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k
Let ¢4(h) denote Ramanujan’s sum Z (ah/q), and for k > 2 define & (h) = ’; Z% cq(h).
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1. (i) Prove that if £ > 2 and h € N, then &y (h) converges absolutely.
H qg—1
(ii) Suppose that H € N and ¢ > 2. Prove that Zcq(h) < Z la/q|| ' < qloggq.
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(iii) Suppose that & > 3. Prove that Z Sik(h) = H + O(1).
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(iv) Suppose that @ > 1 and h € N. Prove that Z M(Q) cg(h) < Q71 Z and that
¢(q)? ¢
>Q I|h
Z ,u q ) < Q 'Hlog2H.
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(v) Prove that Z Z ma)” ) < (log Q)

h=11<q<Q (q)?
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(vi) Prove that Z Gy(h) = H + O(log® H).
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2. Let H € N and Hj be the set of k—tuples h = hy,...,h, with hq,..., h; distinct and
1 < hj < H for each j, and let v,(h) be the number of distinct residue classes modulo p amongst

—k
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—) . Also, let F(g;h) be the

the h. Then define, for h € Hy, 6} (h) = H (1 B Vp(h)> <1 _ ;

» p

multiplicative function of ¢ with
h 1\ " .
Flph) = (1 - L) (1 - —) “1, PRy =0 > 1)
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(i) Prove that if £ > 2 and h € H;, then &5 (h) converges absolutely.

(ii) Prove that if k > 2 and h € Hy, then &j(h) =Y F(g;h
iii) Suppose that k = 2 and h € M. Prove that F(g;h) = 29 ¢ (hy — hy) and &5(h) =

( $(a)? “a
So(hy — hy).
(iv) Prove that cardH = H* + O(H'C b,

(v) Prove that Z S5(h —QZH h)Sa(h / 262 (h)dx = H? + O(Hlog® H).
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