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1. Suppose that k ≥ 2 and the 1 < q1 < q2 < · · · < qk. Prove that if for each j we
have p|qj ⇒ p > k, then q1, . . . , qk forms an admissible set.

2. Call a set h of distinct non-negative integers h1, . . . , hk sf–admissible when
there is no prime p such that every residue class modulo p2 contains at least one
of them. Let S(x;h) denote the number of n ≤ x such that n+ h1, . . . , n+ hk are
simultaneously squarefree.
(i) Let f(n) denote the characteristic function of the squarefree numbers. Prove

that S(x;h) =
∑
n≤x

f(n+ h1) . . . f(n+ hk) and f(n) =
∑
d2|n

µ(d).

(ii) Suppose that 0 < δ < 1/(3k) and let y = xδ and f(n; y) =
∑
d≤y
d2|n

µ(d). Prove that

for j = 1, . . . , k
S(x;h) = Tj(x; y) +O(x1+εy−1)

where

Tj(x; y) =
∑
n≤x

f(n+ h1; y) . . . f(n+ hj ; y)f(n+ hj+1) . . . f(n+ hk).

(iii) Given a k–tuple of positive integers d = d1, . . . , dk let d = d1 . . . dk and given
another one r we use d|r to mean dj |rj (j = 1, . . . , k)a and d2 to mean d21, . . . , d

2
k.

Write n + h for the k–tuple n + h1, . . . , n + hk. Let ρ(d) denote the number of
solutions of d2|n+ h in n modulo d2. Prove that ρ(d) ≤ d2 and

Tk(x; y) = x
∑

d1≤y,... ,dk≤y

µ(d1) . . . µ(dk)

d2
ρ(d) +O(y3k).

(iv) Let νp(h) denote the number of different residue classes modulo p2 amongst
the h1, . . . , hk. Suppose that k = 2. Prove that

S(x;h) = x
∏
p

(
1− νp(h)

p2

)
+O(x1−δ).

With a little bit of work this can be generalised to all k ≥ 2 and establishes the
squarefree k–tuples theorem (R. R. Hall, Squarefree numbers on short intervals,
Mathematika, 29, (1982), 717).


