THE THIRD SUM

1. RECAP
Recall
w € C*(R), suppw € [1,2], w(z) =1(z € [6/5,9/5]),
he(w) = w(u)*u”
and its Fourier transform

he(v) :/Rht(u)e(—uv)du.

Suppose that W is T* separated. Then

SO ID.0)] <. <N+( 3 ]m)l/3> S b (1)

tew meZ3\{0} n=1N-+1
where
2N
Drs)= > 12)
n=N+1
and

L = N* Y hyy oty (maN) gy (ma N) gy g, (msN). (1.3)

tews

Theorem 4.6.[Proposition 4.6] Suppose that W is T¢ separated and
|Dn(t)| >V for eacht € W. Then

card W <. <N+ (> [m)1/3> b2V 2.

meZ3\{0}

Thus we have reduced the investigation to bounding

Z Im = S1 + Sy + Ss.

meZ3\{0}

where S; denotes the sum over m with exactly j of the m; being non-
zero. We already saw that

Theorem 5.1(Proposition 5.1, S; bound). Suppose that W is T¢
separated. Then

S <. T71°.
1
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Theorem 6.1(Proposition 6.1, Sy bound). Suppose that W is T°
separated. Then for any k£ € N we have

Sy < T (TNW2 4 N?W? 4 N2k Tok )

2. THE REDUCTION OF Sj

Now is the turn of S3 where

Sy = Z I

me(Z\{0})?

and

I = N hyy gy (ma N) by, (mo Ny, (msN). (2.1)

tew

An immediate observation is that if we permute my, msy, ms, then by
relabeling the ty,%5,t3 to correspond we find that [, is invariant. The
number of permutations will vary according as the my, ms, mg are dis-
tinct or not. However we are ultimately only concerned with the size
of I,,. Hence

Sl<6 > Il (22)

me(Z\{0})?
[m1|<|ma|<|ms|

Since h; is a Fourier transform,
Btl_tQ (mlN)iLt2—t3 (mQN)}Alt?,—tl (m3N) =
/ wy (0)20 R )y s o Nma)du. (2.3)
R3

where
wi(u) = w(uy)w(ug)w(usz). (2.4)

The crucial thing is that Nm.u = N(mju; + maous + mgug) is linear in
u. They speak of “stationary phase” and “non-stationary phase”, but
the usual terminology in analytic number theory would be “the saddle
point method”. In an integral of the form

/ g(0)e(f(x))ds

I

the standard technique, going back to at least Dirichlet and probably
to the Bernoullis, is to integrate by parts after first writing the integral
as

9(@) o
/Im%mf (x)e(f(x))dz.

eq:twod
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This is fine as long as the derivative is not close to 0. This leads to a
bound of the form

< sup lg(2)/ f'(x)].

If f'(x) =0 (a saddle point), then in a neighbourhood of such a point
one can use a simple argument based on the second derivative to show
that under fairly mild conditions one has a bound of the form

_suprlg()|
infy | /()"
and if this fails one can go on to higher derivatives. Anyway this is
not relevant to our situation. Here N (mju; +maous +mgug) is linear in
each of the variables u;. If we pick one of them, say uz and work with
that as G&M do, then the derivative will be a “constant”, and we are
in good shape as long as the constant is not too small. It is useful first
to get rid of the large m;.

An immediate observation is that Lemma 4.3 gives, for any non-
negative integer 7,

<

- 1+ |tP
h( N)<<.7| ’]N]

(G & M have this the wrong way round - see the top of page 20!) and
indeed we can use this to discard the large m;. Thus if maxy |my| >
Tt N~1 then for any j > 4 we have

Z iLh —t2 (mlN)iLtz—% (mQN)iLts—h (m3N>
maxy |mk|lr;T1""5N_1

T
2 TN

0<|m1|<[ma|<|ms|
Img|>T1+eN—1

m3T7
< E i N
ms>Tite N—1 m3N

< TAN3T6B0)e,

: 2
Thus for some j = jo(e), by (}‘Ze.bti,wo
S5 < 6 > | In| + O(T1%). (2.5)

me(Z\{0})°
Ima|<ma|<|ms|<TT TN

twol leq:two2
Suppose |my| < |my| < |ms| < TN~ By (u l)?nd (iqZ)wo

Im = N? /RB wy (W) R(uy Juz) R(ug/uy) R(us/uz)e(— Nm.u)du
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R(u) = Z u.

tew

where

Make the change of variables
Uy, U — V1, V2 . U1 = U3V1, U = U3V2.

One can do this one variable at a time, or the more sophisticated way
by computing the Jacobian. Either way note that the support for each
u; is in [1, 2] so there are no complications with negative us. Moreover
the support for v; and vy will lie in [1/us,2/ug] C [1/2,2]. Thus

I = N3 /[1/272]2 R(U)R(@>R(l) J(v, m)dv. (2.6)

U1 (%)

where
J(v,m) = / w(viu)*w(vau)*w(u)*ve( — Nu(mivr + movs + ms))du.
Here we havﬂj an integral of the form

/R Flu)e(u)du

where F' € C*°(R) and FY(u) = 0 when u ¢ [1/2,2]. Thus integrating
by parts j times we have

/RF(u)e()\u)du: ((2;21))\;] /RF(j)(u)e()\u)du.

Clearly when v € [1/2,2], F(u) = w(viu)*w(vou)?w(u)?u? and j is a
non-negative integer we have

F(j)(u) < 1.

Thus, when |mjv; + mavy + mg| > T /N we have

J(v,m) <; T™*

and so
(%) 1

/ vell/2,2)? R(“)R(E) R(v_2> J(v, m)dv

|miv1+mave+m3|>Tc /N

< 5T ¢,
: 6
Hence, by (E.%ti =
_ A3 V2 1 —200
In=N - R(vl)R(U—1>R<U—2> J(v,m)dv+O(T ™).

154
[miv1+maova+ms|< Lo
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Hence, noting also that |R(1/ve)| = |R(vs)],

V!
Im <. N / Vel |R(vl)R<U—2>R(02)|J(V, m)dv + T2,
Im1vi+mava+ms|< L !

Observe that 4|ms| > |myv; + mave| > |ms| — |mivy + mavy + ms| so
the integral will be 0 unless 4] —T°/N > 4ms|/5. We also

B2k azd sl
have J(v,m) < 1. Thus, by (E.El)m

Theorem 7.1(Proposition 7.1). Suppose that W is T¢ separated. Then

Ss <= > IS

me(Z\{0})?
Im1|<|ma|<|ms|<TITeNT

(¥
<. 3 N? / e \R(vl)R(U—Q)R(UQHdV

1
me(Z\{0})3 |mivi+mave+ms|< TWE
|1 [ <[ma|<|ms|<T N -

+T7200
and, when |my| < |mao| < |mg|, the integral here is 0 unless |mq| =<
|l
3. COMMENTARY

At this point I want to deviate a little from the narrative to point

something out. Let me jump ahead a little and consider the L? mean
of R.

Lemma 8.2(L? bound). Suppose that W is a T¢ separated set lying in
an interval of length T. Then

/ R(v)Pdv <. card W.
[1/4,4]

Proof. We may certainly suppose that card W > 1.
Let ¢(u) € C*([0,000)) have compact support and be ¥ (u) > 1 for
u € [1/4,4]. Then

/[1/474} |[R(w)]*du < /Ooow(u)m(u)p
- Z /Oow(u)uitlithu

tewz 70

= cardW/Ooow(u)du + Z /Ooow(u)um“?du.

tew?
t1#t2
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As previously, we may apply the saddle point method and obtain
/ Y(u)u™ " du = / e”w(e”)ei(tl’h)”dv < T2
0 R

when tl 7é tQ. O

Thus we have square root cancellation. We can speculate as to what
happens if this continues to hold for the integrand in Theorem 7.1. For
brevity write R = card YV and suppose R > 1. We would then have

S5 <e . N vell/22? R¥2dv + 177
il Sl e ot 2 <
<. Z N?’%R?’/Q L 200
me(Z\{0})*

|m1|<|ma|<|ms|<TIHeNT
<. N2R3/2+£(T1+5N—1)2
<. T2+3< }3/2
Now recall that
D DN < (N +6'7)||b|”
tew
where

0= Z I,

meZ\{0}
Putting in the bounds for the S; gives

(__) <<T78 (TNRQ—% +N2R2+N2R2—%Ti> +T2+3€R3/2

This is probably good enough to establish the density hypothesis.
OK, so how real is this? Well in

U2
/ ve[l/2,2]2 |R(UI)R(U—1>R(02)|dV
|m1U1+m2v2+m3\§%s

we would like, if possible to “save” an amount
T€
N|m|
when we integrate over vo, or similarly over v;. That means we realis-
tically need to understand

/ |R(u)|*du.
[1/4,4]
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But third moments are troublesome, and the normal approach is to
estimate the fourth moment and use Cauchy-Schwarz.

Lemma 8.3* Suppose that W is a T¢ separated set lying in an interval
of length T'. Then

/ |R(v)|*dv <. T*(card W)?.
(1/4,4]
More precisely

/ R(v)[*dv <. 1+ T°E(W)

(1/4,4]
where
EW) = card{t € W*: |[t; —ty + 13 — t4] < 1},
the, so-called, additive energy of W. We also have
E(W) > max ((card W)*T ™", (card W)?)

The last bound is probably close to best possible in most cases. How-
ever, the first bound is not very good for us in general but is achieved
when the elements of W are close to being in arithmetic progression.

For example consider W = {t, : t, = rT/R,0 < r < R—1}. Put

v = exp (22*). Then /[1/4 , |R(v)[*dv

R—1 4
2R 2r Ru
= — e(ur)| exp du
T Jhi<tions 1= T
1|R-1 4 1 ?
>>/ S e(ur) du:/ S (R = h)e(uh)| du
0 {r=0 O lini<r

R
2R*+ R
= > (r- = T
h=—R
This may seem a problem but if W were like this, then

N
D IDn(it)? < (R + RN/T) Y [ba?
tew n=1
and I think the density hypothesis would follow.

If we replace each t in W by, say, the nearest integer to ¢, and call
the new set N, then E(W) is bounded by the number of solutions of
|n1 — ng + n3 — ny| < 3 and so it suffices to bound the number E*(N)
of solutions of ny — ngy +ng — ny = 0.
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There ought to be theorems in additive combinatorics that tell us
what happens in general when E*(N) is large. This will be large when
n, — ng + n3 has excessive overlap with V.

The work in this area, such as Freiman’s theorem, is concerned
mostly with what happens when expressions such as n+n’ have exces-
sive overlap with N, and Freiman’s theorem tells us that in that case
the elements of A/ are in arithmetic progression.

Is that what is happening here? Understanding this might be the
key to the density hypothesis.

Proof. We may certainly suppose that card W > 1.
Let ¥(u) € C*(]0,00)) have compact support and be ¢ (u) > 1 for

u € [1/4,4]. Then
/ | |4du<</ w ‘R Z/ w 'Ltl ito4it3— zt4du
/44 oave

As previously, we may apply the saddle point method when [t; — t5 +
ts — t4| > T° and obtain a total contribution <. 1. Thus

R(u)|Pdu <. 1+ 1.
/[1/4,4]' (w) 3

tew?
[t1—to+t3—t4|<T*

Now, given any ti,ts,t3 € W there can be < 1 t4, € W with |t; —
to + t3 — t4] < T°. Now there is a general principle that the number
of solutions of an inequality such as (or an equation for that matter)
|tq —ta+1t3—t4 — | < 1 for some real number alpha is bounded by the
number of solutions with v = 0. Thus we can just divide the interval
—T¢,T¢ into < T¢ intervals of length, say, 1/2. To prove the principle
in our case observe that
: 2
s
/ (mz—ﬂg)e(—vu)du = max(0,1 — |v])
R U
and so
(SiIl ﬂ-u)z 2mu\ |2
Z 1<2 [ —5—|R(e™) [ e(—au)du
R U
W4
|t1—t2+t3—t4—a|<1/2
S 2/ (Slnﬂ-g) ‘R( 27ru>|2du
R TU
<2EW)

which gives the second bound.

Summing over a set of > T « spaced 1/2 apart picks up every
possible ¢; and proves part of the last bound. The trivial observation
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that there are (card W)? solutions to |t; —to + 13 —t4] < 1 with t; = to,
t3 = t4 gives the other part. O

Corollary. We have
/ |R(u)]Pdu <. T¢(card W)?.
[1/4,4]

This is not good enough. The set W in practice is quite “thin”.
That is the cardinality is small compared with 7. For example the
numbers t; — ty + t3 — t4 are spread, presumably, between —27 and
2T, but there are only (card W)* of them so one can expect at best, in
a general interval of length 1 that there are only about (card W)4T—!
of the t; — t5 + t3 — t4 and this will of necessity be much smaller than

(card W)3.

4. BACK TO REALITY

Theorem 8.1.(Proposition 8.1) Suppose that W is a T¢ separated set
in an interval of length T'. Then

Sy < T?*¢(card W)Y2E(W)Y2.

Proof. By Lemmas 8,2 and 8.3 and Schwarz’s inequality we have

/ |R(u)[Pdu <. T (card W)Y2E(W)Y/2,
[1/44]

Also
|R(v1) R(va/v1) R(va)] < [R(01)[? + | R(va/01)* + | R(va)]*.
Thus
€ Te
veipr  [R@)Pdv < T#(card W) 2E(W)2 Nl

€
[m1v1+mava+ms|< T

Hence, summing over m we have

> N[ s RODPaY

me(Z\{0})* |m1v1+m2v2+m3|STT\f
[ma |<|ma|<|ms|<T'TeN!

< T* % (card W) Y2 E(W)Y2,

A similar argument holds for |R(ve)[®. For the term |R(vy/v1)|® we
make the substitute v = wv; and note that then w € [1/(2vy),2/v1] C



10 THE THIRD SUM

[1/4,4] and the contribution becomes

S e e

me(Z\{0})3 \mlvl—i—mgvlw—i—m;;|<T—g
| < lma|<Jms| STV N1 -

3 3
N /1 » |B2(w)] > ﬁe[l/Q,Q}m[l/(Qw),Q/w} vdvdw
[1/4.4] me(Z\{0})* |o(my+maw)+ms|< T
[m1|<|ma|<|ma|<T'HeN—1
The condition [v(m; + mow) 4+ ms| < I= together with mg # 0 implies
that [v(my +mew)| > 5 and so [my +mow| > 5. Moreover the integral
over v is
TE

L """

Nim; + mow|

and again we can proceed as for |R(v;)|*. Thus, by Theorem 7.1,
Sy < T* (card W)V2E(W)1/?

as required.

Let me go back to §7. I have the feeling that §§9 onwards are over-
complicated and this starts with Proposition 7.2. I would like to find a
simpler approach, perhaps based on the observation that as far as EW)
and related objects are concerned one can suppose that VW is a subset
of integers in [0, 7] and this ought to simplify much of the argument.
Unfortunately I don’t have the time to sort all that out, so am forced
largely to follow G&M.

Recall that

R(u) = Z u.
tew
and Theorem 7.1 gives

SS <<a
V2
Z N / vel/2,2]? |R(Ul)R<U_1)R(U2)|dV
mE(Z\{O})S |m1U1+m2v2+m3|§%5
[ma | < [ma|<|ms| < T

|ma[<|ms|
4 T—200

By dividing the sum over m into dyadic ranges we find that for some
pair My, M with 0 < M; < M < T+ /N we have

Sy <. T72 + N3(log T)? > I

me(Z\{0})3
[m1|<|ma|<|Im3|<M
|ma|=xMy,|ma|<|ms|<M
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dv

J;H:/ R(v / ’R(@)Rv
v1€[1/2,2]| (v1)] v2€[1/(2),2] - v, (v2)

—1 —1
[mivimy ~Hva+mamy <y

At this point the R(ve/v1) and R(vy) are replaced by smooth versions

but the details are mostly missing and the motivation is non-existent.
By Cauchy-Schwarz and a change of variable v = vyw we have

v
o ‘R(U—1>R(v))dv <
[o—(m1v1+ms)/(—ma)|< o
1/2
2
we[l/(2v1),2/v1] E |R(w)| dw %
lw—(m1+mavy ')/ (—m2)|< 2o
1/2
|R(v)[*dv

ve(1/2,2] .
[v—(mivi+ms)/(—m2)|< 3%

Now let 9)(z) be another C*® function which majorizes the characteristic
function of [1/4,4] and is 0 outside [—-CT*, CT*], and also satisfies

19| <; T°. Then

we[1/(2v1),2/v1]
[w—(m1+mzo; )/ (—m2)|< 2T

is bounded by

1 - . )
WR((ml +mguy ')/ (—my))

where
5 B 1/2
R(u) = ( MNp(MN (u — w))|R(w)|2dw> :
[1/4,4]

They have an extra factor 1[)(6“) in their integrand, but I don’t see why.
I see that later in §10 it has disappeared! Also they do not include a
domain of integration. But [1/4,4] is reasonable and works.

We can treat the second integral the same way. Thus

I« L R()|] <m) B (w) o

MN veE[1/2,2] —Umy —Mmy

Since the sums are symmetric in positive and negative values of msy we
have just established
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Theorem 7.2(Proposition 7.2) For some My, M with 0 < M; < M <
T/N we have

N2 T 100

|m1‘XM1,|m2|X|m3‘XM

i :/ R(0)| 2 (m) 7 (w) v,
vE[1/2,2] VN ma

Having belatedly introduced R we should now restate the second part
of Lemma 8.3
Lemma 8.2F. For any M we have

where

/ RO < TEWD).

5. AFFINE TRANSFORMATIONS

Here they obtain a rather general bound for objects of the kind
2

0o [ (£ o)) s

0<M;<M =,

where f is smooth and compactly supported. They do not state the
region of integration, but in practice it will certainly be contained in
[1/4,4] and probably in [1/2,2].

Theorem 9.1.(Proposition 9.1.) Suppose that f is non-negative and
supported on [1/C,C| for some constant C > 1. Suppose also that for
all 7 >0

IFOI < T 1EP.

(or do they mean |f(€)| <; TH|E|772 See their assertion at the top
of page 31.) Then

J(f) < T°M° ( /R f(u)du>2 + T M* /R f(u)du.

I am going to skip the proof of this for the time being, The proof is
not very illuminating. It is really analysis, not number theory, and I
wonder if there should be a more succinct and illuminating proof. I
am also puzzled by the hypothesis | f(€)| <; T<7|¢J7. Later they ask
for “rapid decay for || > T which is not what is being asserted here.
I suspect that they mean |f(€)| < Tt/|€|~, and this is what T will
assume henceforward.
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6. A FURTHER BOUND FOR S3

Theorem 10.1.(Proposition 10.1) Suppose that W is a T¢ separated
set contained in an interval of length T'. Then

Sy <. T*(card W)*/2 + TN (card W)Y2E(W)Y2.
This is a useful improvement compared with Theorem 8.1,
T (card W)V2E(W)Y/2,

when F(W) is between (card W)? and (card W)? in size. The proof is
now fairly straightforward.
Proof. Theorem 7.2 states that for some M;, M with 0 < M; < M <

T/N we have
2

N 5
Sa & — Z I, + T

M
|| <My,
\m2|x|m3\xM

By the Cauchy-Schwarz inquality
m vMmao meo
N o\ 1/2 N o\ 1/2
* ~ TNV ms * ~ (MU ms
< R{— R| ——
(Sra(ee)) (S

m

*
where E denotes summation over |m| =< My, |mso| =< |mg| < M.
Hence by Holder’s inequality

Sy < 710 4 N2V LS, 2S,0 Sy

where
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Su= [ IR@Pd
ve[1/2,2]
9 2
5373 _ / Z <m1’U + m3> dU,
vel1/22 \ o

2 2
_/ <m1+m3v) i
v€[1/2,2] mo ’
+ma\?\’
Sa= [ (R m)) i
vel1/2,2) \ ‘o

Note that in S35 we made the change of variable v — 1/v.
Since

*

5

-1

Sz << card W

we have

S3 < T + N2M ! (card W)1/251/4Sl7/44

Recall that

R(u)?* = L MNQ;(MN(U —w))|R(w)|*dw

and its Fourier transform is
/ R(u)?e(—ué)du
R
_ / MNG(MN (u — w))|R(w)Pdwe(—u)du
(1/4,4]

:/ \R(w)|2/MN&(MN(u—w))e(—uf)dudw.
[1/4,4] R

Also recall that it is assumed that |||, <; T°. Hence standard
integration by parts j times shows that this is

< (card W)(MN) || T

which seems to be consistent with what they probably intended to
assume in the hypothesis of Theorem 9.1. Thus we can apply that
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theorem to S33 and Ss4 with C'=2 and f(u) = R(u)?. Then

/R Flu)du = /[1 B /R MNG(MN (u — w))| R(w) dudw

< / | R(w)[*dw
(1/4,4]

< card W.

and
[ st -
R

/[1/4 4 /]R MEN?) (MN (= v) ) (MN (u = v5)) du| R(vr) R(va) *dv.

In the latter integrand write |R(vi)R(v2)]? < |R(v1)|* + |R(ve)|* and
then proceed as before. Thus

/ Fu)du < / | R(w)|*dw <. TEE(W)
R [1/4.4]

and we obtain
max(S3 3, S34) < M(card W) + M*T°E(W).
Recalling that
Sy < T710 4 N2M L (card W)1285' 83/}
we have
Sy < N2M?(card W)*/? + T° N2 M (card W)Y2E(W)'/2,
This completes the proof of Theorem 10.1.



