MATH 597B, SPRING 2015, PROBLEMS 5

Due Tuesday 17th February

1. Suppose @ € R, x, y € R with > 1, ¥y > 1 and that there is an A € R such that for
m < y the complex numbers a,, satisfy |a,,| < A.

(i) Prove that
T 1
Am (amn) < A min ( —)
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m<y n<z/m

Suppose further that there are ¢ € N, a € Z with (¢,a) = 1 such that |a —a/q| < ¢~ 2.
When 1 < m < y put m = hqg + j where —q /2<j<q/2sothath< vy 3.

(ii) If h = 0, then prove that ||am|| > |laj/q|| — 2q > 1laj/qll. Deduce that
T 1 = q
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(iii) Suppose h > 0. Put 3 = ¢*(a — a/q) and let k be a nearest integer to Sh. Prove that
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Deduce that
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hq—q/2<m<hq+q/2 =1

(iv) Prove that

Zam Z (amn) (§+y+q)Alog2:c.

m<y n<z/m

(v) Prove that

Z . Z e(amn) < (%y +y+ q> Alog 2x.

m<y n<x

2. Let cy(n) =31 e e(an/q), Ramanujan’s sum.
(q7a)_1
(1) Prove that if n is fixed and q varies, then ¢,(n) is multiplicative.
(ii) Prove that if (¢,n) = 1, then c4(n) = p(q).
(iii) Let f(q) =>_ e cq(a)ke(an/q). Prove that f(q) = u(q)*c,(n).
(g,a)=1
| | = L (—1)h (—1)*
(iv) Prove that if k£ > 3, then Zf(q)gb(q) = H (1+ <—) H (1— (—)
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