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wrinkle suggested by Selberg.
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® Let k € N and define di(n) to be the number of choices of
ni,...,ne with ny...ng = n.

® Then for o > 1 we have ((s)* = Z di(n)n*°.
n=1

® This has an analytic continuation to C\ {1} with a pole of
order k at s = 1.
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Let kK € N and define dx(n) to be the number of choices of
n,...,ng with ny...ne = n.

Then for o > 1 we have ((s Z di(n

This has an analytic continuation to (C \ {1} with a pole of
order k at s = 1.

One can also show that

de = xPi(log x) + O(x}~1/k+e)

n<x

where Py is a polynomial of degree k — 1 and

D " di(n)? ~ xQy(log x)

n<x

where Q) (x) is a polynomial of degree k? — 1.
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® So we want to approximate to (3 -+ it) by a Dirichlet
polynomial of length N at most about T
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® By the functional equation for { we have the functional

equation

¢(s) = (s)*¢(1 — 5)"

7@)=W“5<2$§?>

Note that «(s) is analytic for all s except s with % eN
and in particular whenever Res < 1.

where

Thus, by Stirling’s formula for complex argument.
Lemma 1 Suppose that 0g, 01 € R, 09 < o1, and
s=o+it. Then )

V(s) < t]27°7

uniformly in the region {s: |[t| > 1,00 <o < o1}. In
particular « is bounded on the %-Iine.
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® Lemma 2 Suppose that og, 01 € R, 0¢ < 01, and
s=o0+it. Then

C(S)k < |t|ku(a)+€
uniformly in the region {s: |t| > 1,00 < 0 < 01}, where

%—O’ (0 <0),
uo) =117 (0<o<1),
0 (o0 >1),

and the implicit constant may depend on k and .
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® Lemma 2 Suppose that og, 01 € R, 0¢ < 01, and

s =0+ it. Then
C(S)k < |t|ku(a)+€
uniformly in the region {s: |t| > 1,00 < 0 < 01}, where

%—a (0 <0),
uo) =117 (0<o<1),
0 (o0 >1),

and the implicit constant may depend on k and .

This is trivial when ¢ > 14§ and ¢ is any sufficiently
small (in terms of k and ¢) positive real number, and is
immediate from the functional equation when o < —4.
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® Lemma 2 Suppose that og, 01 € R, 0¢ < 01, and

s =0+ it. Then
C(S)k < |t|ku(a)+€
uniformly in the region {s: |t| > 1,00 < 0 < 01}, where

%—a (0 <0),
uo) =117 (0<o<1),
0 (o0 >1),

and the implicit constant may depend on k and .

This is trivial when ¢ > 14§ and ¢ is any sufficiently
small (in terms of k and ¢) positive real number, and is
immediate from the functional equation when o < —4.

In the range —d < 0 < 1 — ¢ it follows from a general
convexity principle for Dirichlet series, see Titchmarsh,
The Theory of Functions, second edition, Oxford
University Press, 1939, §§5.65, 9.41.
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k> 2.
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fober . ® There are “approximate functional equations” for ((s) and
Vaughan ¢(s)? which go back to a famous paper of Hardy and
Littlewood, Acta Mathemtica, 1917. of the form

() =D dk(mn™* +(s)* > di(m)n* " + E(x,y)
n<x n<y
with 27xy ~ |t|¥.
Moments of
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k> 2.

® This can be simplified by using weights, but the classical
literature seems to have overlooked this.



Ui ® An approximate functional equation

o irichlet

polynomials Lemma 3 Suppose that 0 < 0 < 1, -1 < ¢ < —0,
and fourth .

moment of O<¢<1_U,J2%k+1,X21,y21Thené‘()
Zeta function

Robert C.

Vaughan Z dk 1 — n/X)

$)Y " di(m)n*t = U(s) = V(s) — R(s)

n<y
xZj!
Ai(x,z) = —, U(s) =
;/Icimints:_f J( ) Z(Z+1)(Z+J) ( )
eta Function 1 ¢+IOO k + 1
S+w—
5 - Y(s+ w) E di(n)n Ai(x, w)dw,

n>y

R(s) = Res(¢(2)*\j(x,z — 5)),=1,  V(s)
1 PY—+ioco

2t Jy i V(s +w) > di(n)n*t N (x, w)dw

n<y
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® Moving the path to Rew = —oco when u > 1 and
Rew = 400 when u < 1 givesfor j > 1, u>0,0 > 1,
1 [0t 1—1/u)y > 1
— Ai(u, w)dw = ( fuy (u=1),
271 Jo_ioo 0 (u<0).

® By the absolute convergence of this and the uniform

convergence of ((s + w)* when Rew = 6
1 O+ioco

dk(n) n\J
el A (s + w)kN(x, W)dW:Z k (1— ) .
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Robert C.

1—1/uy >1
Ly = (O 2 D),
Vaughan 27-” O—ico 0 <
® By the absolute convergence of this and the uniform
convergence of ((s + w)* when Rew = 6
1 O+ioco

2mi
Moments of

(s + w) N (x, w)dw = 3 di(n) (1
0—ioco
Zeta Function

nS

n)j
<)

n<x

® By Lemma 2, when Re(s +w) > —1,

C(s+ w)k — Py <s+v:t—1> < (14 |Im(s+ W)’)%k+€.

Hence, as j+1 > %k + 1, we may move the vertical path

to the line Re w = ¢, picking up the residues of the
integrand at w =1 —s and w = 0.
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® so that ; dk,fs”)(l —n/xY = R(s) +¢(s)"+
1 P+ioco . .
5 . Y(s +w)C(1 =5 —w) \j(u, w)dw.
® As —Re(s + w)

¢(1-—s— W)k

—0 — ¢ > 0 we may write

= di(mn 4D " di ()t
n<y n>y

® The second series here gives rise to U(s),
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5 o Y(s + w) ¢(1 — s — w) N\ (u, w)dw.

® As —Re(s + w) = —o — ¢ > 0 we may write

n<y

((1-s—w)k= Z di(n)nsT =1 4 Z di(n)nst 1
n>y
® The second series here gives rise to U(s),
omente ot ® and we treat the part arising from the first, namely
Zeta Function 1 P+ioco

k -1

2ni fy V(s +w) > di(n)n*t N (u, w)dw
n<y

by moving the path of integration to the line Rew = 1,

picking up a further residue at w = 0, obtaining

—y(s)* Z f(n)n*~t + V(s).

n<y
This completes the proof of the lemma.
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® Lemma 3 Supposethat 0 <o <1, -1 < ¢ < —0

> k(o

n<x

Ai(x,z) =

1

2mi

R(s) = Res(¢(2)*\j(x, z

1

27
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¢p—ioco
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100

c(z4])
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n>y

- 5))2:17

v(s + w)k Z di(n)n
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S+W_1)\j(X,

0<¢<l—o,j>3k+1 x>1y>1 Then ((s)

— U(s) = V(s) = R(s)

w)dw
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e ° Theorem 2. Suppose that1-1/k <o <1 and
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-
/ ‘C(U‘f‘ it |2k Tzdk 2 —2o+ O(Tl_(s).
0
Zerm Fanction Also
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° Theorem 2. Suppose that1-1/k <o <1 and
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.
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® The latter is more interesting for us.
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® We can now put this all together and obtain mean value
theorems for the zeta function. For example

° Theorem 2. Suppose that1-1/k <o <1 and
§=%(c—1+1%). Then

.
/ C(o + it)]* = Tde )?n~2 + O(T%).
0
Also
.
/ ¢(3 + it)|* < T(log T)*.
0

® The latter is more interesting for us.

® Consider Lemma 3 when k=2 and s = % + it.
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® Lemma 3 with k = 2. Suppose that 0 < o < 1,
—1<¢< -3 0<y<3 j>4x>1y>1 Then

C(3 +it)? = S(t) + S*(t) — U(t) — V(t) — R(t)
where \j(x, z) = m

S TR

1 - )

<y ni—lt
u(t) =
1ot 2 it w—3
: it+w—35
Crrll (5 + it + w) Z d(n)n 2\j(x, w)dw
¢p—ioco n>y
V(t) =
L AP 2 ittw—%
el (5 +it+w) Z d(n)n 2 \j(x, w)dw,
P—ioco n<y

R(t) = Res(¢(2)?\j(x, 2 — X — it)) =1,
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® where f is one of
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S* () =y(3+it)> (_)t
n<y M2
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n>y

, 1
V(3 + it + ¢ + iv)? Z d(n)nt Y3,
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® where f is one of

. .1
VG Hit+ o+ iv)? > d(n)n e

® For convenience we take ¢ = —3, o) = 1

® By making multiple uses of Cauchy-Schwarz and the heavy

convergence of \; when, say, j = 10, bounding C(% +it)*
reduces to bounding

/2T |F(t)|*dt
;

)

n>y

, o1
V(3 + it + ¢ + iv)? Z d(n)nt Y3,

n<y

4
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® For 5(t)

[Is 2
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n<x

;)10‘ dt < Z d(n)zn_l(T o

< T(log x)* + x(log x)°
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[ |’Y(% + It)| = 1, so for S*(t),

/2T ‘ Z
T sy

d(n)
It

n

< Y dlnf (T 4 )

n<ly

< T(logy)* + y(logy)*.
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2
e U 20 dt < 3 d(n)2n (T + n)
n<x

n<x

< T(logx)* + x(log x)*.
* |y(} +it)| =1, so for S*(¢),

/2T ‘ Z
T n<y

d(n)
1-it

n

“dt < > " d(n)?n (T +n)

n<y

< T(logy)* + y(logy)®.
® |t already looks as though we should take x =y = T.



T 0=¢or.

VG it o+ WS d(mynitotid

n>y

(o B =

«E>»

Q>



Mean Values
of Dirichlet
polynomials
and fourth
moment of
Zeta function

Robert C.
Vaughan

Moments of
Zeta Function

*o=—pv=gb=dorv.

n>y

) nit+¢+ivf %

. 9
G +o+ia)< @+ )™ Mo(x, 0+ iv) < O
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T

] 112
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n>y
(41T )% a7 + 0
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(LT + V)T + y)y**(log y)
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/ ”Y(% 4t 4 ¢ + iv)2 Z d(n)nlt+'¢)+/v—f dt
T
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(1+|T+v))™ Z d(n)?n®*~Y(T + n)

n<y
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