(p) = if@(sﬁ—/(s,x)ds
WI=Ti i Je §

where C is the closed polygonal contour with vertices —8; + i Ty, —8; — i Ty,
146, —iTy, 1 +6; +iTy. Here O < §; < ¢y, and T; is chosen so that |T —
T1| < 1, and so that

/

%(o +iTy, x) < (loggT)>

uniformly for —1 < o < 2. Thus

1 1+8+iT —8,—iT %-/ (log T)2
Z <I>(,o)=%</1 —l—/ )@(s)g(s,x)ds—l-O( T )

lyI<T +81—iT SiHT

By the functional equation for £(s, x), we see that

%/(Sv X) = - %/(l _5’7)~
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Hence the integral above is

1 148, +iT ’ ’

& _
i - ®(S)E(s, x)+ o1 — S)E(S’ X)ds. (12.23)

From (10.25) and (10.33) we see that

/

& 1 1 1 q 1T L
—(s, x) = Eo(x) (— + —) +-log =+ - —=((s +x)/2) + —(5, x)-
s 7 27T L

& s—1 2
(12.24)
Forl <o <146,
<1>(S)Lf(s, xX) = —(s) ; Am)x(mn™
= (12.25)

== Ao [

n=1

1
F(x — —log n) e O 1/22mx gy
21

]

and similarly

L >
Ol =), 1) = = AT~

n=1

o0 1
X / F<—x +5— log n> e TP gy (12.26)
_ T

o0

From the estimate F(x) < e~(1/2+80271x| ywe see that

o0
ZA(n)n_'/Z/ |F (x — % log ) [e=(1/2+9027x g
n —0oQ

o0

< iA(n)n—l/2 [ o~ (I+80+8027x ) 1/2+80
"= (log m)/(2)
(logm)/(2)
+ Bo—b027x ; —1/2=80 g
T

<Y AT« 1L

A similar calculation relates to the second term (12.26), and hence for
s=1+ (S] —+ il,

/ /

L L o0 ~
¢(S)f(57 x)+ @1 — S)f(s,i) = / H(x)e(—tx)dx = H(t)
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where

A 1
H(x) = —Z%(X(rz)F <x — (;in>

n=I1

+XF (—x Ll ”))e—“/”&ﬂm.
2

Now H(x) is of bounded variation, since

1
VarH < Z 1/2 ( (x _ ;i”) e—(1/2+81)27rx>
+ Z (n)Var< <_x + k’ﬂ) e(1/2+8|)2nx)
12 s

=2 (Z A(n)n15‘> Var (F(x)e™ /2002y « 1,

Moreover, H(x) = (H(x")+ H(x7))/2, and thus by the Fourier integral
theorem,

T
lim H(t)dt = H(0).

T—o0 -T
That is,
1481 +iT / L’

lim — D(s)—(s, D1 —s5)—(s,%)d

Jm /1+s, " ()7 (s, 00 + (1 = 5)7=(s, X) ds
-1 A(n) —logn _ logn

= — — F F .

27 Xn: nl/2 <X(n) ( 2 +x(®) 27

The remaining terms from (12.24) contribute to the integral (12.23) an amount

1 1+6+iT
— G(s)ds.
2mi 148, —iT
where
G(s) = (Eo(x) + LY Liog 2 L TSN () 4 a1 — o)
5) = — —log—+ -— s — 5
0lX —1) 2%y T T\ 2

By Cauchy’s theorem this is

1/2+iT

log® ¢T
P G(s)ds + Eo(x)(®(0) + &(1)) + O ( ) .
271 Jijaoir T
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To treat this latter integral we note that

1 1/24+iT 1 1
— (— + —) (P(s) + (1 —s))ds
2mi 1/2—iT N s —1

Y M ® 1+'r +<1>1 it))dr =0
T )iy 2 ! 2 ! -

Now ®(1/2 + it) = F(t), and hence

1 1/2+iT

— ~(log g /m)(P(s) + P(1 —s))ds
2ri Jijpoir 2

1 T -~ F(0
= ogq/n/ F@)+ F(—t)dt — Q logqg/m
4 _r 2
as T tends to infinity. Thus to complete the proof of the theorem it suffices to

establish

Lemma 12.14 Leta > 0 and b > 0 be fixed. If ] € L'(R), J is of bounded
variation on R, and if J(x) = J(0) + O(|x|), then

T F/ ~
lim F(a +ibt)J(t)dt

T—o0
-T
—2max/b

JO) = J(&Fx)dx. (12.27)

r’ 2 [ e
=F<“”<°>+7/0 T2

If G and J are in L'(R), then
/ GH)J(t)dt = / G(x)J(x)dx,
—o0 —o0

since both sides are
o0 o0
[ / G(t)J(x)e(—tx)dx dt.
—00 —0oQ

We cannot apply this with G() = F%(a =+ ibt), since this function is not in
L'(R). Nevertheless, the right-hand side of (12.27) is a linear functional of J,
which thus serves as a surrogate for the Fourier transform of 1%(a +ibt), at
least when the test function J is sufficiently well-behaved.

Proof 1t suffices to consider the + sign on the left-hand side of (12.27),
for if K(x) = J(—x) then K(t) = J(—t). We suppose first that J(0) = 0. The
integral with respect to ¢ on the left-hand side of (12.27) is

(o) T 1—*/
/ J(x) (/ F(a + ibt)e(—xt) dt) dx.
—00 -T
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Since —(a + ibt) < log(|t| + 2), the inner integral above is < T log T', uni-
formly in x. Put § = 7~%/3. The contribution to the above by those x for which
x| <éis

B
< / |x|Tlog T dx <« 8°TlogT =T " logT.
-

For |x| > 6 we appeal to Theorem C.5 to estimate the inner integral. The error
term in Theorem C.5 contributes an amount

o0
<<f min(x, DT 'x2dx <« T 'logT.
S

By integrating by parts we see that

o0 e(— xT) _ J(8)e(=68T) 1 o0 e(— xT)
/5 (x) dx = = ST _2711'7/5 J(x)

1 *® e(—xT)
dJ
+2m'T/5 x *x)
<<1+1/oo inCx, Dx dx + — w|dJ|
— — min e
T T, AT

L T7'53,

and similarly for the three related terms. Hence

T Ind . 27 -4 eZnax/b
/_T Tla+ibnlmdt = — /_oo /0 dx + 0 (T log T).

On the right-hand side we see that ]Ba ..+ &K 8, so that

T I’ . -2 00 —2max/b
lim | —(a+ibt)J(t)dt = —Z / ¢ J(—x)dx
+ T b )y 1

T—oo J_ _ e—Zﬂx/b

provided that J(0) = 0. To obtain the general case we apply the above to
the function K (x) = J(x) — J(0)e~™*"/A where A > 0 is large. Then K () =
J(t) — J(0)v/Ae ™", and hence
. Tr oS . r N
lim —(a+ibtH)K(t)dt = lim —(a +ibt)J(t)dt
T—oo J 7+ I T—oo J 7+ I
[e.¢] F/ N
— JOO)WA / G ibt)e A" dr.
—0o0

This last integral is

/Oo (FF(a) + 0(|t|)> A dt = FF(a)A_l/z +O0(A™h.

o]
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On the other hand,
oo e—27wx/b

o0 6727mx/b
= 271/ 17(1(0) — J(—=x))dx
0

— e 2mx/b
oo e—ZTrux/b 2
—TX

Now e™® = 1 4+ O() for « > 0, and hence this last integral is

1 o)
< f xA " dx +/ e 2y 2 A7 gy « AT
0 1

On combining these estimates, we see that (12.29) holds apart from an error
term O(A~!/2), and we obtain the result since A can be arbitrarily large. O

12.3 Notes

Section 12.1. Let [T(x) = Znsx A(n)/logn. Riemann (1859) gave a heuristic
proof that if x > 1, and x is not a prime power, then

. Cp o du

(x) = Li(x) — ;Ll(x ) —log2 +/X @ Dulogs’

Here the sum over the zeros is conditionally convergent, and it is to be un-
derstood that it is computed as the limit, as 7 — oo, of the sum over those
zeros for which |y| < T'. The above formula was first proved rigorously by von
Mangoldt (1895), and additional proofs were subsequently given by Landau
(1908a, b). For further discussion of the explicit formula in the form given by
Riemann, see Edwards (1974, Chapter 1). von Mangoldt (1895) also proved the
explicit formula (12.1). Landau (1909, Section 89) was the first to show that
the limit in (12.1) is attained uniformly for x in a compact interval not con-
taining a prime power. Cramér (1918) showed that (12.1) can be derived from
the above. von Koch (1910) and Landau (1912) estimated the error term that
arises when the explicit formula is truncated, as in Theorem 12.5. The explicit
formula for vo(x, x) was first established by Landau (1908b), but with not
so much attention to the constant term. In the customary form of this explicit
formula (cf. Davenport (2000, p. 117)), the constant term is expressed in terms
of the constant B()) that arises in the Hadamard product formula for (s, x).
Our presentation, which avoids this, is that of Vorhauer (2006).
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Section 12.2. Although many specific explicit formula were derived by vari-
ous authors for a variety of purposes, it was Guinand (1942) who first suggested
that it would be possible to specify a general class of such formula. Guinand
(1948) did this assuming the Riemann Hypothesis, but it seems that he im-
posed RH only in order to obtain a wider class of test functions. Theorem
12.13 is a special case of the main result of Weil (1952), who treats general
L-functions associated with Grossencharaktere x, which are representations
of the group of idele-classes of an algebraic number field & into the multiplica-
tive group of non-zero complex numbers. Weil also showed that a necessary
and sufficient condition for the Riemann hypothesis to hold for L is that the
right-hand side corresponding to (12.22) is non-negative for all functions F of a
certain class. Gallagher (1987) widened the class of test functions in Guinand’s
formula and gave several applications. See also Besenfelder (1977a, b),
Yoshida (1982), Jorgenson, Lang & Goldfeld (1994), and Bombieri & Lagarias
(1999).
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