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Notation

We continue to use notation defined in Volume I, mostly without repeating
mention of them here. Some symbols are used in more than one way. The
intended interpretation should be clear from the context in which it arises.

Symbol
A

B(z)
Cc(T)
Cq (n)
D(N, a)
D*(N)
D(N)
deg P
e(x)
EG’
Eo(x)
f(0)
na(p)
Py

s(x)
s(n)

S+ (x)
si(x)
sgn(x)

{&}

Meaning

The adjoint of the matrix A. See page

Beurling’s function. See page

The set of continuous functions with period 1. See
Ramanujan’s sum. See Theorem 4.1.

= Z(N,a) — Na. Discrepancy. See page

Discrepancy. See page

Discrepancy. See page

The degree of the polynomial P.

= ¢27X; the complex exponential with period 1. See page
Entire functions of exponential type o; see page

= 1if x = x,,, = 0 otherwise. See page

The Fourier transform of f. See page

The least positive quadratic nonresidue of p. See page
An almost prime; i.e. a product of at most k primes. See page|182
The sawtooth function. See page W

sum of the binary digits of n. See page @

Selberg’s functions. See page

The sine integral. See page

= x/|x| for x # 0; sgn(0) = 0. The sign or signum function.
Stirling number of the second kind. See page m
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xii
Symbol

w(u)
Z(N,a)
0

A(x)
A(n)
An(x)
A

v(A)
p(A)
p(y)
p(N)

p(u)
on(x)
D(x,y)
Xy
Y(x,y)

i1 Si
[x]

]
Fn)
F)
]
e
Al

Notation
Meaning

The Buchstab function, used to approximate ®(x, y). See §7.2.
The number of n, 1 < n < N, such that {u,} < «; see page@
Dirac delta measure. See page

is the error term in the Dirichlet Divisor Problem. See page
Hooley’s function; see ZT.121).

is the Fejér kernel; see (E.2).

Lebesgue measure, see page

numerical radius of the square matrix A. See page

spectral radius of the square matrix A. See page

= limsup,_,, m(x +y) — n(x). See page

=maxy YM*N, | 1. See page
pln = p>N

The Dickman function, used to estimate ¥ (x, y). See §7.1.

A Cesaro partial sum of a Fourier series; see page

The number of n < x composed entirely of primes p > y. See §7.2.
A sum over primitive characters modulo g. See page

The number of n < x composed entirely of primes p < y. See §7.1.
A Cartesean product of sets. See page

The floor of x, which is the unique integer n such thatn < x <n+1;
formerly denoted by [x].

The ceiling of x, which is the unique integer n such thatn — 1 < x < n.
is a Fourier coefficient of f; see page

is the Fourier transform of f; see page

Norm of the vector x. See pagew

= mingez |@ — n|. See page

The operator norm of the matrix A. See page ﬁ



Preface

We reiterate that our object is to introduce the interested student to the tech-
niques, results, and terminology of multiplicative number theory. Whilst it is
not intended that our discussion will always reach the research frontier, it is
hoped that the material here will prepare the student for tackling the more ad-
vanced research literature. As far as possible the topics of this volume are either
self-contained or build on material in the first volume. We continue to assume
that the reader has some acquaintance with the fundamentals of elementary
number theory, abstract algebra, measure theory, complex analysis, and clas-
sical harmonic analysis. More specialized or advanced background material in
analysis is provided in the appendices. It should be noted that as we build on
the earlier volume and develop the more advanced material there is often also
increased complexity of detail and this requires greater stamina in the reader.
The average chapter length in this volume is about 50 pages, compared with 30
or so for volume 1.

The relationship of exercises to the material developed in a given section
varies widely. Some exercises are designed to illustrate the theory directly
whilst others are intended to give some idea of the ways in which the theory
can be extended, or developed, or paralleled in other areas. The reader is
cautioned that papers cited in exercises do not necessarily contain a solution.

The years since our first volume appeared have witnessed many develop-
ments, especially in sieves and gaps between primes, and very recently on large
values of Dirichlet polynomials and zero density estimates. As happened with
the first volume, we again have too much material for one volume, so we are
emphasising sieves in this volume, and postpone such topics as Vinogradov’s
method of exponential sums, the wider zero free region for the zeta function,
mean and large values of Dirichlet polynomials, zero density theorems, Lin-
nik’s theorem, probabilistic number theory, and pair correlation of zeta zeros
for the next volume.
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Xiv Preface

While it is to be expected that we will be building on the first volume, there are
three topics that might have appeared minor but will take on a greater role as we
continue: (1) The Ramanujan sum, as discussed in §4.1 will turn up repeatedly.
(2) The function ¥ (x, y), which counts the integers n < x all of whose prime
factors are < y was discussed in §7.1, where we found that it is asymptotic
to p(u)x with u = (logx)/logu. Here p(u) is the Dickman function. (3) The
quantity ®(x, y) is defined to be the number of integers n < x all of whose
prime factors are > y. In §7.2 we found that ®(x, y) ~ (w(u)x —y)/logy when
u is bounded. Here w(u) is the Buchstab function. The Dickman and Buchstab
functions are determined by differential-delay equations, which imparts striking
behaviour:

up’(u) = —p(u—1),
(uw(u)) =w(u-1).

Many people have assisted us in this work — including P. T. Bateman,
E. Bombieri, T. Chan, J. B. Conrey, H. G. Diamond, T. Estermann, J. B.
Friedlander, S. W. Graham, S. M. Gonek, A. Granville, D. R. Heath-Brown,
H. Iwaniec, H. Maier, G. G. Martin, D. W. Masser, A. M. Odlyzko, G. Peng,
C. Pomerance, H.—E. Richert, K. Soundararajan, and U. M. A. Vorhauer. In
particular, our doctoral students, and their students also, have been most helpful
in detecting errors of all types. We are grateful to them all. We would be
most happy to hear from any reader who detects a misprint, or might suggest
improvements.

Finally we thank our loved ones and friends for their long term support, and
David Tranah at Cambridge for his encouragement and patient endurance.



16
Exponential Sums I: Van der Corput’s Method

We are interested in non-trivial bounds for sums of the form
N

Dle(f(n)

n=1

where f(x) is a smooth real-valued function. In this chapter we develop methods
whereby one may show that such a sumis indeed o (V). The quality of the results
depend on the finer properties of f. In some simple cases the estimates are best
possible, but in most situations the bounds we achieve fall far short of what we
suppose to be the truth. We begin with the simpler continuous analogue. This
provides motivation, and the results we obtain are also useful in dealing with
the discrete case.

16.1 Exponential integrals

We seek bounds for integrals of the form /a b r(1)e'?® dt in terms of the
behaviour of r(¢) and 6(¢). We begin by generalizing the obvious inequality

b
. 2
/ e””dt|§min(b— ,—). (16.1)
a

a
|

Theorem 16.1 Let r(t) and 6(t) be real-valued functions on [a,b] for
which r(t) is continuous on [a, b], 6(t) is differentiable on [a, b] (where if
necessary we take the right and left hand derivatives at a and b respect-
ively), 0’(t) is continuous on [a,b], and 6’(t) # 0. Suppose that A satisfies
Varapyr(t)/0'(t) < 24 and |r(1)/0'(t)] < Awhena <t < b. Then

b
/ r(t)e'?® di| < 4a.

a

1



2 Exponential Sums I: Van der Corput’s Method

In many interesting cases r(¢)/6’(¢) is monotonic and then the bound on
r /6’ implies the bound on the variation.

Proof Let p(t) = r(t)/6’(t). We integrate by parts, using the Riemann—
Stieltjes integral as developed in Appendix A. Thus

b b
/ r(0)et?® dr = —i/ p(1)de™®™
a a (16.2)

b b
a+i/ "D dp ().

a

— [ _ ip(t)eiﬂ(t)

Hence

b _ b
/ r(0 di] < Ip(a)] + lo(b)] + / ldp(1)] < 41.
O

It is instructive to view the above argument geometrically. Whena <t < b,
letZ(t) = fa "y (1)e'®™ du. These points describe a curve in the complex plane,
with tangent vector r(r)e'?(") . Thus Z(r) is moving with speed |r(¢)|, and the
argument of the tangent vector is changing at a rate 6’(¢). Hence the curve has
curvature k = |6’(t)/r(t)|. Consequently the radius of curvature at time 7 is
lp(1)], and C(r) = Z(1) +ip(1)e'??) is the centre of the osculating circle. One
may reach Z(b) from the origin by following the path Z(r). Alternatively, to
reach Z(b) one may first move along the line segment from 0 to C(a), then
follow the path C(z) to C(b), and finally pass along the line segment from C(b)
to Z(b). These two alternatives are expressed in the identity (16.2). When p(r)
is differentiable we find that C’(r) = ip’(1)e'?) . Thus the tangent vector C’ (¢)
to the curve C(¢) is at all times perpendicular to the tangent vector Z’(¢) to
the curve Z(¢), and C () moves with a speed equal to the rate of change of the
radius of curvature. Suppose for simplicity that p(t) is positive and decreasing.
Then the curve Z(¢) spirals inward, in the sense that the osculating circles are
nested. To see this, observe thatif a < t1 < t, < b, then

153 [5)
[ =cwl=[i [0 dpto] < [ a1 =ptr) - pi).
3l |

In particular, the circle with centre C(a) and radius p(a) passes through the
point Z(a) = 0, whilst Z(b) falls within the circle. Hence Z(b)| < 2p(a) in
this case.

In many cases we do not need the full generality of Theorem [16.1] and the
following special case suffices.

Corollary 16.2 Let r(t) and 6(t) be real-valued functions on [a, b] for which



16.1 Exponential integrals 3

r(t) is continuous on [a, b], 6(t) is differentiable on [a, b] (Where if necessary
we take the right and left hand derivatives at a and b respectively), 0’ (t) is
continuous on [a, b], and 0’ (t) # 0. Put p(t) = r(t)/6(¢). If p is monotonic
and A is a number such that -1 < p(t) < Afora <t < b, then

b
/ r(1)e'?® di| < 4a.

a

If 6’ (¢) vanishes at some point of the interval [a, b], then Theorem does
not apply, but we can still obtain a bound when 6" (¢) exists and is not too small.

Theorem 16.3  Suppose that r(t) and 6(t) are real valued and continuous on
[a, D], that O < r(t) < M, that 0(t) is twice differentiable on [a, b] (Where if
necessary we take the right and left hand derivatives at a and b respectively),
that 0’ (t) [r(t) is monotonic and that 0 < u < 6" (t) when a <t < b. Then

b
: M
/ r(0)e'?" di| < 8M
Vi

a

The above often suffices in applications. If necessary, a more precise ap-
proximation can be derived, say via the more elaborate Theorem below.
However, generally the above bound is of the correct order of magnitude. For
example, in the case (¢) = 1 and 6(f) = ct*> with ¢ > 0 we have 6" (¢) = 2c
and

/m ¢ dr = e(1/8)\/x/c. (16.3)

(A proof of this is outlined in Exercise 9.3.5.) If we were to apply Theorem|[16.3|
to the integral above, we would find that it is < 1/+/c, which is to say we would
obtain a bound of the correct order of magnitude. In Figure [16.1] we depict the
curve Z(t) = f_ tm e du, which spirals tightly except near the inflection point
atr =0.

Proof Letd > 0 be a parameter at our disposal. Since 6" (¢) > 0, we know
that 6’ (t) is increasing, and hence if there are ¢ for which |6’(¢)| < du, then
such ¢ comprise an interval, say Iy. If I is a proper subinterval of [a, b], then
the complement of I consists of one or two intervals, say /.. The length of I
is at most 26, since 6" (¢) > u. Hence

‘/ r(r)et?® dt‘ < 2MS.

Iy

For t € I.; we have |0’(f)| > 6u. Thus, by Theorem|[16.1|with A = Mu~'67",

we deduce that
. 4M
|/ r(1)e'?® dt| < —.
I ou
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Hence altogether

b
. 8M
/ r(0)e'?® di| < 2M6s + —,
ou

a

and the desired bound follows on taking & = 2.~ /2. O

0.8+
0.6 1

0.4 4

0.2 0.4 0.6 0.8

Figure 16.1 Graph of z(¢) = fot e dufor-7<t<17.

16.1.1 Exercises

1. Suppose that k > 2, that f : [a, b] — R is k times differentiable on [a, b]
and that there is a positive number A such that for each x in (a, b) we have
F% (x) > A. Show that

b
/ e(f(x))dx‘ < K2k Vk,
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2. Suppose that a1, a», . . . aj are real and let

t
I(t;a):/ e(au + aru® + - - - agu) du.
0

Show that for any positive number ¢,

t

I(t,) < .
() (1+ lag |t + |aat? + - + |ag|tk) Vk

3. (Talmage, 2022) Suppose that k > 2 and 64,...,60, B and y are real add ~ proper
numbers with 8;y # 0, (k + 1)/(k +2) < 8 < 1, and write p = 8 + iy. 2utecite
Suppose further that X is a real number with X > 1, and put

X
I(X;H,p):/ 6(9]t+"'+9kl‘k)tp_ldt,
0

Show that
xB
(1+ X[01 [+ -+ XK 0] + [y T+

1(X;0,p) <

16.2 Elementary estimates

We now derive discrete analogues of the estimates of the preceding section.
Corresponding to the estimate (16.1)) we have the following

Lemma 16.4 Let ||a|| denote the distance from the real number « to the
nearest integer, ||@|| = min, ez |@ — n|. Then

N

Z e(na)

n=1

< min (N, ﬁ) (16.4)

Proof The above sum has N summands, each of them unimodular, so by the
triangle inequality we see that N is an upper bound for the modulus of the sum.
Now suppose that « is not an integer. Then e(a@) # 1, so by the formula for the
sum of a geometric progression we see that the left hand side above is

e((N+1a) —e(a)
e(a) -1

2 1 1
T le(@)~ 1] [sinzal ~ 2|’

As an analogue of Theorem[16.1| we have
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Theorem 16.5 (Kusmin-Landau) Let ay,az,...,an be real numbers and
for 1 < n < N put 6, = ans1 — @n. Suppose that A is a positive real number
andthat A <61 <6 <...<Ony_1 <1 =A< 1. Then

|Ze<an)

Proof Letz, =e(ay), wn = Zu+1/2n = €(6,) and p,, = 1/(1 —wy,). Then

Cot —_—

N N-1
Z e(ay) = Z Pn(2n = Zn+1) +2N-
n=1 n=1
By partial summation the right hand side above is
N-1
= p1z1 + Z(pn_pn—l)zn + (1= pn-1)zn, (16.5)
n=2

so by the triangle inequality

N
|:E: e(ay)
n=1

Ifp=1/(1-w)andw = e(5) with0 < § < 1, then p = (1 +icotnd)/2 and
lol = |1 = p| = 1/(2sin 7). Hence the above is

N-1
< loil + ) lon = pa-1l + 11 = pa-il.
n=2

1”1 1

cot7r6 _|—-cotmd,) + ——m
n-l ") 2sinmoN_1

M

= 2sinnd; 7T61 4
=

_ 1( 1 N 1 1 N 1 )
~ 2 \sinné, tan 1 tan o _1 Sin o _1
1 1
< = +
sin TA tan 7A

t7r
cot —,
2

and the proof is complete. O

The above argument can be interpreted geometrically as follows. Let s,
denote the n-th partial sum of the sum on the left of (16.3), and for 1 < n < N,
put ¢, = Sp + Zn+10n- Then ¢, = su—1 + Z2nPn = Su+1 — Zn+1 (1 — pr). Thus ¢,
is the centre of the circle that passes through the three points s;,_1, S, Sn+1,
and the radius of this circle is |p,|. Hence p,, corresponds to the function p(¢)
introduced in the proof of Theorem [I6.1} One may construct a polygonal path
from O to sy whose vertices are the partial sums s,. Alternatively, we may
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construct such a path that goes from 0 to ¢y, then to ¢, and so on, and finally
from c -1 to sn. This suggests writing sy as a telescoping sum

N-1

SN = ¢ + Z(Cn_cnfl) + (sv —cen-1).
n=2

Since ¢, — ¢u—1 = zn(Pn — Pn-1). this is precisely the identity (16.5).
In most applications, the @, are values of a function with continuous deriv-
atives, as follows.

Corollary 16.6 Let f(x) be a real valued function continuous on [a, b, with
a continuous derivative on (a, b), and such that f'(x) is increasing. Suppose
further that My is a positive real number such that || f’'(x)|| = M, for all
x € (a,b). Then

| Y, etro|<

as<n<b

Proof 1If there were an integer k such that for some x and y in (a, b) with
x #ywehad f/(x) < k < f’(y) it would follow from the intermediate value
theorem that there is a z € (a, b) such that f’(z) = k and || f’(2)|| = 0. Hence
we may suppose that there is an integer k such that for every x € (a, b) we have
k<f'(x)<k+landsok+M; < f'(x) < k+1—-M,.If wereplace f(x) by
f(x) — kx, then as kn € Z the sum is unchanged and M; < f’'(x) < 1 - M,
which allows us to apply Theorem with @, = f(n) and A = M. By the
mean value theorem for derivatives we know that if [n,n + 1] C [a, b], then
there is a &, € (n,n + 1) such that 6, = f(n+ 1) — f(n) = f'(&,). Thus
the hypotheses of Theorem are satisfied and it remains only to note that
cotu < 1/uwhenO < u < x/2. O

The bounds provided in Theorem and Corollary are quite sharp
(see Exercise 16.2.1). The partial sums spiral tightly in intervals in which
|| f”(x)|| is large, but the terms tend to pull in one direction when f”(x) is near
an integer. For example, consider f(x) = x?/1600 with a = 0, b = 800. Then
f’(a) =0and f'(b) = 1, but f’(x) is increasing and || f"(x)|| = 1/50 when
16 < x < 784, so that

784 2
100
|Z e( n )| < 2 2 31.831.
3 T

1600

n=

By combining this with the trivial bound for the contribution of the first 15 and

which
ercises
16.2.1?

ex-
in
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207

(a)

Figure 16.2 (2) Y.3% e(n?/1600); (b) 3% e((12/3)*?) = 25.56 + 25.81i.

last 16 terms we find that

800 2

| :16(1600)’<62-831,

n

The exact value of this sum is 20 + 204, as we see from Corollary 9.16.

In general when f’(b) — f’(a) is large but f”’(x) is small we may obtain a
useful bound by treating separately the subintervals in which || f/(x)|| is small
or large.

Theorem 16.7 Let N be a positive integer with a < b < a+ N and suppose
that f is twice differentiable on [a, b] and that 0 < My < f”(x) < AM, when
a <x <b. Then

Z e(f(n)) <a My*N + My ',
a<n<b

If instead we have —AM, < f”(x) < —M,, then the same bound applies,
as we see by taking complex conjugates. This remark also applies later to the
corresponding derivatives in Theorems[16.11] [16.12] and [16.20] and Corollary
16.211

If M, > 1, then the bound given above is trivial, as it must be, since f(x) may
be increasing so rapidly that all the numbers f () are integers (consider the case
f(x) =x(x+1)/2).If M, < N2, then again the bound is trivial, because f(x)
may be essentially constant throughout the interval in question (here consider
f(x) = (x/(2N))? on the interval [a, b] = [0, N]). If N2 < M, < N™!, then
the bound provided is likely to be of the correct order of magnitude, unless
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Theorem is applicable. If N™! < M, < 1, then it may be possible to
obtain a sharper estimate by using Theorem We could estimate how the
implicit constant depends on A, but in practice one should cut the interval into
subintervals so that A is bounded in each application. For example, suppose
that we wish to estimate

N
Del(n3)). (16.6)

n=1

We take f(x) = (x/3)3/2, and note that we may take M, < a'/> and A < 1
when a < x < b < 2a. Then Theorem gives the estimate

Z e((n/3)’?) < a4,

a<n<b

On summing over dyadic blocks, we deduce that the sum in is < N3/4,
which is best possible (see Exercise 16.3.3). In Figure [16.2(b) one may note
that the partial sums resemble a number of copies of the curve in Figure
one for each solution of f’(x) € Z. If f'(x,) = v € Z, then we obtain a copy
of the curve of Figure [16.1] scaled by a factor < f”/(x,)~"/2, and rotated by
27(f(xy) — vxy,). In the case under consideration we find that x,, = 12v?, and
hence f(x,) — vx, = —4v> € Z, so that these contributions all pull in the
same direction. More typically in general the f(x,) are not integers and one
is led to consider a new exponential sum of the form };, e(f(x,) — vx,,). The
transformation from the original sum to this new sum is achieved by means of
an analytic technique that we develop in the next section.

Proof of Theorem[I6.7] We have already noted that the bound is trivial when
M, > 1. Thus we suppose that M, < 1/4. Since f'(b) — f'(a) = (b —
a)f" (&) < AM,(b—a) and f’ is increasing, we see that the interval f'([a, b])
contains < AM,(b — a) + 1 integers. Let A be a positive parameter at our
disposal. Then the set of x € [a, b] such that || f/(x)|| = A can be partitioned
into at most < AM, (b — a) + 1 intervals, and likewise so can the set x € [a, b]
such that || f’(x)|| < 4 and in the latter case each interval is of length at most
< AM; I. By Corollary the contribution to the sum from the terms with
n in a subinterval of the first kind is < 17!, and trivially the contribution from
such n in a subinterval of the second kind is < AM, !+ 1. Hence the sum in
question is

<a (MoN + D)7 +aMz !t +1),
and the choice 1 = le/ 2 gives the stated bound. m

As a further application of Theorem we consider the trigonometric

which exercise
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polynomial
N
P(a) = Ze(nlogn+na). (16.7)
n=1
Take f(x) = xlogx + ax. Then we find that f”/(x) = 1/x, and Theorem
gives the estimate
Z e(nlogn+na) < a'l?

a<n<b

when a < b < 2a. On summing over dyadic blocks we deduce that
P(a) < N'/? (16.8)

This is best possible, at least for some @, since by Parseval’s identity we have

1
/ |P(@)|*da = N.
0

Thus P(«@) is an example of a trigonometric polynomial with unimodular
coefficients and such that ||P||; < || P||co-

We have noted that Corllary is useless when f”(x) is large, but that
Theorem|[16.7]provides a substitute when f”’(x) is small. If £ (x) is large, then
Theorem[16.7]is useless, but we may still obtain non-trivial estimates if /" (x)
(or some higher derivative) is small. To derive bounds that depend on higher
derivatives we introduce an important new idea.
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Lemma 16.8 (van der Corput) Let z1, 22, . . . , 2N be arbitrary complex num-
bers. Then for any integer H with 1 < H < N we have

N
2
H |ZZn
n=1

N
2
<H(N+H-1) Z |2, |?
n=1

H-1 N-h
F2AN+H=1) Y (H=1)| Y 2nenin
h=1 n=1

Proof To simplify the ranges of summation, we suppose that z, = 0 when
n < lorn > N.Then

HnZ}:‘Z”: Z Z In-r = Z Z Zn-r-

0<r<H 0<n<N+H O<n<N+H 0<r<H

Hence by Cauchy’s inequality we see that
2

Hz‘iznzs(N+H—1) > ) 3 ] -

n=1 O<n<N+H 0<r<H

(16.9)

On multiplying out the square on the right, and inverting the order of summation,

we see that this is
=(N+H-1) Z Zzn—rzn—s-

0<r<H n
0<s<H

The inner sum depends only on r — s, and a given value & of r — s occurs for
H — || different pairs r, s. Thus the above is

N H-1
HN+H-1) Z Iz +2(N + H - 1) Re Z (H - h) Z ZnenZn, (16.10)
n=1 h=1 n
and the desired result now follows. ]

In applications, it is likely that some cancellation has been discarded when
Cauchy’s inequality is applied. That is, there may be some loss in the inequality
(16.9). Similarly, in passing from to the final result by means of the
triangle inequality, some further cancellation may have been lost.

The van der Corput Lemma has an immediate application to Weyl’s Criterion
concerning the distribution of a sequence u,, modulo 1, as discussed in
We take z,, = e(ku,) in the above, and thus find that

N 1 H N-h 1/2
3 elhun) < NH‘1/2+N1/2(EZ‘ > elk(utnen —u,,))‘) . (16.11)
h=1 n=1

n=1

Suppose that the sequence u,; — u, is uniformly distributed, for each fixed

§ rather than
Section?
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positive h. Then by Weyl’s Criterion (Theorem the inner sum over n on
the right hand side above is o(N). Hence the entire term containing this sum is
o(N). Since H may be taken to be arbitrarily large, it follows that

N

2 elkun) = o(N)

n=1
as N — oo, for any fixed nonzero integer k. Thus by a second application of
Weyl’s Criterion we have

Theorem 16.9 (van der Corput) Let {u,} be a sequence of real numbers
with the property that, for each positive integer h, the sequence {up4p, — un} is
uniformly distributed. Then the sequence {u,} is uniformly distributed.

From the example u,, = nf with 6 irrational we see that the converse of the
above theorem is false.

Corollary 16.10 (Weyl) Let P(x) = Y c;x/ be a polynomial with real coef-
ficients. If there is a j > O for which the coefficient c is irrational, then the
sequence {P(n)} is uniformly distributed modulo 1.

The constant term co may be rational or irrational, since it only causes the
sequence to be translated. The converse is obvious, for if the coeflicients c;
were to be rational for all j > 0, then the sequence {P(n)} would be periodic
and then the numbers P(n) would not even be dense in T.

Proof We first prove the assertion by induction under the stronger hypothesis
that the leading coefficient is irrational. If deg P = 1, then the result follows
by Theorem If deg P = d > 1 and the leading coefficient c is irrational,
then for any positive integer 4 the polynomial P(x + &) — P(x) has an irrational
leading coefficient hdc,. Hence the numbers P(n + h) — P(n) are uniformly
distributed by the inductive hypothesis. This establishes the result when the
leading coefficient is irrational.

Now suppose that P(x) has an irrational coefficient (other than the constant
term), which may or may not be the leading coefficient. Write P(x) = P;(x) +
P,(x)/q where all the non-zero coeflicients of P; are irrational and all the
coefficients of P, are integers. Then P;(x) has positive degree. Moreover, for
any integer a the polynomial P;(gx + a) has positive degree and an irrational
leading coefficient. Hence the sequence P;(gn + a) s uniformly distributed.
On the other hand, the sequence P, (gn + a)/q is constant modulo 1. Hence
the sequences P(gn + a) are uniformly distributed. It follows at once from
the definition of uniform distribution that the sequence P(n) is also uniformly
distributed. O
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We now use the van der Corput Lemma (Lemma |[16.8) to derive bounds for
the exponential sum }; e( f(n)) that depend on higher derivatives of f.

Theorem 16.11 Let N be a positive integer and suppose thata < b < a+ N
and 0 < M3 < f""(x) < AM3 when a < x < b. Then

Z e(f(n)) <a N(MY®+ N“VA L N3y %),
as<n<b
If M3 < N=3 or M3 > 1, then the bound is trivial, for then the second factor
on the right is larger than 1. Of the three terms in parentheses on the right, we

see that the first one is largest when N™3/2 < M3 < 1, the second is largest
when N~2 < M3 < N~3/2 and the third is largest when N=3 < M3 < N~2.

Proof In view of the remarks above, we may suppose that N3 < M3 < 1.
Suppose that0 < h < b—a, and let f,(x) = f(x+h)— f(x) fora < x < b-h.
By the van der Corput Lemmawe see that

H 172
1
> e(f(n) < NH ' +N1/2(— > ‘ D e(fh(n))‘) . (16.12)
H
as<n<b h=1 n

Since f"(x) = f"(x +h) = f"(x) = hf""(£) < hMj, it follows from The-
orem that the inner sum is <4 h‘/zM;/zN + h‘l/zM;m. On inserting
this estimate, we see that the right hand side above is

<A NH™'V2 4 My HVAN + My VAN,

If N73/2 < M5 < 1, then we take H = [M;m], and the first two terms are
the same size and the third is smaller. If N~2 < M3 < N73/2, then we take
H = [M3_ Y ‘l], whence the second and third terms are the same size and
the first is smaller. In both these cases the chosen value of H satisfies the
requirement that 1 < H < N. Finally, if N3 < M3 < N2, then we take

H = N, and the third term is the largest. O

We note that if the innermost sum on the right in is estimated trivi-
ally, then the bound obtained for the left hand side is trivial, but no worse.
Consequently, a non-trivial estimate for the inner sum on the right will yield
a non-trivial estimate for the sum on the left. Thus the Weyl-van der Corput
inequality is a very useful tool, although (as we have already noted) it may be
expected to involve some loss of quantitative precision. One may attempt to
avoid some of this loss by constructing estimates for two-dimensional exponen-
tial sums, i.e. sums of the form ., , e(f(h,n)). Such estimates may then be
applied to the double sum in (T6.10), thereby avoiding the appeal to the triangle
inequality in the last step of the proof of the Lemma.
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If f””(x) is large, then the estimate of Theorem is trivial, but if
F®(x) is small, then we may still obtain a useful estimate by applying the
van der Corput Lemma and Theorem in the same way that we derived
Theorem from Theorem Continuing by induction, we obtain the
following general result, of which Theorems and are the first two
cases.

Theorem 16.12 Let N be a positive integer, and let r be an integer with
r > 2. Suppose thata < b < a + N and that 0 < M, < ") (x) < AM, when
a<x<b PutR=2".Then

Z e(f(n)) <a, N(MYB2 L NYR L (N"M,)~2R),
asns<b
Proof Since we have already established this for r = 2 and r = 3, we may
suppose that r > 4, and that the estimate has been established for r — 1. We
may also suppose that N™" < M, < 1, for otherwise the bound is trivial. We
apply the van der Corput Lemma as in the proof of Theorem([I6.T1] to obtain the
estimate (T6.12). As £ ™" (x) = fO=D (x+h) = f=D (x) = hf ) (€) < hM,,

we deduce from the inductive hypothesis that

S eCn) < V(M E 1 NHR 4 (v ) 4R,

as<n<b-h

Inserting this in (16.12), we find that the sum in question is
<a, N(H 'V + (HM,) VR 4 N72/R 4 (N1 HM,)7H/R).

If M, is not very small, say N~>**/R < M, < 1, then we take H = [Mr_z/(R_l)] )
Then the first two terms are the same size, and the remaining terms are smaller.
If M, is extremely small, say N™" < M, < N~"*! then we take H = N. Then
the last term is largest. In the intermediate range N™"*' < M, < N™2**/R we
have some freedom in our choice of H, because it suffices to choose H so that the
first, second and fourth terms are majorized by the third term. That is, we take
H to be an integer such that H > N*R H « M7IN28/R H > M7IN>",
and of course 1 < H < N. To complete the proof it suffices to verify that the
lower bounds for H are indeed smaller than the upper bounds when M, is in
the interval under consideration. O

We now consider what our estimates yield when they are applied to sums of

the form Y, <, <, n~". By Corollarywith f(x) = 5% logx we see that if
7 <a <b < 2a,then

3ot < 4 (16.13)
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Similarly, by Theorem we find that if 7%/3 < @ < rand a < b < 2a, then

Z noit < 712, (16.14)

as<n<b

This bound also holds for 71/2 < a < 72/3, but for such smaller a we obtain a
better bound from Theorem[16.11} If 71/3 < a < 723 and a < b < 2a, then

Do <aPle, (16.15)
as<n<la
Further such estimates can be derived for smaller values of a, but they become
successively weaker. Our very first estimate, (16.13)), is the correct order of
magnitude, but is flawed because we can derive a much more precise statement
about such sums, by using the following

Theorem 16.13  Suppose that 0 < § < 1/2, that f is continuous and mono-
tonic on [a, b], and that =1+ 6 < f'(x) <1 -6 fora < x < b. Then

b
> erm= [ ere) e+ 05(1).

a<n<b

This is a precursor to the more elaborate Theorem [16.18]that we shall prove
in the next section. The above may be viewed as an instance of a Riemann sum
approximation to an integral, but with an error term that is much smaller than
would normally be the case, due to the special shape of the integrand.

Proof First assume that f” is increasing. By Riemann-Stieltjes integration we
see that the left hand side above is

b b b
[ etrenata= [etronac- [ erwa.

a a

Thus our only task is to bound this last integral, which is
b
- [ eyt - 172
a . .
e -12[_ - [Car2- @b detran

b
=27ri/ ({x} = 1/2)e(f(x)) f'(x) dx + O(1). (16.16)

In (EI3) we define the sawtooth function s(x) to be s(x) = {x} — 1/2 when
x ¢ Z, and s(x) = 0 when x € Z (see also Lemma D.1). Thus we can switch
from {x} — 1/2 to s(x) in the above integral without altering its value. In
Appendix D we determined the Fourier Series of s(x), showed that the Fourier
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Series is boundedly convergent to s(x), and even established this in a sharp
quantitative form:

sy == 62(;’2 + O(min(l,m)). (16.17)

0<|k|<K

We can now see why the integral above is so small: s(x) is essentially a linear
combination of functions of the form e(kx), each one of which is turning
quite quickly, while e( f(x)) is turning comparatively slowly. Thus the product
e(f(x))e(kx) is turning at approximately the same speed as e(kx), and so we
can estimate the contribution of this term by appealing to Theorem [16.1} We
take r(x) = f'(x), 8(x) = 2n(kx + f(x)). Thus
0 _ @
0'(x)  2r(k+f(x)

(16.18)

Now it is familiar that a function of the form % is linear if ¢ = 0, but if

¢ # 0 it has a simple pole at —d/c, and is monotonic on both the intervals
(=o0,=d/c), (=d/c, ). Moreover, on both these intervals the function is
increasing, constant, or decreasing, according to the sign of ad — bc. In the
present case, the point —d/c = —k lies outside the interval [-1+ 6, 1 — ¢] and
ad — bc =2nk, so if k > 1 the expression is increasing and lies in the interval

[ -1+6 1-¢ ]

2k —1+0) 2n(k+1-0) 1

Thus the expression (T6.18) has absolute value not exceeding
1-¢ 1 1

< <
2n(k—=14+06) ~ k—1+6 ~ ko
A similar argument applies when k < —1, so by Theorem I6.1]it follows that

b
/a e(kx+ f(x)f (x)dx < ﬁ

for all nonzero integers k. Thus when the sawtooth function in (T6.16) is

replaced by the two terms in (T6.17), the first term contributes an amount
<67 ' Y2, k2 < 1/6. Clearly

/] min (1, L) dr < 22K
0 K|lx]] K

so the contribution to (I6.16) of the second term in is< (b+1-
a)(log K)/K, and this can be made arbitrarily small by taking K to be large.
Thus we have the result when f” is increasing. If f’ is decreasing, then —f”
is increasing, so we have the result for — f, and we obtain the result for f by
taking complex conjugates. O
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By taking f(x) = 7= log x in the above, we see immediately thatif 7 < x <y,
then
> ont = Y 7t Lo, (16.19)
1—it

x<n<ly

This allows us to establish a further useful result.

Lemma16.14 [fo >0,s+# 1,andt < x <y, then

1-s _ ,1-s
> 0= yl—x +0(x™7). (16.20)
- S

x<n<ly

Proof 1If o = 0, then this is just (16.19), so we assume that oo > 0. In what
follows, we consider ¢ to be fixed. Put

B » B yl-it _ 1t
A(u)_x;n;un : B(u) = ——
We see easily that
y o N y o pl=s — xl=s
/u dA(u) = Z ns, /xu dB(u) = ———.

x x<n<y

Put R(u) = A(u) — B(u). The difference between the two main terms in (16.20)
is

/y u~7 dR(u) = R(y)y™” = R(x)x™7 + U/y fg? du.

By (16.19) we know that R(1) < 1. Hence the above is < x~7, and we have
the stated result. O

On future occasions, we may dismiss an argument of the above type by saying
simply, “By integration by parts it follows that . . .”. However, it is worth noting
that the integration by parts is simpler if one first removes the main term (as
we did above) before integrating.

Theorem 16.15  Suppose that o > 0, that s # 1, and that x > 7. Then

1-s
{s)=> n+ f_ S +O(77). (16.21)

n<x

It follows in particular, thatif & > 0, s # 1, and 7 < x < Cr, then

L(s) = Z n= + 0(r7). (16.22)

n<x
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Proof We quote Theorem 1.12, which asserts that

1-s )
L(s) = Z P A {ys} - s/ {utu=*"" du. (16.23)
n<y s—1 y y

We briefly outline the proof of this: We suppose first that o > 1, write

L(s) = Zn” +‘/oou*deuJ,
y

n<y

add and subtract y! =5 /(s — 1) = fy “ u™ du, and integrate the resulting integral
by parts. Then we observe that the resulting integral is analytic for o > 0. This

gives (T623).
The integral in (T6.23)) is < |s|/y? . We choose y to be so large that |s|/y~7 <
x~9. Then we subtract (16.20) from both sides to obtain the result. mi

We know (recall Corollary 1.17) that £(1 +it) < logt for |t| > 1. We
also know (recall Corollary 10.5) that | (if)| =< |£(1 +ir)|z"/? for t > 1. Tt
follows by convexity (recall Exercise 10.1.19(c)) that  (s) < (1= 2 log 7 for
0 < o < 1, and in particular that £(1/2 + ir) < 7'/*log 7. We now derive a
subconvex bound for £(1/2 + it).

Theorem 16.16 Let T = |t| + 4. Then for any real t,
(12 +it) < 70 log .
Proof We first show thatif 1 < a < b < 2a < 27, then
Z noit < q'2¢18, (16.24)

as<n<b

To do this, we consider a in several ranges. First suppose that a < 7!/3. We
argue trivially:

Z nt<a= al/zal/2 < 01/271/6.

as<n<b

Secondly, if 7'/3 < a < /3, we use (16.13), which gives precisely the desired
estimate. Finally, if 72/3 < a < 7, then by (16.14)),

Z (o V- VN VL S Vo VL)

a<n<b
Thus (16.24) is established. Next we show that if x < 7, then
Zn’” < x!2¢1/6, (16.25)
n<x

To do this, we cut the interval [1, x] into dyadic blocks, and apply the bound
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(16.24) to each block. The bounds grow exponentially, so the size of the sum
of all of them is the size of the largest term, which is x!/271/®. From (16.29) it
follows by integrating by parts that

Z n~ 1271« 0 og 7.

n<t

The stated result now follows by combining this with (16.22)). O

By cutting the interval [1, x] into dyadic blocks and appealing to (16.13)—

(16.13) we find that

X (x < T1/3),
Z nTt < {12716 (7183 < x < 7213, (16.26)

nZx 2logr (723 <x < 7).

Thus we see that

Z it < 1t 10g 7 (16.27)

n<x

whenever x < 7. This bound is reminiscent of the Pdlya—Vinogradov inequality
(Theorem 9.18), which asserts that if y is a nonprincipal character modulo ¢,
then

M+N

DT x(n) < q'10gq.
n=M+1

We now establish a hybrid bound that includes both of these estimates, although
only for initial sums, not sums over arbitrary intervals. To ease the insertion of
a contribution that occurs only when a character is principal, we set

L (= xp)-
Eo(x) = 0 16.28
o) {O (otherwise). ( )
Theorem 16.17 Let y be a Dirichlet character (mod ¢q). Then
—it _ v(q) x1-it 12
DK = Eo(n) = = 3 +0((an) Ploggr). (1629)

n<x

Proof Suppose first that g = 1. If x < 7, then it suffices to appeal to (16.27).
If x > 7, then we treat the range from 1 to 7 using (16.27), and the range from
7 to x by appealing to (16.19).
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We use the case g = 1 to treat principal characters to moduli g > 1.

D, n= Y ud) =) pd) Yo"

()=l nsx o dl(ng) dlq in
=Yu@a Y m
dlq m<x/d
1-
- S utaa (S 0(r10g)
dlq
d 1 it
(Z#( )) +0(d(q)7'?log ).
dlgq

Here the sum over d is ¢(q)/q, and d(g) < 2¢q'/?, so we have the result for Xo
modulo g.

Now suppose that y is a primitive character modulo ¢, ¢ > 1. From Corol-
lary 9.8 we know that

1 4
X = = ;)((a)e(an/q)

for all n. Here 7(y) = ZZ:I x(a)e(a/q) is the Gauss sum of y, which is not to
be confused with our standard notation 7 = |#| + 4 which we also employ here,
and we know by Theorem 9.7 that |7(y)| = ¢'/2. Thus

Z){(n)rf” = _) Z)((a) Z e(an/q)n™". (16.30)

n<x n<x

We show below that if ¢ 1 a, then

Z e(an/q)n™" < 71/2( ||a}q|| +log q‘r). (16.31)

n<x

This bound suffices, for then the right hand side of (16.30) is

-1/2,1/2 ( 1/2
< q +1o qT) < (g1) (10 qTr +
Z la/qll ~ % s Z

l<a<q/2

172 loggr.

To prove (16.31)) put f(u) = au/q—t(logu)/(2x). Then f'(u) = a/q—t/(2nu).
Let ug be determined by the equation

< (g1)

=3l
2rnug 2llgll
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If up < x, then by Corollary we see that

Z e(an/q)n " <

up<n<x

lla/qll

To treat the sum over n in the interval 1 < n < min(x, up), we divide this interval
into dyadic blocks. Since ||a/a| > 1/q, we know that uy < g7, and hence
the number of dyadic blocks is < log ¢7. We note that f”/(u) = t/(27u?). By
Theorem [16.7]it follows that

D elan/gn* < |2+ Ul 72,
U<n<2U
When this is summed over the dyadic blocks, the total is
|t|1/2

la/qll
On combining these last two estimates we see that we have established (16.31),
so the desired result is proved for primitive nonprincipal characters.

Finally, suppose that y is a nonprincipal character (mod ¢) that is induced
by a primitive character y* modulo d, for some d|g. Put r = g/d. Then
x(n) = x*(n) if (n,r) = 1, and y(n) = 0 otherwise. Thus

DioxmnT = 3T e =Y e Y (k)

172

< |t|'? 10gq‘r+u0|t|_1/2 < |t|'“log gt +

n<x (nS))c_ n<x k|(n,r)
x*(n) pk)x* (k) x*(km)
= Z/J(k) Z nit = Z kit Z mit
klr nex klr m<x/k

12

Here the outer sum has d(r) < 2r'/ summands, and the inner sum is <

(dt)'?1og dt by what we have already proved for primitive characters. Hence
the above is < (¢7)!'/? log ¢, so the proof is complete. O

16.2.1 Exercises

1. Let M, K be positive integers with K < (M — 1)/2 and take N = 2M,
A=(K+1/2)/M;a, =Anwithl <n < M;a,=(1-A)(n-M)+AM
with M < n < N. Further, let 6,, = a,41 — @, With 1 < n < N and
S = ZnN:l e(ay). Show that

A<d <6<~ <Oon-1 £ 1-A,

that |S| = 2 cot A, and that if M /K is large, then

A
S| ~ cot —.
|S| ~ co >

I've added
‘with a few
times to break
math and fix
bad break
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2. Suppose that the sequence u,, is weakly increasing, that u,,,| —u, is weakly

decreasing to 0, and that lim, e, 7(1,+1 —u,,) = oo. (Note that the sequence

check ex no considered in Exercise [F.IJ] satisfies the first two of these hypotheses, but
not the third.)

(a) Show that lim,,_, u,,/logn = co.

(b) Use the Kusmin-Landau inequality to show that u, is uniformly dis-
tributed (mod 1).

(c) (Fejér) Suppose that f(x) is a real-valued function defined on the
positive real numbers, such that f is weakly increasing, f’ decreases
weakly to 0, and that x f”(x) — oo as x — oco. Show that the sequence
f(n) is uniformly distributed (mod 1).

3. Let P(@) = I, e(n?/N + na).

(a) Show that P(a) < N'/? uniformly in a.
(b) Show that

/1 |P(a)|*da = N.
0

(c) Deduce that there is an « such that |P(a)| > N'/2.
4. For arbitrary real ¢ > 0, prove that

2N

Z e(c/n?) < c"PN71 4 712N,
n=N
5. Show that
i\’: e(n—z) <1
- 6N ’
but that

> el

‘ el — ‘x N'/2.

4, \3N

6. Prove that if M3 < f"(x) < AM3 and f”’(0) = 0, then

N
De(fm) <a My + N32my,

n=1

7. Prove thatif 1/N < ¢ < 2/N, then 3, e(cn®) < N3/°. Better still, show

that this bound can be replaced by N3/4+%.
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8. (a) By writing n = mp? + h, show that

p3 p2

Se() = Sel5) Sre2),

n= h=1 m=1

(b) Deduce that if p # 3, then the above is equal to p.
(c) By writing n = 3m + h, show that

27 3 9
> el5m) = 2eli) el 5)

(d) Deduce that the above is = 9.

9. In many applications, such as in treating the sum ng v i, we find that
M, < M, /N. Show that when this is the case, the best estimate from
Theorem|16.12]is obtained by taking r so that

N—2+4/R <, Mr <, N_1+2/R,
and that the estimate is then
<, NMY/ (B2,

10. Let f(x) be real valued with k + 1 continuous derivatives, and put
k
_ Z ) ,
P(x) = Z T)C .

Show that for k > 1,
N

Dle(f(m) < 8"(1+MN<T)

n=1

where
_ £ 5D () . _
M= max kvl - _?saz’é;(e(””))'
11. Let z1, z2, . . ., zv be N arbitrary complex numbers, H be an integer with
1 < H < N and define
N N+H
S(a) = Zzne(an), T(a) = Z e(am), K(a)= Ze(ah).
n=1 m=1 h=1

(a) Prove that
N

1
sznz/o S(a)K ()T (-a)da.

n=1
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(b) Prove that

H

/01 |S(a)PIK (a)*der = H; jznl> +2Re ) (H ~ b) Z ZnshZn-

h=1

(c) Derive van der Corput’s Lemma (Lemma[16.8)) from the above.

16.3 van der Corput’s method

By means of the van der Corput Lemma, Lemma we may reduce the
problem of estimating one exponential sum to that of estimating some other
sums. We now use the Poisson summation formula to establish a second, quite
different, transformation of the initial sum.

Theorem 16.18 Let f(x) be real valued, and suppose that f’(x) is continuous
and increasing on the interval [a, b]. Put f'(a) = a and f'(b) = B. Then

b
Z e(f(n)) = Z / e(f (x)—vx) dx+0(log(2+B-a)). (16.32)
a<n<b a-1<v<p+1 Y4

Proof Let N be an integer such that |N — (e + ) /2| < 1/2. If we replace f(x)
by f(x) — Nx, then the terms in the sum on the left are unchanged, f’(x) is still
continuous and increasing, and the sum on the right is unchanged, although the
indexing of the terms has been translated, as « has been replaced bta’ = o - N,
and S has been replaced by 8’ = § — N. We note that &’ + 8’ = @ + 8 — 2N,
so that |@’ + 8’| < 1. Thus by making a change of variable of this sort, we may
suppose that | + 8| < 1.

Let F(x) = e(f(x)) fora < x < b, and put F(x) = 0 otherwise. Then
F € L'(R) and F has bounded variation on R, so by the Poisson summation
formula (Theorem D.3),

1., B ¥
anz(F(n )+ F(n™)) =Iggg>ok;KF(k).

Since F(x) is continuous apart from possible jump discontinuities at a or b, the
left hand side here is within O(1) of the left hand side in (16.32)). The integral
on the right in (16.32) is simply F(v), so to complete the proof it suffices to
show that

Z F(k) <log(2+f - ) (16.33)
|k|<K
k¢[a—1,p+1]
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for all sufficiently large K. Integrating by parts, we find that

—k by—kb) 1 [P
E(f(;iik 2 e(f(zzik 4 X / F®e(f(x) — k) dx.
If k > B, then f’(x)/(f’(x)—k) is monotonic, so by Theorem|[16.1]this integral
is < B/(k — B). We note that

B _
Z k(k——ﬁ) = 10g(2 +,B)

k>p+1
We treat k < « similarly, and find that the left hand side of (16.33)) is

—k b —kb
E(Jz:(r?)) Z e(-ka) E(chj(ri)) Z e( ! ), 0log(2+5—a)).
0<|k|<K 0<|k|<K
k¢|a—1,8+1] k¢|a-1,8+1]

F(k) =

Since |a+ B| < 1, we may pair each k in these sums with —k, except for at most
one k, whose contribution is bounded. Hence the above is
sin2rkb sin2rka
—e(f(b)) Y, ——— —e(fla) ), ——

B+l<k<K nk B+l<k<K mk

+ O(log(2+ B — a)).

That these sums are bounded can be seen from Theorem D.1, but we find the
following direct argument to be instructive. It suffices to bound the first sum,
which is an odd function of b with period 1. Hence it suffices to bound this sum
when 0 < b < 1/2. For those k (if there are any) for which £ < 1/b, we use
the inequality sinu < u to see that the summand is < 2b. Since the number of
such k is <« 1/b, it follows that the total contribution of such terms is < 1. By
taking the imaginary part of we see that

1
Z sin2mkb < .

u<k<v

By summation by parts it follows that if u > 0, then

Z sin2wkb 1
—_ << .
rk ub

u<k<v

Since u > 1/b in our application, this contribution is also bounded, and the

proof is complete. O

Suppose we apply Theorem [16.18] to a function f(x) such that f”"(x) >
M, > 0. By Theorem the integrals on the right hand side are < M, 12,
The number of terms in the sum on the right is f'(b) — f'(a) + O(1). If we

suppose that f”/(x) < AM>, then the number of terms is <4 (b—a)M,+1, and
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1/2

thus the right hand side is <4 (b — a)le/2 + M, '". This provides a second

(more complicated) proof of Theorem but now we are in a position to
determine whether there is any cancellation in the sum on the right in (16.32).
To this end we must first derive a more precise estimate for the integrals in
(16.32). Suppose that g(x) is a real-valued function on [a, b], that there is a
point xo € [a, b] such that g’ (xp) = 0, and also that

0< M, < g”(x) (16.34)

forx € [a, b]. Let g(x) be the quadratic polynomial g (x) = g(x¢)+ % g" (x0)(x—
x0)2. we expect that ¢ (x) provides a good approximation to g(x), at least when
x is near xg. Consider first the idealized situation in which g(x) is exactly equal

to g (x). By (16.3) we see that

/_ e(q(x)) dx = e(g(xo) + 1/8)g” (x0) "+

(o]

As ¢’(x) is increasing and q’'(x) > My(b — x¢) for x > b, we see from

Theorem that
/ e(q(x)) dx < My' (b —x0)7".
b

This estimate is weak if x is close to b, in which case we use Theorem [16.3
instead and obtain

/00 e(q(x)) dx < Mz_%.
b

We may treat /_ io e(g(x)) dx similarly, and thus we find that

b 1
/ e(q(x)) dx = e(g(x0) + 1/8)g” (x0)~* + O(Ry) (1635)

where

)

1
+min (My ' (b —x0)~', M, ?).

R{ = min (szl(xo—a)fl,M (1636)

In the general case g(x) is not a quadratic polynomial, but if the higher de-
rivatives of g are not too large, then the expression above provides a good
approximation to the integral in question.

Theorem 16.19 Let g(x) be a thrice continuously differentiable real-valued
function on [a, b]. Suppose that there is an xo € [a, b] such that g’(xy) = 0,
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and that (16.34) holds throughout this interval. If |g"" (x)| < M3 for x € [a, D),
then

b
[ ete dx = elgtan) + 1/8)g"(xo) M2+ O(R) +O(Re) - (1637)
where R, is given by (16.36) and
Ry =M;'M). (16.38)

If additionally g'* (x) exists, is continuous and |g™ (x)| < My for x € [a, b],
then we may take

Ry = (b—a)My*My+ (b —a)M;>M;. (16.39)
If instead of we have
g’ (x) <=M <0, (16.40)

then we apply the theorem to —g(x) and take complex conjugates in (16.37).
This gives a similar result, but the main term in (16.37) must be replaced by

e(g(x0) — 1/8)1g” (x0)| /% (16.41)

Proof By (16.34) and Theorem we know that the integral in is
< M;'"* Thusifa < xo < a+M;"* or b — M;'" < xy < b, then there is
nothing further to be done, in view of the error term R;. Thus in continuing,
we may assume that

a+M;"? <xg<b-m;'" (16.42)

We multiply both sides of (16.37) by e(—g(xo)) to reduce to the case g(xp) = 0.
Similarly, we may translate the coordinates so that xo = 0. We take ¢g(x), as
above, to be the Taylor approximation of order 2. Then g(x) = ¢(x) + r(x)
where the remainder term r(x) may be written explicitly as

1
r(x) = %x3 /0 (1 -u)?g® (xu) du. (16.43)

Similarly, ¢’ (x) is the Taylor approximation of order 1 to g’ (x), so the remainder
term r’(x) can be written as

1
r'(x) =x2/ (1 -u)g® (xu) du. (16.44)
0

In view of (16.34), it suffices to show that

b
/ e(qg(x))(e(r(x)) — 1) dx < Ry + R;. (16.45)
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Let 6 be a parameter at our disposal, and let I = [c, d] denote the portion of
the interval [a, b] for which |x| < §, and let J = [a, b] \ I. The set J may be
empty, but if it is not, then it consists of one or two intervals. By (16.34) we
see that |g’ (x)| = 6 M, for all x € J. Hence by Theorem 16.1|we find that

/e(g(x)) dx <6 'M; "
J
Since ¢”’ (x) = g’ (0) > M>, a similar argument applies to g(x), and so
/e(q(x))(e(r(x)) -Ddx <6 'M;". (16.46)
J

We now consider the integral (16.43)), restricted to the interval I. Since
e(q(x))/(2mig” (0)) is an antiderivative of xe(q(x)), we integrate by parts
to see that the integral is

) [e(q(x))(e(r(x)) -1
a 2rig” (0)x
(16.47)
1 e(r))r(x)  e(r(x) -1
~g7(0) ‘/Ie(q(x))( X O 2nix?

Since d = min(b, §), it follows that 1/d < 1/b + 1/6. Thus the upper endpoint
contributes an amount

<b'M7'+ 7'M < Ry + 67 My

The lower endpoint is treated similarly. By (T6.43) we see that r(x) < |x|> M3,
and by (16.44) we find that 7’(x) < x?>M3. Using the inequality |e(u) — 1] <
2n|u|, we deduce that the integrand is < |x|M3, and hence the second term
in (16:47) is < 6°M; ' M3. On comparing this with (T6:46), we discover that
the choice 6 = M, '3 is optimal. This gives (T6.43) with R, given by (T6.38).
Our choice of ¢ is plausible, since (16.43)) allows us to show that r(x) is small
precisely when x € 1.

It remains to derive with the refined error term (16.39). We integrate
by parts as above, but take I = [a,b]. Since d = b, the upper endpoint
now contributes an amount < b~'M; ! < R. The lower endpoint is treated
similarly. Write the integral in as T; + 7> where T arises from the first
term in brackets, and 7> from the second. Let A(x) = r’(x)x~2 and j(x) =
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g’ (x)x~!. Then
T = / B (g0’ () dx

jx)
_ [Hetsnye /b 4 () ele)

Jjx)2mi la J, dx\j(x)) 2mi
Since h(x) is the integral in (16.44), we see that h(x) < M3. By differen-
tiating this integral with respect to x, we find also that A’(x) < Mj. Sim-

ilarly j(x) = fol g" (xu) du > M, by (16.34), and j’(x) = /01 ug””’ (xu) du
< M3. Hence

i(h(x)) _ W(x) hx)j(x) My n %
@) T @ @ My M2
so that

Ti < My "Ms + My ' My(b — a) + M5 *M3 (b - a).

To bound the integral 7, we follow the method used to derive the estimate
(T6.38). We let I and J be defined as before. Put k(x) = r(x)x~>. By
we see that k(x) < M3, and that k' (x) < My. Set m(x) = (e(x) — 1)/x. Then
m(x) < 1 and m’(x) < 1. The contribution of the interval I to T is

d
/ (g (0 xm(r(x))k (x) dx
e(q(x))
2nig” (0)

_ / ;(-q#(m'(r(x))r’(x)k(x) +m(r(x))k’ (x)) dx
¢ 2mig”(0)

< My'My+M;'M3(d - ¢)* + My My(d - ¢).

m(r(X))k(X)

In the second factor we use the inequality d — ¢ < ¢, but in the third factor we
use instead d — ¢ < b — a. Thus we find that

-1
/e(q(x))(%) dx < M;'Ms + My ' M283 + M3 ' My(b — ).
] 2mix?
As for the set J, we consider separately the integrals /J e(g(x))x~2dx and
fJ e(g(x))x~% dx. Applying Theorem to the first of these integrals, we are
lead to consider the function g’ (x)x2. This quantity has absolute value > M,5°>,
and the expression is monotonic since its derivative is g’ (x)x* + 2g" (x)x > 0.
Thus by Theorem |16.1] fJ e(g(x))x 2 dx < M;'673. Similarly, as ¢’ (x)x* =
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g”(0)x* is monotonic, [, e(g(x))x2dx < M6~>. On combining these es-
timates, we conclude that

T < My 'Ms+ My "M36° + My 'Ma(b - a) + M5 '573.

To optimise this estimate we again take 6 = M '3 We combine this with our
estimate for 7] to see that the integral in (16.47) is

< Ry +M; (T +T»)

< Ry + M;*Ms + M5 *My(b — a) + My> M3 (b - a).
Put U = M; '(b — a)~'. The second term above is the geometric mean of U
and the fourth term. By (16.42) we deduce that U < Ry, so the second term
is majorised by the maximum of the first and fourth terms, and therefore may

be omitted. Thus we have (16.37) with the error term (16.39)), and the proof is
complete. O

Theorem 16.20 Let N be a positive integer and a < b < a + N, suppose that
[ is thrice continuously differentiable on [a, b] and that

0<M; < f"(x) < AM, Lf”" ()] < Ms.

Let a = f'(a), B = f'(b) and for each integer v in |, B] let x, be defined by
f'(xy) =v. Then

e(f(xy) —vx, +1/8)
(f(n) = +O0A(E1+Ez) (1648)
u;ﬁb ‘ ! aszvsﬁ Vf”(xv) e ’

where

Ey =log(2+ MoN) + M; '/
and
1
Ey=M;N. (16.49)

If. moreover, f™ (x) exists, is continuous and satisfies |f* (x)| < My on
[a, b], then (16.49) may be replaced by

M M3
= AN 2

M; M

E» N2, (16.50)

If instead
0< M, <—f"(x) < AM,,

then the above holds with @ = f'(b), 8 = f'(a), 1/8 replaced by —1/8 and the
f”(x,) in the sum on the right replaced by — "’ (x,,).
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Proof We may suppose that M, > N2 for otherwise the conclusion is trivial

since the number of terms on the left is at most N + 1 and E| > M2—1/2. By

Theorem [16.18}
b
Y erm= Y [ erw - mderoop2+p - a).

a<n<b a-1<v<p+1 ¥4
By Theorem|[16.3]
/be(f(x)—vx) dx < Mz_%- (16.51)
a
uniformly in v, and
B—a=(b-a)f"(¢) <a MsN. (16.52)

Hence

b
Y, erm= 3 [ et - v oue).

as<n<b asv<p Y4

If B—a < 1, then by (T6.51) we are done. Thus we may suppose that 8—a > 1,
and then by (16.52)) the sum on the right is non-empty and the number of terms
is

Z 1 =4 M,N. (16.53)

a<v<f
By Theorem[T6.19| we may replace each integral on the right by
e(f(xy) —vx, +1/8)

Vfﬂ(xv)

with an error

1
- 3 M - B S 2
<M, 1M33 +min (M3 (x, - a) 1’M2 . ) (16.54)
+min (M5 (b —x,)7", M2_1/2)'

1
By the first term contributes a total amount < MJ N = E;. To treat
the second term we observe that v — @ = f’(x,) — f'(a) = (x, —a) f" (&) <
AM,;(x, — a) and so the second term is bounded by

A _
min( M 1/2).
V—a

2

Thus the total contribution from the second term is

_ 1
<<AM21/2+ Z < E;.

v
a+l<v<p
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Likewise the same upper bound holds for the contribution from the third term.
The first part of the theorem now follows.

For the second part of the theorem we appeal to the concomitant part of
Theorem Then the term M 1M3l " in is replaced by

(b—a)M;*My + (b — a)M;>M;
and so by (16.53) the total contribution is
M2

My 5 3 a2
< —N"+—=N".
M, M3

]

Corollary 16.21 Suppose that 1 is a sub-interval of [N,2N], f has four
continuous derivatives on I, and that there are positive real numbers A, A, 0
such that

0< AN~ < F@(x) < AAN7,
1f & (x) < AANT972,
|f ()] < AANT973

for x € 1. Then the error term in (16.48) is
<alog (2+AN") + 27 PNOHD/2,

The proof is immediate on observing that the contribution from Ej;, given
by (16.50), is < 1, which can be absorbed in the logarithmic term.

The conditions of the above Corollary are those which are very largely met
in applications.

We now have two essentially different lines of approach for dealing with a
given exponential sum. In each of these we begin by transforming the sum into
a new one. The first of these is via the Weyl-van der Corput lemma (Lemma
[16.8). The second is via Theorem [16.20] (or, usually more conveniently, via
Corollary [T6.21). With either of these processes the presumption is that the
transformed sum is one about which we already have information. The normal
requirement is that the function f behaves somewhat like that considered in the
above Corollary. To this end we define the following class of functions.

Definition 16.1 Let N, A, 6, € be positive real numbers, let r be a positive
integer and let / be a subinterval of [N,2N]. Let

Ax!-?
hen @ # 1,
¢(x)={ g whent# (16.55)

Alogx otherwise.



16.3 van der Corput’s method 33

We define #(N,1,4,0,r,&) to be the set of functions f that are r-times
continuously differentiable on I and which for each s with 1 < s <randx € [
satisfy

790 = 6 ()] < o )], (16.56)
We are now in a position to define precisely what we mean by exponent pairs.

Definition 16.2 An exponent pair is a pair (k,[) of real numbers k and [
satisfying

0<k<=-<I<l (16.57)

| —

and such that for every 8 > O there is an integer r = r(k,[,0) > 2 and an
& = &(k,1,0) satisfying 0 < & < 1/2 for which for every N > 0, 2 > 0,
I C[N,2N]and f € F(N,1,A4,0,r, &) we have
Z e(f(n)) < (AN"9) N + 7' NO. (16.58)
nel

We now make a number of observations concerning exponent pairs.

1 Inestablishing that a particular pair is an exponent pair we may suppose that
ANY > 1 (16.59)
for otherwise the inequality always holds. To see this we consider two cases.

First of all if AN~¢ < 1/2, then by the Corollary we have at once
0

Se(r(m) < NT <1.

nel

Secondly, if 1/2 < AN~9 < 1, then by Theorem|16.7, we have
Ze(f(n)) <N? < (AN~O) N

nel
since [ > 1/2. Henceforward we always assume that holds.
2 By examining some special functions f we can explain why we have
imposed the conditions on the ordered pairs. Let M = |N], let
A=1lem(1,2,...,2M) and let

f =5,

Thus f(x) is the function ¢(x) defined in with 6 =2, and f(n) € Z
for 1 < n < 2N so that

Z e(f(n)) =M > N.

M+1<n<2M
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Now A = exp(¢/(2M)), and so A = exp ((2 + o(1)N) by the Prime Number
Theorem. Since A is exponentially large, we deduce that if the estimate

N < (AN"?)FN!

is to hold, then £ > 0, and if k = 0, then [ > 1. In particular, the only
exponent pair of the form (%, 1) is (0, 1).

Suppose we have an exponent pair with / > 1. In view of (16.59) the bound
@) would then be worse than (k, 1), and this in turn would be worse
than the trivial pair (0, 1). This explains why we have imposed the condition

[ < 1in (T637).

Consider the expression

2A . 2M

'/A |Ze(—/ln_l)|2d/l

M+1

where M = | N]. The numbers 1/n with M + 1 < n < 2M are spaced at

least § = m apart. Let S_(x) be the function of Theorem with
a = A, B =2A and ¢ as above. Then the above integral is

) 2M 2
/_w S- | Y e(=an7)| aa

M+1

2M 2M .
Z Z S_(1/m - 1/n)

m=M+1 n=M+1
=S_(0O)M = (A=2M(22M + 1)) M.

\%

Thus we see that if A = 4M(2M + 1), then there is a A € [A, 2A] such that

2M
| 2 etro|> N2

n=M+1

where f(x) = —A/x. Now f’(x) = Ax~2 and so if (k, [) is an exponent pair
we would have

N'? < (AN N+ N2 < N

since we have already seen that k > 0. Thus it is also necessary that % <l
when (k, [) is an exponent pair.

By Theorem [16.7 we see that (1/2,1/2) is an exponent pair and we have
already seen in 4. that of necessity % < [. Thus an wexponent pair (k, [) with
k > 1/2 would give a bound that is inferior to that provided by (1/2, 1/2).
Thus we can happily restrict our attention to k < %, as in (16.57).
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6 Next we show that if (k, 1/2) is an exponent pair, then perforce k = 1/2. Let
H be an arbitrary positive integer and define A to be the positive number with
A% =lem{1,2,..., H}, so that v|A? for any positive integer with v < H.
Now let N = A2H~2 and f(x) = 2Ax? and suppose that (k,1/2) is an
exponent pair, so that 0 < k < 1/2. Then, by Definitions[16.1]and [16.2]

Z e(f(n)) < (ANTV2)ENI2 4 1IN
N<n<2N

and /IN‘% = H so that

Z e(f(n) < H*N'? + H™' <« H*N'/2.

N<n<2N
By the Corollary [16.21] we have
e(f(xv) —VXy — 1/8)
e(f(n)) = (16.60)
asZnsb ar<zv</3 V=1 (xy)

+0a(log(2+ H) + N'2H™1/?) (16.61)
where @ = H/N2, 8= H,x, = >v72,

—f"(xy) = %v%rz > HN™!, (16.62)
f(x,) —vxy, =22yl ez, (16.63)
Hence the sum on the right of is
> H(N/H)'? = H'?N'/2

and so
D e(f(n))( > H/2N'2,
N<n<2N
Thus of necessity
1 1

7 The set of exponent pairs forms a convex set, since given any two exponent
p p g y p
pairs (k’,1”), (k”,1"") we have (assuming (16.39), of course)

> e(f(n) < min ((AN-H)k’N”, (AN-")k”N’”)

nel

and for any  with 0 < < 1 we can replace this by
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with k = k’'mp+ k(1 =n), 1 =U'n+1”(1 —n). In particular The ordered
pairs (%, %) and (0, 1) with 7 = 2k shows that each of the pairs

1
(hl—@wM%ngsz)

are exponent pairs. Moreover, given any pair above this line, there will
always be one on the line which gives superior bounds. Thus in practice the
main interest lies in finding suitable exponent pairs below this line.

We now show that when we apply the van der Corput Lemma, the parameters
describing the functions arising in the transformed sums are related to those of
the original function.

Lemma 16.22 Suppose that f is in the class
F (N, |a,b],A,0,r,¢€)
of functions defined in Definition[16.1] and that
2eN )
r+6)
Let F = [a,b—h] and fi(x) = f(x; h) = f(x) — f(x + h). Then

1sh3mm@—m

fie F(N, F,20h,0+1,r —1,3¢).
Proof This is a simple verification. Let
$1(x) = ¢1(x:h) = $(x) = P(x + h), Y(x) = ~10hx™.

The latter of these two functions plays the same rdle for f; that ¢ does for f.
For1 <s <r -1 we have
x+h

FO@ - 69 = - / (£ (3) = 654D (3) dy.

X

and in modulus this does not exceed

x+h
/ £l6C*D ()] dy = £lg) ().

We also have h¢’ (x) = —(x), so that

x+h
6 () — ) (x) = - / (66D (3) = 60D () dy

- _/X+h (/y p5* (2) dz) dy,
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and in modulus this does not exceed

EhZ|¢(s+2)(x)| — %h|w(x+l)(x)| < 8|lﬁ(x)(x)|.

Combining inequalities we have

|67 ()] < (1+8)|g™ (),

and

A @) =D @) < e ]+ [ ) < 26+ ) ).

We now formulate the precise terms of “Process A”

Theorem 16.23 (Process A) Suppose that (k,1) is an exponent pair. Then
also is

;o B k+[1+1
(k1) = Ak, 1) = (2k+2 2k+2)
Proof We ﬁrst check that0 < k’ < % <!’ < 1.Wehave 0 < 555 < 2L
and 1 5 < 2 + 2k = = "27(1:2' < 2+ 2k — < 1. We now show that there exist 7’
& with 0 < &’ < § such thatif 5 = [a,b] with N < a < b < 2N, and

feF(N,7,1,0,r, &),

then
Z e(f(n) < AN"HF N
nes
We observe that
o1 112 2
I'=-+ > -+ =.
2 2k+2 2 2.%.,.2 3
As usual we may assume (16.59). Hence we may suppose that
|.7| > N3

(16.65)

... . 1
for otherwise the conclusion is immediate. When 1 < AN~ < N& we have

by Theorem

Dle(f(m) < NN+ (TN < N2
ney

which is more than sufficient. Thus we may also suppose that
AN™Y > N, (16.66)
Suppose that r > 1 +r(k,1),0 < e < %8(/(,1) and that

feF(N,[a,b]l,2,0,r,¢).

37

]

N

1
2
> 2,
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Let
S= > e(f(m).

nes
By the Weyl-van der Corput Lemma (Lemma[I6.8) we have
ISP < N2H™' + NH™! Z 1S1(h)|
1<h<H
where we take # = [a, b] and
Siy = Y e(filmh),
a<n<b-h

and we suppose that

26N ) (16.67)

1 SHSmin(b—a,
r+6

Here H is otherwise at our disposal. Let ;# = [a, b—h]. Then by Lemma[16.22}
fi e F(N, £,26h,6 +1,r - 1,3¢)

and by the choices made for r and & above we see that the exponent pair (k, [)
applies to fi. Thus

ISP < NP H T NHT ST (han )N R AN
1<h<H
< N2H™' 4 NHI-ROD ak gk L NO+2 - TH T og N. (16.68)
By (16.66) the last term is bounded by the first. The good choice for H would
be given by
Hk+l — N‘l"’l*’k(e"’l)/l_k (16.69)

provided that this does not violate (16.67), and this leads to the bound

k+1+1

S <« (AN~%) %7 N5

as required. If (T6.69) violates (16.67), then we take
2eN )
r+6/

In this case the first term on the left of (16.68) will dominate the second. Hence

by (16.63)) we have

H:min(b—a

S < NH '/? « N3

and the theorem follows once more. O
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We now come to “Process B”. This corresponds to applying the Poisson
summation formula as embodied in Corollary For a suitable function f
we need to understand how the function f(x(y)) — yx(y) behaves when x and
y are related by

() =y (16.70)
Let
g(y) = yx(y) - f(x(y)). (16.71)
The function x(y) is the inverse function of f’, so we have
X (y)=1/f"(x(y) (16.72)
and
g () =x(y)+yx"(y) = f/(x()x'(y) = x(y). (16.73)
In the special case that
f(x) =¢(x)
we have
f1@) =7 x(y) =20y 7e,
Let

/ll/ﬂyl—l/() h 0 ¢ 1

———— when s

w(y)=4 -1¢ (16.74)
Alogy when 8 = 1.

Then in general we can expect that if f is close to ¢, then g is close to . We
need to show that our concept of close in terms of the first » derivatives of f
and ¢ carries through to g and . We have

g’ (y) = (16.75)

1
J7(x(y))
and it is an easy induction on s to show that for 3 < s < r there are coeflicients
¢s(t) which depend only s and ¢ such that

D2, esOF @) 5 (@ ),

N
=2 ts—2=2
f1++tg_2=35-6

() (v) = r
8§ =

(16.76)
and with an obvious convention for an empty product of sums this also holds
when s = 2.
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Lemma 16.24  Suppose that
feFWN,la,b],2,0,r,¢)

and let « = f'(b), B = f'(a), and g, ¥ be defined as above. Then there is a
positive number C = C(0, r) such that

188 () =y ()] < Cely (y)]
whenever 1 < s <randy € [a,f].

Proof We have @ > (1 —&)A(2N)™% and 8 < (1 + &)AN~?. Also, for x €
[N,2N] we have ¢'(x) < AN~ and for y € [a,] we have, by (16.74),
W' (y) <AV 10 < (1-g)~ V02N and ¢’ (y) > 2V/9B7 19 > (1+6)"V/ON.

By and the facts that x(y) is the inverse function of f” and ¢’ is the
inverse function of ¢’ we have

(& (M) =N =0"(8()—y=0"(s"() -8 W (),
and by the first mean value of the differential calculus this is
=) - ()" (&)
for some & between g’(y) and (). Thus
19" (&)] = 64(1 - &)'*!/¢(2N) ="
and so

16" (x() = f/ )] 2 18" () =’ (16A(1 = &)+ 2n) =~

Hence

g’ =’ <6727 (1 -e)" 7N " eg! (x(y))
< 9—1(1 _ 8)—1—1/929+18N
< 9—1(1 _ 8)—1—1/929+1(1 + 8)1/98{ﬁ/(y).
This settles the first derivative. To deal with higher derivatives we use (16.76))
both as stated and in the special case f’ = ¢’ (and so g’ = ¢’). Consider the

effect first of all on a single monomial term in the sum (16.76) of replacing f”
by ¢’. We have an expression of the general shape

F(Z],...,Zk)=CZl_mZ2...Zk.
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Moreover

F(z1,..02k) = F(wi, ..., wi)

k
=) (F(zise e zjsWists s W) = F (215005 Zj 1, Ws oo, W)
=1
and by the mean value theorem of the differential calculus, provided z; and w
have the same sign, the general term here is of the form

(2j = W)Fj (21 s Zjm15 €5 Wity - o s WE)

where ¢/ lies between z; and w ;. Thus in considering 2% (v) =y (y) the dif-
ference z; —w ; becomes an expression of the form FO ) - (W () =
FOE ) =6 (" () +¢ (g () = ¢ (' (). The first difference here
is bounded by &|¢*) (g’(y))| and to the second we may apply the mean value
theorem once more to obtain (g’ (y) =’ (y))¢*") (¢) and to this we can apply
the first derivative bound obtained above. Thus

1D () =W I < elg® (g )]+ Cely’ Il (&)].
A straightforward calculation now completes the argument. O

Theorem 16.25 (Process B) Suppose that (k, 1) is an exponent pair. Then so
is

(K1) =Bk, 1) = (I-1/2,k +1/2).

Proof 1Tt is immediate that if (k,[) is an exponent pair, then 0 < [ — % < % <
k + % Also, we know that (0, 1) and (%, %) are exponent pairs and that there
are no others with [ = % Hence we may suppose that [ > 1/2.

Choose r > max(3,r(k,[,1/6) and let C = C(6, r) be as in Lemma[16.24]

Then choose &’ so small that
0 <& <min(1,C He(k,1,1/6).

Let f € #(N,1,4,0,r,g).Choosea, b sothat I = [a, b] and definea = f’(b),
B = f'(a). Now suppose that J = [M,M’'] C [a,B] with M’ < 2M. Then
the function g defined by certainly includes J in its support, and so by
Lemma g€ F(M,J,A"% 1/6,r,&"). Hence

Z e(—g(n)) < (AMOM=YO  pl 4 27O M0

neJ

We have AN"? < @ < B < AN7Y, and as usual we are assuming (16.59).
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Summing over M = «, 2a, ... we see that for any interval K = [«,y] with
a <y < B wehave

Z e(-g(n)) < NN QN+ N1,
nex

Moreover, —f” (x(n)) =< AN~!=% where x(y) is given by (16.57), and since
r > 3, f” is monotonic. Hence, by partial summation

Z e(-g(n)
nela,p] vV _fN (x(n))

1

< NKQN=9) A 2 N2+8 o NI Nt

s

< (AN"O)ImINK+T 4 g m NIt
Thus, by the Corollary [16.21]

1

Dle(f(n) < (AN~ TENEE +log(1+AN0) + 1IN,
nel
By (16.59) and the fact that k > 0 the second term is easily seen to be dominated
by the first. Likewise, the third term is bounded by N''/? which is also dominated
by the first term. This completes the proof of the theorem. O

We can now compute some exponent pairs. It is normal to start from the
trivial exponent pair (0, 1). This is equivalent to taking the trivial bound for an
exponential sum at the final stage.

If one takes the rational points listed above, adjoins the further point (1/2, 1),

PAIR OPERATION ~ PAIR OPERATION
0.1) (3.3) B
(1.3 aB (1.%2) BAB
(4.1 A%B (2.3) BA’B
(3.13) ABA’B (3.1%) BABA’B

(55.33) A’BA’B (3.1 BA’BA’B
(5.1 A%B (3. %) BA’B
(3.3) ABA’B (£.%) BABA’B

(. 2) A?BA%B (8.3 BA’BA’B
(#%-33) ABABA’B  (8.30) BABABA’B
(&.2) A*B (3.8 BA*B

Table 16.1 Some exponent pairs.
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and takes the convex hull, then we obtain a set all of whose members are
exponent pairs. However, the entries on the second and third rows are in the
interior of this convex polygon. As we form longer words, the polygon becomes
larger, and it is to be expected that most of the pairs listed above will eventually
lie in the interior. On the other hand, a new pair constructed with a longer word
does not necessarily enlarge the polygon. For example, the operations ABA*B
and BABA*B produce points that lie in the interior of the present polygon. In
many applications one needs to minimise k + /. For that purpose, the best of

the pairs in Table(16.1]are (35, 31) and (£, 29).

1.04

0.9

0.6

Figure 16.3 Polygonal path determined by 386 exponent pairs.

We now return to the question of bounding the Riemann zeta function on the
% -line.

Theorem 16.26 Ler T = |t| + 4 and let (k,1) be an exponent pair. Then for
any real t,

(12 +it) < 7RD2" 4 00 7.
Proof The pattern has already been set in Theorem|[16.16] where in retrospect

we see that that conclusion follows from the exponent pair (é, %). Following
the proof there we see that it suffices to show that whena < b < 2a and a < 72
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we have
Z n' < att?
a<n<b
where
k1 1
=nlk,)==+—-—-.
n=n(k,1) >t577

Again as in Theorem this is immediate from Corollary when 7 <
a < 72. By the exponent pairs (k,[) and B(k,1) = (I — %, k+ %), we see that

: ) Ik _1\I-1/2 _
Z n'' < mln((‘ra N, (ra™") /ak+1/2)+‘r la
a<n<b

al k12 k ak—z+1/271—1/2)

< a'? min ( +1.

We replace the minimum of a/~%~1/27% and q*=1+1/271=1/2 by their geometric
mean to obtain the desired conclusion. O

11 57

The following corollary is immediate from the exponent pair (g3, 35)-

Corollary 16.27 Let v = |t| + 4. Then for any real t,
(12 +ir) < 7271 Jog 7.

Many questions in analytic number theory can be rephrased in terms of the
sawtooth function s(x), which is defined in (E.13)) and which we have already

used in above.

It is natural to approximate this function by trigonometric polynomials and
thereby relate the original question to the theory of exponential sums.

Theorem 16.28 Suppose that (k,[) is an exponent pair and that 6 > 0.
Let r = r(k,1,0), ¢ = ¢(k,1,0), N >0, 4 > 0,1 C [N,2N], and f €
F(N,I1,4,6,r,¢). Then

Zs(f(”)) < (/IN—H)k/(kH)N(k+l)/(k+1) L INY
nel

Proof By Exercise [E.2Jd] for any given positive integer J there are trigono-
metric polynomials

J
To(x) = ). Tulj)e(jx)

J==

with period 1 and degree at most J such that

T_(x) < s(x) < Ty (x)
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for all x, 7. (0) = £1/(2J +2), and T..(j) < 1/|| for j # 0. Hence

S < st 3 TG) Y )

nel o<|jlsJ nel

N L1
: 2J+2+CZ}‘Ze(jf(”))“
=1

nel

Similarly,

J
s = 5725 =€ Y 2| N elif )]
=1

nel nel

Moreover, for f € (N, 1,4,0,r,&) we have |j|f € F(N,1,|j|1,0,r, &) and
so the exponent pair (k, [) applies to each of the sums

D e(ifm).
neJs
Thus
N 4 1 k
. -0 1 —1 -1 p70
D) < g+ D (AN ) N N
nel Jj=1
<« N ANO)N N,
J+1
We take

J= [/l—k/(k+1)N(1+k9—l)(k+1)]

and this gives the desired conclusion when k # 0. When k = 0 we have [ = 1
and the conclusion is trivial. O

One obvious application of the above is to the Dirichlet divisor problem.

Theorem 16.29 Let A(x) = Y,<, d(n) —xlogx — (2Cy — 1)x, and suppose
that (k, 1) is an exponent pair. If (k,1) # (%, %), then

A(x) < x%.
Proof From the initial steps of the proof of Theorem 2.3 we see that

Sam=23 %‘— 23 s/n) - [Vx]* - [Val. (16.77)
n<x n<vx n<yx

where s(y) is as in (E.I3), and from the initial steps of the proof of (1.26) we

have
1 [ee)
Z—:logy+Co—w—/ S(—Z)du.
n y y u

n<y
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We observe that /y “s(v)dv < 1, and so by integrating the last term by parts it

follows that it is << y~2. Hence

1
Z — =logy+Cp— @ +0(1/y?).
n y

n<y

We also have
2

x = [VE]* = [V&] = 2vKs(¥) + O (1),
On inserting these two expressions in (16.77) gives
MM:—QEI“MM+OO)

nyx

We now divide the interval of summation into subintervals of the form [N, N’]
with N’ < 2N and N < +/x and appeal to Theorem [16.28| with § = 2. The
contribution from a typical such subinterval is

<« (xN—Z)k/(k+1)N(k+l)(k+l) + o N2 <« Kk+D) g U=k (k) =T a2
Since (k, 1) # (%, %) we have [ > k. Hence on summing the contribution from
the different subintervals we obtain the bound

XD (K42) | o (k) (2K42)

as required. O

For completeness we observe that in the case of the exponent pair ( %, %) the
proof gives an extra factor of logx in the conclusion. More interestingly one
can observe that (k’,[’) = A(k, ) satisfies

_k , _ k+l+1
T 2k+2" 0 T 2k+2°

’

and so the exponent of x in the conclusion is k" + 1" — % With the exponent
pairs obtained by the A and B operations there is symmetry in the line [ = k + %
between those in which the last operation is an A and those in which the last
operation is a B. Thus, just as in Theorem 20, we are interested in exponent pairs
(k’,1”) in which k" +1” is minimal. Amongst those listed above (k,[) = (%, %
(which gives (k,1”) = (%, %), of course) gives the following corollary.

Corollary 16.30 Let A(x) denote the error term in the divisor problem, as

defined in Theorem Then

Alx) < X%,
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16.3.1 Exercises
1. Let I(a) = fol e(ax +logloge/x) dx. Show that

I(a) = 5 la(e(oz) —e(logloga)) +o(1/a)

as @ — oo. Note that this is larger than "’ (xo)~'/2. Why?

2. Let I(a) = /01 e(ax + loglog - X)) dx. Show that

1
H(a)| = ——
a+/loga
as @ — +oo.

3. Show that if N is a positive integer, then

Ze (n/3)3/2 21/43‘3/2N3/4+0(N1/4).

n=1

4. Let E(n) denote the number of words using the two letters A and B with
the property that the last letter is B, and the word does not contain a pair
of consecutive B’s. Among such words, let A(n) be the number in which
the leftmost letter is A, and B(n) the number in which the leftmost letter
is B. Thus E(n) = A(n) + B(n). Note that A(1) =0, B(1) =1, A(2) =1,
B(2) = 0.Let F,, denote the n'" Fibonacci number, as defined by the relations
FQ = O, F1 = 1, Fn+1 = Fn + Fn—l-

(a) Show thatifn is aninteger such thatboth A(n) = F,,_; and B(n) = F,_»,
then A(n+1)=F,and B(n+1) = F,,_;.
(b) Deduce that E(n) = F, for all positive integers n.

(c) Suppose that you start with (0, 1), and use words of length from 1 to n to
generate new exponent pairs. Show that in total you have F},,, exponent
pairs (ignoring the fact that the pairs generated are not guaranteed to be
distinct. In fact they are not all distinct. In Table we see that AB
and BAB generate the same point.)

5. (a) Let xy(d) = (%‘) be the nonprincipal character modulo 4, and let

S() =Y x(n).

n<y

S<y)=%—s(y;1)+s(y;3),

Show that
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and that
x(n) o S(y) —%
Z e + y +0(1).
n<y
(b) Let
r(n) =4 x(d),
d|n
R(x) = Z r(n) — nx,
TOia) =3 (575)-
n<y
Show that

RO =T(VE0,1) = T(V5:0,3)
+T(Vx;3,0) - T(Vx;1,0) + O(1).
(c) Suppose that (k, ) is an exponent pair other than (%, %) Show that
R(x) < x%,
and in particular that
R(x) < X%,

6. (a) Let Q(x, h) denote the number of squarefree numbers g with x — h <
g < x. Suppose that 1 < & < 5 and that Vh < z < /x. Show that

O(x, h) = i—’; +O((R +S) logx + Vh)
where

()

as<n<b

R =sup sup sup

as<z b<2a x-h<y<x

and

S= sup S(a), S(a) = sup sup

a<xz™2? b<2a x-h<y<x

1/2
% +[im
a<n<b n

(b) Show that

R < x'Bz7183 4 xz73,

and that if (k, /) is an exponent pair, then

§ < kI (K4D) (=20 /(K1) | =13
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(c) Show that there is a positive number C such that whenever Cx*/° log x <
h < x there is a squarefree number g withx — 7 < g < x.

16.4 Notes

Section Exponential integrals have been used and studied for centuries.
The plot in Figure is Euler’s Spiral. L. Euler (1707-1783) encountered
his spiral in 1744 while investigating a problem concerning elasticity posed by
Jakob Bernoulli. Euler noted then that the spiral converges to a single point, but
that it is difficult to name that point. In 1781 he found the limit, which is to say
that he proved (16.3). The French physicist A.-J. Fresnel (1768-1827), in the
course of his seminal investigation of the diffraction of light, in 1818 defined
the integrals

S(1) =‘/Otsin (%uz) du, C(1) =/Otcos (,%2) du.

These are now known as the Fresnel integrals. Here C(z) +iS(t) = z(t) as
defined in the caption of Figure[I6.1] but Fresnel was unaware of Euler’s prior
work. He spent considerable effort to compute values of his integrals, and later
the French physicist M. A. Cornu (1841-1902) computed detailed tables of
z(t), also for purposes of optics. Today such calculations are done for us, since
common software provides the error function,

2 Ve
erfz = —/ e du,
vVr Jo

even with complex arguments, and

w0 = (L e (- L)),
2\ T

Euler’s spiral (also known as Cornu’s spiral), was discovered independently a
third time, in 1890, for the following reason: The point z(#) moves with velocity
7/(t) = e”z; thus |z’ (#)]| = 1, so the arc length of the curve z(f) for 0 < ¢ < T'is
exactly T. Moreover, the acceleration on the curve is 7/ (¢) = 2ite'! 2, which has
absolute value 27 for ¢ > 0. If a train were to pass from a straight line directly
onto a circular arc, its acceleration would undergo a jump discontinuity, which
is uncomfortable for passengers and hard on the equipment. So railway beds
are designed to pass from a straight line onto (a suitably scaled copy of) Euler’s
spiral. When the acceleration has reached the desired level, the course then
continues on a circular arc, and finally transitions back on a segment of such

added autoref
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a spiral to a straight line. This technique is used also in the construction of
highways and roller coasters. For a detailed account of the history of Euler’s
spiral, see [Levien| (2008)).

Exercises 2 and 3 are useful in applications of the Hardy—Littlewood method.
See Lemma 10.1 of[Hua|(1965), Theorem 7.3 of | Vaughan! (1997) and Theorem
3.1 of [Talmage| (2022)).

Section [I6.2] The methods developed here were first studied systematically
in|van der Corput|(1921) and jvan der Corput (1922) with the main intent of ap-
plying them to the Dirichlet divisor problem. van der Corput does acknowledge
Weyll (1916)) for approximations of the kind in Theorem [16.13]and one has to
believe that he was greatly influenced by Weyl’s paper. Landau, Hardy, Little-
wood, and their colleagues and students, beginning before WWI, had organised
written accounts of everything that was known concerning the Riemann zeta
function and the distribution of primes, and kept it up to date as advances were
made. There is an intriguing footnote on page 316 of [Weyl|(1916) which states
“Vgl. H. Bohr und J. E. Littlewood, The Riemann Zeta-function and the The-
ory of Prime Numbers (Cambridge Tracts in Mathematics and Mathematical
Physics; noch nicht erschienen)”! Presumably there was already an intent to
publish this material as a Cambridge Tract, but this was interrupted by WWI
and perhaps also by fast moving developments in research. The more important
researches appeared in papers such as Hardy & Littlewood| (1916a) and |[Hardy
& Littlewood| (1916b). Some of it was promised but never published. See the
announcement |Littlewood| (1922) which was overtaken, presumably, by devel-
opments elsewhere. A little later the Bohr—Littlewood manuscript was divided
into two and appeared as Cambridge Tracts, by Ingham|(1932) and |Titchmarsh
(1930). The latter was expanded into the celebrated text [Titchmarsh| (1951
(second edition [Titchmarsh! (1986)) and was the place that the authors of this
work initially learnt the material. Many of the estimates of this section are also
used extensively in harmonic analysis. See Stein| (1993).

The trigonometric polynomial was noted by |[Hardy & Littlewood
(19164), who established the estimate (16.8). Lemma[I6.8]is the Fundamental
Inequality of van der Corput](1931)), and Theorem|16.9]is a special case of Satz
1, ibidem. Theorem[16.17)is from [Fujii, Gallagher, Montgomery| (1976).

Section The van der Corput method, including exponent pairs, origin-
ates in [van der Corput (1921} {1922), and was developed further by |[Phillips
(1933).

Rankin| (1955) optimized the choice of exponent pairs for the purpose of

estimating ¢ (% + it). For further expositions of van der Corput’s method, see
Graham & Kolesnik! (1991) and §3.3 of Montgomery|(1994). For a discussion
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of applications of the van der Corput method to the zeta function see §5.20 of
Titchmarsh| (1986)).

The Exponent Pair Conjecture is the conjecture that (&, % + k) is an expo-
nent pair for every k with 0 < k < %

There is a more recent history of small reductions which transcend the
methods described here and their two dimensional variants. These depend
on a method for treating exponential sums introduced in [Bombieri & Iwaniec
(1986a) and Bombier1 & Iwaniec|(1986b), which was further refined by|Iwaniec
& Mozzochi| (1988) and |[Huxley & Watt (1988)). Further work by Huxley cul-
minating in|{Huxley| (2000) and Huxley|(2003) has established that

1
((E +it) < 197%, R(x) < x%*%, A(x) < x%*¢
with
32 131
= — =0.1560975609..., 6 = — =0.3149038461 . ..
¢ 205 416

The values ¢ = 0and 6 = i would follow from the Exponent Pair Conjecture,
and these conjectural values for ¢ and 6 are known to be essentially best possible.
That is, there is a limitation as to how small the upper bounds can be for the
Dirichlet divisor and Gauss lattice point problems. In that regard there is also
long history beginning with |[Hardy| (1916) and culminating in [Soundararajan
(2003)), which also contains an overview of previous work in the area.
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17

Estimates for Sums over Primes

17.1 Principles of the method
Let

S= Z F()A(n).

n<N

If f is monotonic, then we can estimate S by using the Prime Number Theorem
and integration by parts. If f is multiplicative, then we can gain informa-
tion concerning S by studying the properties of the associated Dirichlet series
Y. f(n)n=*. This has already been especially successful when f is of the form
f(n) = x(n)n™?. We now introduce an entirely different method that is most
successful when f is far from being multiplicative. Let P = [] p<VN P Vino-
gradov|(1937alb) had the idea of writing

Fy+ > fp)= D f= ) u@ Y Frn).

Wy PgN A
If we can demonstrate that there is considerable cancellation the inner sum
on the right, then we can obtain a non-trivial estimate for the left hand side.
However, when ¢ is near N in size, one expects to have little cancellation in
the inner sum on the right, and indeed when N/2 < ¢t < N the sum has only
one term, and hence no cancellation at all. Thus the terms on the right must be
rearranged before satisfactory estimates can be derived. This approach, known
as Vinogradov’s method for prime number sums, is rather complicated. The
general aim is to express S as a linear combination of sums of the following

two sorts:
Dla) o fan), (17.1)

t<T r<N/t

54
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and

Z:MMdMﬂmM (17.2)

mk<N
m>U
k>V

where a(t), b(m), and c(k) are certain fixed arithmetic functions (independent
of f),and T, U, and V are parameters. Such sums are said to be of Type I and
Type II, respectively. In the Type I sum we choose T to be small compared
with N, so that we have a hope of showing that the inner sum enjoys some
cancellation. Although b(m) and c(k) are fixed, we generally treat a Type II
sum as if it were a general bilinear form. In any case, it is essential that we can
avoid small values of m and small values of k. Within this framework, Vaughan
(1977b) devised a variant known as Vaughan’s version of Vinogradov’s method
(V3M), which we now describe.

We start by expressing A(n) as a linear combination of several other arith-
metic functions. Put

F(s)= Y Md)d™,  G(s)= Y p(k)k™. (17.3)
d<U k<V
Clearly
- %(s) = F(s) = {()F()G(s) = {'(5)G (s)
| (17.4)
+(= ¢ -F&LW) (555 - 60)
for o > 1. We write
L) = <L) = ) (logmym™,
r=1 m=1

and calculate the coefficients of the four Dirichlet series on the right in (T7.4).
Thus Vaughan’s identity asserts that

A(n) =ci(n) + ca(n) + c3(n) + c4(n). (17.5)

Here

) A(n) ifn < U,
ci\n) =
! 0  ifn>U,

c2(n) = - § A(d)u(k),
rdk=n
d<U
k<V

made autocite;
is it 77b or
77a?
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and

c3(n) = Z u(k)logm.
(s

To calculate c4(n) we observe that in the first factor of the final product in
(T7:4), the coefficient of m ™" is

logm — Z A(d) = Z A(d).

d|lm d|lm
d<U a>Uu
Thus
am= ) (ZA(d))ﬂ(k)~
mk=n d|lm

m>U,k>V  gsyu
We multiply (17.3) through by f(n) and sum to see that

S=8S1+85+853+ 84 (17.6)
where
Si= Y fmci(n).
n<N
Thus

S1= ) fWAm):

n<U
this sum we generally estimate trivially. Let

a() == > Mdu(k).

dk=t
d<u

Then c2(n) = X, a(t), and hence
S2= ) alr) D f@n), (17.7)
t<UV r<N/t

which is a Type I sum. Since |a(?)| < X4, A(d) = logt < logUV, it follows
that

. (17.8)

52 < (logUV) ). | > o)

t<UV r<N/t

As for S3, we find that
Sy= D u(k) D, flkm)logm.

k<V m<N [k
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This is not quite a Type I sum, but logm is smoothly increasing, so we write
logm = /]m dw/w and invert the order of integration and summation to see
that

s= [ Y sem

k=v w<m<N/k
< (logN)Zmax| > f(km)|. (17.9)
kv "2 amEN K

This is still not quite a Type I sum, but is instead the maximum over a family of
Type I sums. However, in most cases our estimate for the sum over m is uniform
in w, so for practical purposes we have a Type I sum.

Let
b(m) = Z A(d).
iy
Then
calm) = > bm)u(k).
and so
Se= ), bmu(fmky= > blm) > p(k)f(mk).
nrzécflzjv U<m<N/|V V<k<N/m
k>V

This is a Type II sum. Suppose that A(M) = A(M, N, f) is defined so that

>y bw Y cuf(nk)

M<m<2M k<N/m

<aon( Y wal) (Y )

M<m<2M k<N/M

(17.10)

for arbitrary complex numbers b,,, and ck. By cutting the interval U < m < N/V
into < log N subintervals of the form M < m < 2M, we deduce that

S, < (1ogN)U max A(M)( Z b(m)2)1/2( Z |/~l(k)|2)1/2.

<M<N/V
<M<N/ M<m<2M k<N/M

Since |b(m)| < logm, the sum over m is < M (log2M)?. The sum over k is
< N/M, so

S; < N'Y%(logN)> max A(M). (17.11)
U<M<N/V
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We interrupt our development at this point in order to assess the situation.
For purposes of discussion, in this paragraph only, we assume that | f(n)| < 1
for all n. The bound § < N is trivial, and if f is oscillatory we hope to show that
S = o(N). Trivially S; <« U, so S| poses no problem provided that U = o(N).
In (T7.8) the trivial bound would be that

N
S, < (logUV) Z — < N(log Uv)?
t<UV

Thus in order to get a bound that is o (N)) we only need to demonstrate a modest
amount of cancellation in the sum over r in (T7.8)), and even this only on average
over t. We note, however, that there will be little or no cancellation if the inner
sum has very few terms (a single term is the worst case). For this reason it
will be necessary to choose the parameters U and V so that UV is considerably
smaller than N. Similar remarks apply to where the situation is even
more favorable since the range of k in is shorter than that of 7 in (T7.8).
To obtain a trivial bound for A(M) we first observe that

>obw > i< Y bl Y el

M<m<2M  k<N/m M<m<2M k<N/M
By two applications of Cauchy’s inequality, this in turn is

< (M-N/M)l/z( Z |bm|2)1/2( Z |Ck|2)

M<m<2M k<N/M

1/2

Thus the bound A(M) < N'/?is trivial. By inserting this in (T7.11)) we deduce
that S; < N(log N)? trivially. That is, we will be able to show that S4 = o(N)
if we can obtain a bound for A(M) that is only a power of a logarithm smaller
than trivial. In summary, it seems that we have not dug ourselves into too deep
a hole, and that we can expect to show that S = o(N) whenever we can derive
estimates that are only moderately better than trivial. We note, however, that
if f were to be unimodular and totally multiplicative, then we might obtain
nontrivial estimates for S, and S3, but no nontrivial estimate for A(M) can
hold because of the possibility that b, = m and ¢x = m Despite this
observation, we shall find in Chapters [20] that we can still use our present
approach when we average over several multiplicative functions f;.

In order to estimate A(M), we first observe that by Cauchy’s inequality the

left hand side of is

(3wl 3| 3 e )

M<m<2M M<m<2M k<N/m



17.1 Principles of the method 59

Here the second sum over m is

- Z Cj Z Ck Z f(mj)f(mk). (17.12)

JSN/M  k<N/M  M<m<2M
m<N/j
m<N [k
By the arithmetic-geometric mean inequality we know that |cjck| < %Ic j|2 +
1lck]?. Thus the above is

< 3ol Y| Y fepFR| (17.13)

k<N/M J<N/M M<m<2M
m<N/j
m<N [k

<( X |ck|2)(kg}31;aM > > f(mnWD.

JEN/M M<m<2M
m<N/j
m<N [k

Hence

1/2
A(M)s( max > | D f(mj)f(mk)|) , (17.14)
ksNIM . S50 M<meom

m<N/j
m<N [k

and so by (I7.11)) we conclude that

S4 < N'Y2(log N)>  max max
U<M<N/V k<N/M

1/2
( Z } Z f(mj) f(mk) |) . (17.15)

JEN/M M<m<2M
m<N/j
m<N /k
Clearly our bound (I7.8) for S» becomes better when UV is reduced. On the
other hand, our bound above for S4 becomes better when U and V are increased.

In practice, we choose the parameters to balance these bounds.

Our strategy for bounding S4 may be inferior, for two reasons. In the first
place, we need to bound the double sum on the left hand side of (I7.10) not
for arbitrary b,, and ¢y but only in the special case that b,, = b(m) and
ck = (k). Secondly, the double sum on the left hand side of (T7.10) is a linear
function of the b,,, and is also linear in the ck. Such an expression is known
as a bilinear form, and in Appendix [G|we develop a general theory concerning
bounds for bilinear forms. Indeed, we could have passed directly from (I7.10)

to simply by appealing to Corollary [G.4] Although we have taken a
more elementary route, the general theory offers some insights. From Theorem
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[G1] we see that from (T7-10) to (T7.12) we have thrown nothing away if the
bounds are to hold for arbitrary b,, and cg. In @ we again have a bilinear
form, but this time the coefficient matrix is not only square, but Hermitian as
well, and hence normal. Thus by Corollary[G.11|the problem is to determine (or
estimate) the spectral radius of this matrix. In passing from (I7.12) to (T7.13)
we have in effect derived a bound for this spectral radius, but our bound may
be considerably larger than the truth.

In S», which is a Type I sum, when ¢ is large the inner sum is over a shorter
interval, with the result that there may be less cancellation. In such a situation,
sometimes a better estimate can be obtained by writing

2=+ > =5+, (17.16)

t<U U<t<UV

say. Then we treat Sél) in as we did S, i.e. as a Type I sum, and estimate S§2>
we did Sy, i.e. as a Type II sum.

17.1.1 Exercises

1. (Linnikl |1961)
(1) Show that |£(s) — 1| < 1ifo = 2.
(i1) Show that if o= > 2, then

o (-1)F! k
log{(s) = E . (Z(s) = D"
=

(iii) For positive integers k, let d; (n) = card{(ni,...,nx) : niny---ng
=n, n; > 1}. Show that

ORI DWACKS
n=2

foro > 1.
(iv) Deduce that

o220 = 3 (37 gy )
k=1

n=2
for o > 2.
(v) Conclude that

Am) _ (=D
logn _kz:; k di(n)

foralln > 1.
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(vi) Show that d; (n) =0if n < 2k,
(vii) Show that if K > (logn)/log 2, then

K

A(n) _ < (=D
logn _kZ::l k d(m)-

2. (a) Show that
An) = > Md)u(k).
d,k
dk|n
(b) Observe that
Ay = 3 AMd)u(k)+ 3 Ad)u(k)
d.k d,k

dk’ln dlé\n
d<U k<v
= D A@uk) + Y Ad)u(k)
d,k d.k
dk|n dk|n
d<U d>U
k<V k>V

= Ci(n) + C2(n) + C3(n) + Ca(n),

say.
(c) In the notation of Vaughan’s identity (17.5)), show that C;(n) = ¢;(n)
fori =1,2,3,4.

3. Suppose that A’(M) = A’(M, N, V, f) is defined so that

by, exfnb)|

M<m<2M V<k<N/m

17.17)
, 1/2 1/2 (
saon( Y balP) (Y 1)

M<m<2M V<k<N/M
for arbitrary complex numbers b,, and c.
(a) Show that

Sy < N'2(logN)> max A(M). (17.18)

U<M<N/V

(b) Deduce that

12
N (M) <<( max > ‘ S fmp)fOmk) ’) .

V<k<N/M

<ksNIM \, _SNm ' M<mzom
m<N/j
m<N [k

(17.19)
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(c¢) Conclude that

Sy < Nl/z(log N)?  max max
U<M<N/|V V<k<N/M

1/2
( f(mj)f(mk)'\) 720
V<j<N/M M<m<2M
m<N/j
m<N [k

4. Let S, be defined as in (I7.7), and write S = Sél) + S;z), as in (I7.16).

Show that
(2) 1/2 2
§,” < N'/*(logN) VSmanUVA(M). (17.21)

5. Let A(M) denote the best constant in the bilinear form inequality (17.10).

By appealing to an appropriate result from Appendix|[G] or otherwise, show
also that if | f(n)| > 1 for all n, then

A(M) > max(M'?, (N/M)'/?).

(Hence our method, as presently constituted, never gives an upper bound
better than N3/4 when f is unimodular. Also, our bound will be
trivial if M is allowed to be as small as (log N)* or as large as N/(log N)*).
Thus U and V must be at least moderately large.)

6. (Heath-Brown, |1982)

(a) Show thatif s # 1 and {(s) # 0, then
’ K K ’
S =20 Jeer eomt - Sot-com*
k=1

The above holds for any complex M, but as usual we take

M=M(s) = Z u(myn™5.

n<y
We set
Duld) (n>Y),
b(n) =\ 7Ly
0 (n<y).

Thus 37" b(n)n™* = {(s)M(s) — 1 for o > 1. Show that

K K
A(n) = Z(—l)k_l(k)ak(n) + s(n)
k=1
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for all n, where

ag(n) = Z H(rge) - p(rax) logry
rinrg=n
ik = 1 <Y

and

st = (=DF Y A(do)b(d) -+ b(d).

dode=n

Note that s(n) = 0 if n < YX, so we obtain only Type I sums in this

range.
7. (Montgomery & Vaughanl [1981) Let G (s) be defined as in (I7.3)). From done as proper
the identity cite

A =260 -G + (75 -6 (1= 6. (1722

or otherwise, show that
u(n) = ag(n) +ay(n) +az(n)
where

2u(n) n<V,
aoln) = 0 n>V

aim == > pdule),

dem=n
d<V
e<V

ax(m) == 3 u(@d)( Y ule)).

‘ék:\;l elk
> <
k>V esV

8. Show thatif 1 <V < N, then

N
Zﬂ(”)f(n) =To+T1 +T
n=1

where

To=2 ) pn)f(n),

n<v

Ti== > bw ), f(mn)

m<V?2 n<N/m
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with
b= u(dpule),
42y
and
== > ), umerf(mk)
V<m<N/V V<k<N/m
with
ck =, nld).
dlk
d<v
. With the T; defined as above, show that
To< ) Ifml,
n<v
Ti< ) dm)| Y fmb)
m<V? k<N/m
and
T, < Nl/z(log N)’?  max max
V<M<N/V j<N/M
172
( > X sepyrimky }) :
k<N/M M<m<2M
m<N [k
m<N/j
Let Ap(n) = A(n)logn + Y po—, A(b)A(c), as in Theorem 8.3.

(a) Show that

é//l é‘l ’ é‘l 2
S 0=(F0)+(F0).
(b) Show that
=Y naton

B n=1

for o > 1.

(17.23)

(17.24)

(17.25)

(17.26)

(17.27)

(c) LetG(s)bedefined asin (I7.3), and put H(s) = 3, ,,<yy A2(n). Observe

that
%"(s) = H(s) - £()G()H(s) + ¢ ()G (s)

+ (%N(s) ~ H(5))(1 - £(5)G (5)).
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(d) Define arithmetic functions a;(n) so that Ay(n) = aj(n) + ax(n)
+asz(n) +aq(n).

17.2 An exponential sum formed with primes

Vinogradov applied his method to the generating function )}, e(pa), and
thus showed that the generating function is small when « is not near a rational
number with small denominator. This ‘minor arc estimate’ enabled him to show
(as we shall in Theorem [I8.1)) that all sufficiently large odd numbers can be
written as a sum of three primes. We find it simpler to work with the generating
function

N
S(a) = Z A(n)e(na) (17.28)
n=1
because A(n) has the decomposition (17.5), which gives rise to sums for which

(in many cases) we can derive nontrivial estimates.

Theorem 17.1 Let S(a) be as above. If (a,q) = 1 and |a — a/q|
< 1/¢>, then

S(a) < (Ng~'? + N*5 + N'2¢'2) (log N)*/2. (17.29)
Proof By (16.4) we see that

>, max| e(rta)| <y min(?,”tl—a”). (17.30)

o<r<T V7 w<r<N/t 0<t<T

To estimate the right hand side, we write t = hg +r and sumover 0 < 7 < T/q
and 1 <r < gq.Letd = a —a/q. We consider first the case in which # = 0 and
1 <r < q/2. Since |8| < 1/¢?, ||re|| differs from ||ra/q|| by at most 1/(2q).
But ||ra/q|| = 1/q for these r, and hence ||ra|| =< ||ra/q||. Consequently

2 2

1<r<q/2 1<r<q/2

Z 4 < glog2g.
-

<
Irall Irajal =, &,

For all other terms we have hq + r > (h + 1)q. Thus it suffices to estimate

Z i N 1

min( , ) (17.31)
v W (h+1)q’ ||hga +ra/q+ré|
For any given h, the g points hqa + ra/q + ré are uniformly within 1/g of
the equally-spaced points hga + ra/q. Thus if ||hqa + ra/q +ré|| < 1/q, then
||hga + ra/q|| < 2/q, and this holds for at most 4 values of r. For all other
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r, the numbers ||hga + ra/q + rd|| are comparable to the numbers ||r/¢|| for
0 < r < g. Hence the double sum (T7.31) is

N
< +qlog2q) < —1log2T/q+Tlog2q + qlog2q.
q

( N
0<h<T/q (h+l)q

That is, we have shown that

N o1
D min(—,—) < (N/g+T +q)log2Tq. (17.32)
ooy 1 el

By (I7.8) we deduce that
Sy < (N/q+UV +q)(log2qUV)>.
Similarly, from (I7.9) we see that
S3 < (N/q+V +q)(log2gVN)?.

By (I7.15) and (16.4) we find that

1/2
1
S4 < N'2(log N)> in (M, ——| .
s NP0 oy | 2, min (M.

Here the sum over j is
1 N 1
<M+ Z min(M,,—) <M+ Z min(—_,_—)
o</ M ljell 0<iSNIM J el

since M < N/j for j < N/M. Thus by a further application of (I7.32) we
deduce that

Ss < (Ng~'2 + NU™V2 + NV=1/2 4 N'/2g'12) (log 29 N) 2.
By taking U = V = N*/ we deduce that
S(a) < (Ng~'% + N*3 + N12¢112) (1og 2gN) /2.

To complete the argument it suffices to note that we may assume that g < N,
since otherwise the estimate (I7.29) is weaker than the trivial estimate S(a) <
N. O

17.2.1 Exercises
1. Show that if |« — a/q| < 1/¢* and (a, ¢) = 1, then

Z u(nye(na) < (Ng~'2 + N¥5+¢ £ N'2¢12)(log N)®.  (17.33)
n<N
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. Show that if g is a positive integer, then for any integer c,

=Y X oD,
q

dlc (mod g/d)

. Let
M(x;x.6) = ) x(mu(n)e(nd)

n<x

where y is a Dirichlet character, x is real, and 6 € T. Let A and B be given
positive real numbers. Show that if @ = a/q + ¢ with (a, g) = 1, then

u(d) —
D Hlme(na) = Z ¢(q/d) 2‘ TN @M (x/d: XX 4> 9)

n<x
(mod g/d)

where @) denotes the principal character modulo d.

. Let M(x; y,8) be defined as in the preceding problem. Show that if y is a
character modulo ¢ and ¢ < (logx)4, then

M(x; x,0) < (1 +x||6||)x(logx)_3.

. (Davenport, [1937alb) Show that if |@ — a/q| < 1/6]2, (a,q) = 1, and done as proper
g < (logx)?, then cite

Z u(n)e(na) < x(logx)~5. (17.34)

By combining this with the result of Exercise|[17.2.1]1] show that the above
estimate holds uniformly in @.

. (Bateman & Chowlal [1963) done as proper
cite
(a) Let A(n) denote the Liouville lambda function, which is to say that
A(n) = (=1)*™ where Q(n) = 2. pa|in @- Show that
Z /J(l’l/dz) = A(n)

d?|n

for all positive integers n.
(b) Deduce that

Z/l(n)e(na) = Z Z u(mye(d ma/)

n<x d<x!/? m<x/d2

for all x > 1 and all real a.
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(c) Conclude that
Z A(n)e(na) < x(logx) 8
n<x

uniformly in .
(d) Let

)= Z @e(na), gla) = Z/l(n)e(na). (17.35)
n=1 n=1

Show that these series are uniformly convergent, and hence define a
continuous functions on T.
(e) Show that

q q
> flaja) =0, Dlglalg =0 (17.36)
a=1 a=1

for all positive integers g.
(f) By using the result of Exercise 9.2.1.1(a), or otherwise, show that if
(a, q) =, then

Y A gy =L 3 x@yre0 22,
@ L%

n=1 X#X
(n,q)=1

(g) Show that if y is an even primitive character modulo ¢, ¢ > 1, then

LCY) = o (_) Zx(a)a(q - a).

(h) Show that

2
Reg(1/5) = —  =2.05098958... ..

10log (155)

(i) Suppose that p; and p, are distinct primes, and that (a, p;p2) = 1.
Show that

A
g($)=—g(a/m)/m—g(a/pl)/l’2+ ; nn (plpz)
(n,p1p2)=1

() Show that Re g(1/10) =
Suppose that

F(n)= )" f(d)

d|n



17.2 An exponential sum formed with primes 69

0 | i Il l 1J il

0.2 0.4 0.6 0.8 1

—24

Figure 17.1 Graph of Re g(x) with g defined as in (17.33).

for all n, and let s(x) denote the sawtooth function with period 1, as defined
in (ET3). By the Fourier series expansion of Lemma D.1 (see also §E.3),
we see that possibly

o f(d) — f(d) < sin2mmda
——s(da) = - (17.37)
; d ; d n; m

o F
=-> (") Gin27na, (17.38)
n=1 n

by grouping together those pairs m, d for which md = n. This is merely a
Sformal argument, since we have not justified the reorganization of terms in

passing from (I7.37) to (I7.38). In the next several exercises, we treat this
issue in the interesting case that f(d) = u(d).

7. Let

Sp(a) = Z #s(da). (17.39)
d<D

(a) Let N be a parameter to be chosen later such that N > D, and let Ex (x)
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be defined as in Lemma D.1. Show that
-1
Sp(a) = —sin2na + T (@) + Tr ()
Vi

where

lel Z u(d) Z sinZnnda’

D<d<N n<nja
p(d)
= Z TEN/d(a’)-
d<D

(b) Show that
1 d
T, = Z p Z 'l% sin 2rnda

n<N/D D<d<N/n
(¢) Use (T7.34) to show that T} < (log D)~ (log N/D)?.
(d) Explain why Ex(0) = 0.
(e) Show thatif (a,q) = 1and g < D, then T>(a/q) < DN~'log2q.
(f) Take N = D(log D)%, and deduce that

Sp(a) = _71 sin27a + O ((log D)%) (17.40)

when @ =a/q, (a,q) =1,and g < D.
8. Let Sp (@) be defined as in (17.39).

(a) Show that Sp (@) is piecewise linear with slope

M(D) = ) u(d)
d<D
and jump discontinuities at the Farey fractions of order D.
(b) Write

S ED S s+ Y wen)

n<x n<x n<x
(n,q)=1 (n,q)=1 (n,q)=1

==El+-22

say. Show that ¥; is the number of integers not exceeding x that are
composed entirely of prime numbers that divide g. Hence deduce that
|Z] < x.

(c) Explain why |Z,| < x.
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(d) Deduce that

uniformly in x and q.
(e) Leta/q denote a Farey fraction of order D. Show that the jump discon-
tinuity of Sp (@) at @ = a/q is

= u(d)
d<D d
qld

(f) Show that the above expression has absolute value not exceeding 2/g.
(g) Let & denote the set of numbers composed entirely of primes dividing
q. Show that

S i) = {u(n) if (n,q) = 1,

0 otherwise.
dln
deR

(h) Deduce that

Z p(n) _ Z 1 Z u(m)
n<x n d<x d m<x/d n
(n,q)=1 deR

(i) By adapting the techniques developed in §7.1, show that if ¢ < x?, then
the number of members of &£ not exceeding x is <« x°.
(j) Deduce that if g < x, then

Z K1) < exp (- cy/logx).
n<x n
(n,q)=1
(k) (Davenport,|1937alb) Conclude that (17.40) holds uniformly in «.

. Let d, denote the multiplicative function defined by
-
da(p*) = ( ) )(—1)"

and let f —: N — Cbe such that ), | f(n)| < oo.

(a) Prove that 0 < d%(n) <landO < Id_%(n)l <1
(b) Prove that

1 n=1,
Zd;(m)d_;(n/m):{o o

mln

done as proper
cite
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(c) Letu,v € R, u, v > 1 and w = min(u, v). By considering the formal
identity

1 1

(1=F 2F2G+%G§—(g% —F)(%§5G+1FG—1 ,

2

or otherwise, prove that
D di(f(n) =81 - 18>+ 183 - Sy
n

where

Si= ), dy(n)f(n).

n<su

$2 = D di(Ddy(myd_y (n) f (Imn),

I<u m<un<v

3=, > ,d_y(m)f(mn),

ms<v n

Sa= ), o dy(mb(n)f(mn),

m>u n>w

where b(1) = 1 and forn > 1

b(n) = Z %d_%(m)d% (n/m)+ Z %d_%(m)d% (n/m).

mln mln
m<v m<v
n/m<u

(d) Suppose that @ € R and there are a € Z, g € N with (a,g) = 1 such
that | — a/q| < q~2. Prove that

Z d% (n)e(an) <« (xq_% +x7 +x%q%)(logx)3.

n<x

17.3 Further applications

Before considering specific applications, we make two technical remarks.
Firstly, we sometimes obtain sharper results not by treating 1 < n < N directly,
but rather by treating N < n < 2N, and then summing the bounds obtained to
treat | < n < N. The point is that the parameters chosen to treat N < n < 2N
may not succeed as well for smaller n. An example of this is seen in Exercise

check number [17.3.1]13] where the estimate for the sum over M; < m < M, would not apply
if the sum were over 0 < m < M.
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Our second observation concerns our treatment of Type II sums, say

S = Z Z bmcy f(mk).

M<m<4M K<k<4K
N<mk<2N

Our existing treatment of this gives rise to the problem of bounding

f(n’lj)f(mk)‘-

K<j<4K'M<m<4M

If the bound we can derive for the above sum over m is smaller when 0 <
|j — k| = o(K), then we may obtain a better final result by partitioning the
interval (K, 4K] into R subintervals %, of equal length. By Cauchy’s inequality,

R
ISP <R YIS,
r=1

where

S, = Z meckf(mk).

M<m<4M ke%,
N<mk<2N

By a second application of Cauchy’s inequality we see that

|sr|2s( D |bm|2)( 2

M<m<4M M<m<4M

DL ckf(mh)
keH,
N<mk<2N

)

Here the second factor above is

=D ¢ ) D, fm))f(mk).

JEH, keH, M<m<4M
N<mj<2N
N<mk<2N

Since |c;cx] < 3lc;|? + $lek/?, it follows that the above is

< Dl ) ‘ D f(mj)f(mk)‘~

ke, JeEH, ' M<m<4M
N<mj<2N
N<mk<2N

Thus

|S|2sA2( » |bm|2)( D |ck|2)

M<m<4M
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for arbitrary b,, and cx with

2 _ N
A% = R max max Z ' E f(m])f(mk)‘. (17.41)
jeF, ' M<m<4M
N<mj<2N
N <mk<2N

When R = 1, this reduces to our former treatment. Let X denote the usual order
of magnitude of the above sum over m when j and k range independently over
the interval (K,4K] . The variable j takes < K/R values above, which gives
an overall order of magnitude KX, which is the same as when R = 1. But if
the sum over m is smaller when j and k are constrained to lie in the same
subinterval %, then the estimate is improved. However, for each k there is a
value of j, namely j = k, for which there is no cancellation in the sum over
m. If | f| < 1, then that contribution is < RM. If the diagonal terms dominate
our estimate of the contributions of the nondiagonal terms when R = 1, then
taking R > 1 yields a weaker estimate. Thus we obtain an improvement over
our original treatment if (i) Our estimate of 3’ ;. | 2, - - | is large compared
with M, and (ii) our estimate of | },, - - - | is better when 0 < |j — k| = o(K).

One of the foremost unsolved problems of prime number theory is to show
that n + 1 is prime for infinitely many integers n. In fact it is conjectured not
just that there are infinitely many such 7, but that the number of them with
n < x is asymptotic to C li(x) as x — oo where

c:%ﬂ(l—%). (17.42)

p>2
While finding primes in sparse sequences is generally challenging, for se-

quences of the special form [n“J we have some success if a is not too large.

Theorem 17.2 (Piaetski-Shapirol (1953) For a real number a > 1, let n,(x)
denote the number of integers n < x such that |_naJ is prime and put a = 1/a.
If1 <a < 12/11, then

Ta(x) =« Z pe! +O(x“;gl4 logx).
p<xa

By a quantitative form of the Prime Number Theorem and integration by
parts we see that the main term above is

a a—1

X
:a/ : du+ O (xexp (— cy/logx)).
» logu

By the change of variable v = u® we see further that the main term above is
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= ali(x) + O(1). Thus in particular,

7a(x) ~ alogx

as x — oo, provided that 1 < a < 12/11.

The prime number distribution model of Cramér asserts that a large in-
teger n is prime with ‘probability’ 1/logn. This predicts that 7, (x) should be
approximately

1 1 1 .
Z log|n<] =1<;xalogn+0( me)zah(x)*‘o(l).

l<n<x l<n<

Thus we interpret the Piatetski-Shapiro Theorem as asserting that the sequence
[n?] collects its fair share of primes, when 1 < a < 12/11.

The bound 12/11 can be relaxed somewhat, but it is not clear by how much.
We note that the sequence |_n2J contains no prime. To prepare for the proof
of the Theorem we first establish the basic estimate on which the proof will
depend.

Lemma 17.3 Let a be fixed, with 0 < « < 1, and suppose that 1 < M <
M’ <2M. Then

e(cma) <« |c|l/2M(t/2+ |C|—1/2Ml—a/2
M<m<M'’

uniformly for nonzero real numbers c.

Proof We may assume that ¢ < 0, for if ¢ > 0, then the sum is the complex
conjugate of the value it would have if ¢ is negative. In the van der Corput
estimate of Theorem take f(x) = cx®. Then f”(x) = ca(a — D)x*"2 =
—cM 2. The stated estimate is immediate. O

Proof of Theorem[I7.2] Suppose that instead of counting integers n < x such
that |_n“J is prime, we count primes p < x“ such that p = I_n“J for some n. If
n < x and [n“J = p, then p < n* < x%. Conversely, if p < x* and |_n“J =p,
then

n<p+1<x+1<x+x T =x(1+1/x) <x*(1+1/0)% = (x+ )4,

so that n < x + 1. Thus when we sum over p < x“ such that p = [n?] for
some n we obtain all the terms that arise when we sum over n < x, plus at
most one additional term. To say that there is an integer n such that |_n“J =p
is equivalent to saying that p < n* < p + 1, which in turn is equivalent
to p* < n < (p+1)% where @ = 1/a, which is to say that there is an
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integer in the interval [ P, (p+1)?). This in turn ie equivalent to saying that
| -p*] = | = (p+1)*] = 1. Otherwise, this difference is 0. Thus

ra(0) = Y (-] == (p+D"]) +0(D).

p<xa

If the above sum is formed without taking integer parts, it becomes

Z (-p*+(p+1D?) = Z ap®! +0( Z p"_z).

p<x< p<x< p<x<

Since @ < 1, the error term above is O (loglog x) uniformly in a.
Recall that {x} = x — [ x| denotes the fractional part of x. Thus to complete
the proof it will suffice to show that

D {-p - {-(p+ D)} <27 logx (17.43)
p<x<
for1 <a < 12/11.
In §D.1 we defined the sawtooth function s(x) to be s(x) = {x} if x is not an
integer, and s(x) = 0 if x is an integer, in Lemma D.1 we found that

A, sin2mhx 1
S o)
s(x) ,Zf 2 min IR

This same formula holds for {x}, since {x} differs from s(x) only when x is an
integer, and the error term is O(1) in that case. Moreover, in Theorem we
have defined a trigonometrical polynomial g, (x) = X }';’:_ 1 8 (h)e(hx) such

that
min (1 ! ) < g, (x)
1 P — ’

Hixy) = 81

and such that

3H

I
T (h) < — log ——.
8 () < gplog ey

Thus if N < N’ < 2N and H is a parameter to be chosen later, then

D Am({- @+ )} - {-n"}

N<n<N’
e(—h(n+1)?%) —e(— hn®
= Z A(n) Z ( > )h ( ) (17.44)
N<n<N’ 0<|h|<H m

. 1 i 1
+ 0( Z A(n)(mln (1, m) + min (1, M)))

N<n<N’
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Here the error term is

< (logN) Z gy (n?)

N<n<N’+1
H

=(logN) > gz(h) > e(hn®). (17.45)
h=-H N<n<N’+1

If & # 0, then from Lemma [17.3| we see that
e(hn®) < N2\ 4 N1=2|p) =172,
N<n<N’

When h = 0 there is no cancellation in the sum over n, so the expression (17.43)
is

H

< N(10g1\210g3H N loiNZ(N”/2h1/2+N“”/2h"/2) log37H
h=1
< (logN)(NH "log3H + N*2H'? 4 N1=al2g=1/2), (17.46)

When N is near x¢, this will require taking H to be somewhat larger than x¢~!.
We postpone choosing H until further arguments are complete, so that we can
choose H to minimize the sum of all error terms.

Concerning the main term (I7.44) we note that

e(—h(n+1)?) —e(n®)
2rih
Thus the expression (17.44) is

(n+1)*—n%
=—e( - hn®) /0 e(—hp) dB.

=_ Z Z A(n)e(— hn®) /0("”)“”“ e(=hp) dp.

0<|h|<H N<n<N’

Let 6(v) = (v+ 1)@ —v?. This is an increasing function of the real variable v,
so the inequality 8 < &(n) is equivalent to n > §~!(3). Hence the above is

(2N+1)*—(2N)®
-3 / e-hp) Y Alme(~hn®)dp
o<|hj<H Y0 N<n<N’
n>6"1(B)
which by the triangle inequality is
(2N+1)@—(2N)®
<
>

0<|h|<H

Z A(n)e(— hn®)

N<n<N’
n>6"1(B)

dg.
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Since (2N +1)® — (2N)® < N®~!, and h makes the same contribution as —/,
the above is

a-1 _ a
<net ) ma, ( > Alwe(~hn )(. (17.47)
O<|h|<H N<N;<N><2N Ni<n<N,

To estimate the above sum over n we invoke the usual decomposition with
U=V =|N"3]. Thus S; =0, and

S2= D aty > e(h(rn®)

t<U? N/t<r<N’/t
< Za(r)z.--(+| > a(t)Z--~|
t<U r U<t<U? r
= sV 452 (17.48)

By Lemma(|17.3]

S3 < > (og2n) ((he®) P (N /) + (he) T2 (N 1)1 T?)
t<U

_ Z (2N 4 g1 2Nl 160 2
t<U

< h'2NY?Ulog N + h™V2N1=2(log N)?.
Hence

Na—l Z |S§1)(h)| <« (H3/2N3n/2_2/3+H1/2Na/2)(10gN)2.
O<h<H

Here the second term is majorized by the first when @ > 2/3, so with this
restrection the above is

< (H3PN3@27213 (1og N)?. (17.49)
Also,
Sy= Y pk) > e(h(km)®)logm,
k<U N/k<m<N’ [k
which by (I7.9) is

e(h(km)?)

N/k<m<N'[k
m>w

< (logN) Z max
k<u "=
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By Lemma[T7.3]this is

< (logN) Y (hAN®2 4 g1 2N 2k 1)
k<U
< (hl/ZNar/2+1/3 + h—1/2N1—a/2)(10g N)2.

Hence

No-! Z 1S3(h)| < (HY2N3e/>213 4 H'2N2)(log )2, (17.50)
O<h<H

Here the second term is majorized by the first when @ > 2/3, so with this
restriction the above is

< H32N392(log N)?. (17.51)

We now consider Type II sums. From (I7.41)) we see that

2

Z bmcre(h(mk)®)
M<m<4M K<k<4K
Ni<mk<N, (1752)

s 3 mA( 3 )

M<m<4M K<k<4K

with

A2 = R max max Z (17.53)

1<r <R ke X,
J

>0 e(h(j - k")m)|.
M<m<4M
Ni<mj<N,

Ni<mk<N,

=

If MK > 2N or 16 MK < N, then the bilinear form is empty, and A = 0. Thus
we may suppose that MK =< N. When j = k in (17.53)), the sum over m is
< M. When j # k, by Lemma[T7.3|the sum over m is

< h1/2|jaf _ ka|M(t/2 +h—1/2|jaf _ ka|_l/2M1—(x/2.
Since |j% — k| < K*7!|j - k|, the above is
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Hence

SIS el -kme)

JEH | M<m<4M
Ni<mj<N,
Ni<mk<N;

< M+hl/ZK(a—l)/2(K/R)3/2Ma/2+K(l—a)/Z(K/(hR))1/2M1—a/2
< M+h'PNPKR? 4+ im 2PNRTV2,
Thus
A < RM + h'PNOPKR™? 4 g~ AN 2RI,
We now choose R so that RM ~ h'/2N®/2KR=1/2_ That is, we set
which gives

A < BN+ 6 1/6 | p=1/6 \1/2=a/4 1 /12 ne/12 p=1/6 g 1/6

Here M~1/6 < K1/0N-1/6 g4 the above is
<« RO NI+a) /6 g 1/6 | =1/6 \1/3=a/6 g1 /3
Wenote thatif @ > 3/4and K < N 1/2_then the second term above is majorized

by the first. Since MK =< N, if K > N'/? we simply interchange M and K. Thus
for N3 < K < N'/? we have

A < pM6NA+al6
From (T7.11) it follows that
S4(h) < HYON34+al6(10g N)2.

Hence

Nl Z 1Ss(h)| < HTONT@/6-1/4 (108 N)2.
O<h<H

Since |a(1)| < logt in (I7:48), it follows similarly that
Nu—l Z |S§2)| < H7/6N7a/6—1/4(10g N)Z
O<h<H
On combining these estimates with (T7.49) and (17.50), it follows that the

expression in (I7.47) is

We choose H so that the first expression inside the parentheses is approximately
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N/H. That is, we take H = LN%‘%"J. The common order of magnitude is
N/H ~ NZ%*52 Other terms are smaller, when 11/12 < @ < 1. On combining
our estimates we find that

DT AM({ =+ DT} = {=n}) < N7 (log ).
N<n<N’

The desired estimate (I7.43) follows from this by partial summation, so the
proof is complete. O

17.3.1 Exercises

1. (a) In §13.2 we showed that the estimate M (x) <, x'/?*% is a consequence §or Section?
of RH. (More precise conditional estimates were also derived.) Use those
methods to show that if RH is true, then

Z u(m)n™ <, x'1#ere,

n<x

(b) Use integration by parts to show that if RH is true, and o > 1/2 and
£ > 0 are fixed, then

d
Z :u(s) < y1/2—o—+87_5.
d>y y
2. (a) Show that if n is a positive integer, then

1 if nis squarefree,
Z u(d) = {

0 otherwise.

(b) As usual, let Q(x) denote the number of squarefree integers not exceed-
ing x. Show that

o) = ) pd.
d,m
d*m<x
Let y be a parameter to be chosen later such that 1 < y < x!/2, and
write the above as X<y + 2y = Z1 + 2.
(c) Show that
_ uld) 1
Z —XZ Rl M) - S(x.y)
d<y

where

S(,y) = Y u(d)Bi({x/d’}). (17.54)

d<y
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(d)

(e)

)

(@
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Here B, is the first Bernoulli polynomial, Bi(z) = z — 1/2, and {u}
denotes the fractional part of u, {u} = u — [u]. Thus B{({u}) is the
same as the sawtooth function s(u) except when u is an integer.
Suppose that ¢ > 1. Explain why
1 c+ioco d

u( )) s,

> J—
2= ,:(s)(m o

Let € denote the rectilinear contour with vertices 1 + lo;x —joo, 1 +
loéx —ix,1/24+e—ix,1/2+e+ix, 1+ logx +ix, 1 +@+ioo. Explain
why
,U(d) / u(d))
¥H = -7
? 2 o J £ Z >
d>y d>y

Note that both these formula for ¥, hold unconditionally.

Now assume RH, recall the result of [[7.3.1][T(b), and that RH im-
plies LH. Show that the term above involving the contour € is <
x1/24ey =172,

By combining results, show that if RH holds, then
6
Q(x) = 5x+ O(yl/2+‘9) + 0(xl/2+‘°‘y_1/2) +0(S(x,y)).
b3

Note that y!/2*& < x!/4*& < x1/2+y=1/2 Hence the first error term
above is majorized by the second. It is trivial that S(x,y) < y. On
taking y = x!/3 it follows that the error term above is < x!/3*¢. This
was achieved already in Exercise 13.3.1.16, but in the exercises that
follow we use the results of Exercises[T7. . 1|[7}[T7.1.1|8]and the estimate
(T7.41) with van der Corput’s method allows us to derive a nontrivial
estimate for S(x, y) when y is a little larger than x'/3.

3. By quoting an appropriate estimate established in @ show that if M <

M, < M, < 4M, then

Z e(V/im?) < V2m +v-12m2,
Mi<m<M,

4. (a) By Exercise | show that if N and V are positive real numbers

with N > V2, then

T := Z ,u(n)e(W/nz) =T +T,
N<n<2N
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where

T =—- Z bom Z e(Wm™2k™?),
m<Vv?2 N/m<k<2N/m

H=- Z Z u(mycxe(Wm=2k2)

m>V k>V
N<mk<2N

and by, is defined in (I7.23) and ¢y is defined in (17.24).
(b) Show thatif K < j < k < 4K, then
1 1 lj — k|
Wiz - @l

(c) Deduce thatif M < M; < M, < 4M, then

> W - o))

M,<m<M,
< W1/2K—3/2M—1|j _ k|1/2 +W—1/2K3/2M2|j _ k|_1/2.

(d) Deduce that if k € %, then
1 1
12,2 g )

<M+ W'"PRPEPM W PKREMPRT,

(e) Let A be defined as in (T7.41). Suppose that W > M*. By taking
R = |[W'Y3/M*3], show that if A = A(W,M,K) = WHopM~1/6 4
WS M?BK, then

bmcke(W/(mk)z)
M<m<4M K <k<4K
N<mk<2N

<<A( Z |bm|2)1/2( Z |ck|2)1/2.

M<m<4M K<k<4K

(f) Show thatif K > M, then A(W,M,K) > A(W, K, M). Thus, whenever
K > M, the above bilinear form inequality will be applied with the roles
of K and M reversed.

(g) By setting some variables to 0, show that if W > M* M < M’ <4M,
g) by g
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and K < K’ < 4K, then

Z bmcre(W/(mk)?)

M<m<M’ K<k<K’
N<mk<2N

1/2 1/2
<ol 3 wal] [ X ]
M<m<M’ K<k<K’

(h) Show that m < 2N/V for all m that occur in the definition of 7. Deduce
that as M runs from N'/2 to N/V, the blocks (M,4M] cover all m in
the interval N'/2 < m < 2N/V. Note further that if V > N/W'/*, then
W > M* for all these M.

(i) By considering dyadic blocks, show that if V > NW~!/4, then

Z Z bmcre(Wm™2k™2)

m>V k>V
N<mk<2N

< (N—l/12W1/6+N5/6W—1/6)( ZZ |bmck|2)-
N/z"imkkgw
(G) TakeV = NW‘1/4, and show that
T, < (WYONS12 L w18 N%3) (log 2N)2.

(k) Write

n=>+ > =1"+1?

m<V  V<m<V?

Show that if N < W3/8, then V> < N/V. Treat Tl(z) as a Type II sum to

show that
Tl(z) < (W1/6N5/12 + W_1/6N4/3)(10g 2N)2.
check ex no (1) Use the bound from Exercise|17.3.1}3|above to show that

TV < Z d(m)(W'AN~" 4 N2W12 1),

m<V

and show that the above is
< W'2N"V(log2V) + N*W~2(1og 2v)>.
Show that if W'/ < N < W3/%, then the above is

< N12w1010g2N.
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(m) Conclude that if W'/5 < N < W3/8 then
T < (NY/12W6 4+ N*B3W=1/%) (log 2N)2.

. (a) By quoting Lemma D.1, or otherwise, show that

Bi({ah)=- Y e(ha) +O(min(l,m)).

2mih
0<|h|<H

(b) Deduce that S := Yy .,<on #(n)B1 ({Xn™?}) = M + O(R) where
— 1 -2
M=- Z Srih Z u(n)e(hXn™),
0<|h|<H N<n<2N

1
R = Z min(l —)
g )
NN Hi|[Xn==|

(c) Let g, (x) be defined as in Theorem E.6] Explain why

>0 e(hx/n?)

N<n<2N

H

N | 3H
R < ~log2H + — (1 —)
< 7 log +th:; og

(d) Deduce that
R < NH 'log2H + H'?X'2N~1 + H~12x~112N2,
Explain why

L
M < —
h

Z u(nye(hXn™?)|.

N<n<2N

h=1
(e) Assuming that (hX)'/> < N < (hX)3/3 for 1 < h < H, deduce that

M < (N'PxXVegY6 4 N43X1/6)(log 2N)2.

85

(f) Assuming that the above bound for M is valid, in estimating M + R

the terms N'/5X'/H'%(1og2N)? and NH~'log2H are inescapable.

Apart from the logarithms, the combined contributions of these terms is

minimized by taking H = | N'/2X~'/7|. Thus we may be able to achieve

abound § < N'/2X'/7(log N)?, but certainly nothing better.

(g) Note that the estimate S < N is trivial. Thus the proposed bound for §

is useful only for N > X?/7.

(h) Inconnection with squarefree numbers, note that yl2x\i s xlizy-1/2

ify > x3/14,

(i) Show that (hX)'/5 < N < (hX)3/8 for 1 < h < N'2x~17 x2/7 <

N < X514,
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(j) Show that the other term in the upper bound for M, and the other two
terms in the upper bound for R are smaller than N'/7X'/7 (log N)? for
X2 < N < x4,

(k) Conclude that from RH it follows that

6 +&
Q(x) = —x+0("/2).

17.4 Digit sums of primes

Letn = 3, d;2' be the binary expansion of n, so that each d; is either O or 1. Then
s(n) = 3; d; is the sum of the binary digits of n. Since s(2n + 1) = s(2n) + 1,
it follows that | Z()SnsN(—l)S(")| < 1 for all N. Our object now is to show that

Z(—l)“‘(”) = o(n(x)) (17.55)

P<x

as x — oo. We begin by establishing a simple estimate that makes our work
shorter.

Lemma 17.4 Let M and N be integers with N > 2. Then for each integer
n there exists a weight w(n) such that w(n) > 1 for M+1 <n < M+ N,
w(n) = 0 for all other n, and

00

W(a) = Z w(n)e(na)
n=—oo
has the properties that max, |W(a)| = W(0) < N and W(a) = 0 if ||a|| =
1/N.

Suppose that M + 1 <n < M + N. Then

1
1 <w(n) =/ W(a)e(—na) da
0

1/N 2
= W(a)e(—na) da < — max |[W(a)|.
—1/N N «a
Thus our bound for max |W(a)| is optimal, apart from constants. If sharp
constants were required, then we would appeal to Theorem [E.5] but for our
present purposes we have no need for such sophistication.

Proof We recall that if f(x) = max(0, 1 — |x|), then f(r) = (322£)* If N
is even, put K = M + N/2. If N is odd, put K = M + (N + 1)/2. Thus in
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either case, K is an integer. After several changes of variable we deduce that if
g(x) = Nmax(0,1 — N|x + a|)e(K(x + @)), then

1 _ 2
70 = (S 4 K;)/VN [ etia.

By the Poisson summation formula in the form of Theorem D.3, we find that
2n8(n) = X, g(k). Thus

3 sint(n—K)/N
W)= 4 Z ( 7(n—K)/N )e(m)

n=-—00
2
ZN max (0,1 — N||a||)e(Ka)

has the required properties. O

The function (—1)*) has a power series generating function

[

P(x)= Y (-1 =] (1-2%) (17.56)
n=0

J=0

for |z| < 1, but in our quest to prove (17.55) we find it easier to work on the
unit circle with a truncated sum, so we set

J-1
T;(6) = Z (—1)S(”)e(n0)=1_[(1—e(2j0)). (17.57)
0<n<2’ j=0

We now derive a uniform upper bound for |7 (6)].

Lemma 17.5 Let T;(0) be defined as above. Then
max |T;(0)| < \/5].

Since 7;(8) is a sum of 27 unimodular terms, it is trivial that |T;(6)| < 27
for all 6. Put

log3
—1- 282 _0.20752. (17.58)
log4
Our lemma asserts that
max |7 (0)| = 2(-a)/ (17.59)

Thus @ measures the extent to which the maximum of |7| is smaller than the
trivial upper bound 27.
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Proof From the identity 1 — e(B8) = —e(B/2)(e(B/2) — e(—B/2)) we see that

J-1
T, (0)] = ]_[ |2 sin7270).
j=0

When 6 = 1/3, each factor on the right has the value V3; thus |7 (1/3)| = \/§J,

so0 |T;(0)| achieves the indicated size, and it remains to derive a uniform upper
bound for |T;(6)].
Let £(0) = sin® 76 sin® 276 sin 476. We first show that

|£ ()] < 27/64 (17.60)
for all 6. By use of the double angle formulas for sine and cosine we find that
£(0) = 32(sin76)°(1 — sin® 76) (1 — 2 sin® 7).

Let p(u) = 32u’(1 — u)*>(1 = 2u). Thus p(u) > 0for0 < u < 1/2, p(u) <0
for 1/2 < u < 1, and it suffices to show that |p(u)| < 27/64 for 0 < u < 1.

Now p’(u) = =32u?(u — 1)(3u — 1)(4u — 3), so p(u) is increasing for 0 <
u < 1/3, decreasing for 1/3 < u < 3/4, and increasing for 3/4 < u < 1.
Hence maxg<, <1 p(u) = p(1/3) = 128/729 = 0.1756 and ming<,<| p(u) =
p(3/4) = -27/64 = -0.4219, so holds.
If2K=J—-1o0rJ -2, then
J-1
1T () = [_[ |2 sin 2/ 76
j=0
2K-1
< |2$in7r6?|2( l_[ |25in2kﬂ9|3)|25in22K719|
k=1
-1
= | | 1641 (4%0)| < 27K <« 337172,
k=0
so we have the desired upper bound. O

Since the functions log |1 — e(2/6)| move on widely different periods, we
expect them to be nearly independent, and so we expect that log |7 (6)| should
be distributed as if it were a sum of J independent random variables. As

1
/ log|1 - e(6)|d6 =0 (17.61)
0

and
T

1
/ (log|1—e(0)])*do = —, (17.62)
0 12
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we expect that

exp (= CVJ) < |T;(8)| < exp (CVJ) (17.63)

for most 6, if C is a large positive constant. On the other hand, by Parseval’s
identity it is trivial that

1
/ IT;(0)|* d6 =27, (17.64)
0

which is to say that ||Ty|l» = 27/2. This is much larger than the order of
magnitude in (I7.63), so we infer that the large value of the 2-norm is due to a
small set of 8 for which |T;(0)| is exceptionally large. If this is the case, then
we would expect ||Ty||; to be smaller than the root-mean-square, ||Ty||>. The
next lemma helps us to show that this is the case.

Lemma 17.6 Let g(0) = sin 0 sin 276, and put
h(0) = 1g(0)| +1g(6 + 1/4)[ +g(0 +1/2)| + [g(6 + 3/4)|.
Then

m(slxh(H) =h(1/8) =2+ V2.

Proof Clearly h(6) has period 1/4. Since g(0) is even, it follows that i(0) is
also even. Hence we may restrict our attention to 0 < 6 < 1/8. In this interval,
g(0)>0,g(0+1/4)>20,g(0+1/2) <0,and g(6+3/4) <0, s0

1 1 1
h(9) = 5(2 - \/5) sin® 776 cos 0 + 3 sin 776 cos® 6 — Z\/§0053 o

1 1 1 1
= 5(1 + \/5) cos 8 + 3 sin 6 + E(\/E— 1) cos 370 + 3 sin 376.
(17.65)

Consequently,
W) =- g(l +V2)sinn0 + %cosn@
3 3
- %(‘/E —1)sin 370 + 77r cos 376,
2

n? g
h'(6) =- 7(1 +V2) cos 16 — 5 sin 76

9r? or?
- %(\5— 1) cos 376 — % sin 376.
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In this last formula all terms are < 0, so it is clear that 4”7 (6) < 0. But

h/(1/8):-%(“_\5)\/1—;/\54_%\/14.;/\/5

(\/—_1)\/1+1/\/_+3271\/1—1/\/§

=—(2 V2)2-va+ 2 74 3V2)y2 + V2

=0
because V2 — V2 = (V2-1)V2+ V2 and 4 - 32 = (1 - V2)(2 - V2). Hence

the maximum is attained at # = 1/8, and from we see that

17.63
h(1/8)=%(3_\/5)\;#4_%\5\/—1_;/‘5:\,2_,_\/5‘ m]

It is convenient to observe that
T7(60) =T;—;(0)T;(27776). (17.66)
Lemma 17.7 Let 8 = 0.057111674 . .. be determined by the relation 4% =

2/N2 + V2. Then

2]
Z IT;(0+a/2))| < 2B/2-B)
a=1

uniformly in 6.

By integrating this bound over 0 < § < 1/27, it is immediate that
1
/ IT7(0)| do < 201/2-B) (17.67)
0

Thus g reflects the margin by which we can say that ||7;||; is smaller than
7112

Proof LetS;(6) denote the sum to be bounded. By taking j = J—2in (17.66),
we find that
2J
$7(0) = Y 1T2(0+a/2))||T;2(40 + af2 ).
a=1

Here the second factor has period 2”2

with respect to a, so the above is
2]—2

=4 [Ty 240 +a/2" ) |h(0+a/2")
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in the notation of Lemma Hence by that lemma it is immediate that

S7(6) < 42+ V28, _5(46).

We apply this K = [J/2] times to see that
K
S,(6) < (4 24 «/5) Sy-2x (22K 6).

But Sp(0) < 1, S;(0) < 1, and 2(2 + V2)1/4 = 23/2-B 50 we have the stated
result. o

By applying and then Lemma [17.7] with J replaced by J — j, we
deduce that
2J-j
Z T/ (0 +c/2" )| < |T; (27~ 9)[20/2-P) =D, (17.68)
c=1
In Theorem [E2] it is shown that if @ is irrational, then the numbers n6
are uniformly distributed modulo 1; this is achieved by combining the simple
exponential sum estimate of Lemma with Weyl’s Criterion. In general,
as we let n run from 1 to N, we expect that n6 will fall into a short interval
I approximately the expected number of times. However, it can sometimes
happen that a short interval is hit far more times than expected. We now show
that this can only happen when 6 has a rational approximation a/g that is
exceptionally good, and with g unusually small.

Lemma 17.8 Let 0 be a given real number. Suppose that 6| < 6,/12, that
N > 3/65, and that nf € I = [¢ — 61, ¢ + 1] (mod 1) for at least 6N of the
integers n € [1, N]. Then there is an integer g with 1 < g < 9/6,, such that

361
0l < —. 17.69
ladll < 5% (17.69)
By Dirichlet’s theorem we know that thereisa g < N suchthat ||¢8| < 1/N,
but the g described above gives a better approximation, and with a g that is

quite small.

Proof Among the positive integers g < N, let g be the one for which ||g6||
is minimal. For 0 < n < N, arrange the numbers {n6} in increasing order,
and consider the minimal gap between consecutive terms, say {n6} < {n,6}.
Then ||(n; — np)0|| is the length of this gap. But 0 < |n; — ny| < N, and
||g0|| is minimal, so we see that of all the gaps between the numbers {n6},
the gap between {g6} and O (or 1) is minimal. With n6 € [ for at least 6, N
values of N, we have > §,N — 1 gaps, each of length at least ||¢8||. Hence

lg8]|(62N — 1) < 26,. This implies (17.69), since 62N > 3.
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cite

92 Estimates for Sums over Primes

We divide the interval [1, N] into < N/g + 1 intervals of length < ¢. For a
given ng, we consider those n, ny < n < ng + g such that nf € I (mod 1). We
puté =60 —a/q, so that

nf = ngl + (n —no)a/q + (n — ng)o.

By we know that |6] < 36/(62gN). Hence
36, 1
-ny)d| < — < —,
[(n =)ol < 55 < o

since 61 < d2/12. Thus if n6 € I, then (n — ng)a/q € J = [¢p — ng — 61 —
1/(4N), ¢ —no8+5+1/(4N)]. Since the numbers (n—ng)a/q are in arithmetic
progression with common difference 1/¢, the number of n, ny < n < ng + g,
for which (n—ng)a/q € Jis < 1+¢q(26;+1/(2N)) < 251g+3/2since g < N.
Consequently, the total number of n < N for which n6 € [ is

< (N/q+1)(261g +3/2) = 26\N +3N/(2q) + 2619 +3/2.

Since g < N, the first and third terms on the right hand side sum to < 49|N <
02N /3. The last term is < §,N /2, since N > 3/0,. Since the number of n < N
for which n8 € [ is by hypothesis > 6, N, we conclude that
5 3N
02N < —0N + —,
2 62 2q
which implies that g < 9/6,. O
With Lemmas in hand, and most particularly with our nontrivial
estimates of ||7 || and of ||T||;, we are now in a position to apply Vaughan’s
identity with £(n) = (=1)*"" to prove
Theorem 17.9 (Mauduit & Rivat,2010) Let s(n) denote the sum of the binary
digits of n. Then

Z (=1)*MA(n) < N'71/263, (17.70)
n<N

Proof For N > 2 we set
T(0) = Z (=1)*™e(ng).
n<N

If we choose J so that 2/~! < N < 27, then T is a truncation of the sum 77,
and hence by (E.2T)) and (E.23)) we know that

1Tl < N'"%log N (17.71)

and that
IT|l; < N'*FlogN (17.72)
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where  and 3 are defined in (T7.58) and Lemmal17.7] We take f (n) = (=1)%(")

in Vaughan’s identity in order to estimate S = , < f(n)A(n). Our treatment
of the Type I sums is very simple:

> fny =1 Y T,
a=1

n<N
tin

By the triangle inequality and (T7.71)) it follows that

>3, s

t<U r<N/t

< UN'"%logN. (17.73)

By replacing N in (I7.71) by w and differencing, we see that

mvgx‘ Z f(n)e(n@)‘ < N'"logN

w<n<N

uniformly in 8. Hence by the same reasoning,

l-a
;/I‘Bg)f) Z f(dh)‘ < VN "%logN.

w<h<N/d
Thus
S3 < VN'"%(log N)? (17.74)
in the notation of (I7.9). We write S» = >,y + Yy<i<uv = S1 + Si1; then
S; < UN'"%(log NUV)? (17.75)

by (I7.73). We treat S;; and S4 as Type II sums, and for that we show that if
|b| < 1 forall m, |cx| < 1forall k,and M < K, then

Z bmcx f(mk) < K'*epM1=B/G-4B)+e
M<m<2M
K<k<2K
mk<N

+ K1-1/(0-88)+e pr1+(1-28)/(10-88)+& (17 76)

Here the second term is largest when M =< K = N'/2, at which point it is
= N1=B/10-88) Here B/(10 — 88) = 0.00598 ... > 1/200. The first term on
the right above becomes larger as M becomes smaller (with K < N /M), but we
take U =V = N“(3_4ﬁ)/(3_3ﬁ), and note that then NUF/G-48) = yN!-@ =
N'=@B/3=38) Here a8/(3 —3B) = 0.0038104 > 1/263. To treat a block with
M > K we simply reverse the roles of m and k. For S4 we take

1
b = p(m), Ck = m Z A(d)
dlk
it
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or vice versa if M > K. Conditions such as m > U and k > V can be met by
stipulating that b,, = 0if m < U and ¢, = 0if k < V. To treat S;; we take

{b(m)/logN (m=0), {1 (k <UV),
k =

by =
0 (m < U), 0 (k>UV)

or vice versa.
By Cauchy’s inequality, the left hand side of is

le/z( Z Z ckf(mk)‘z)l/z.

M<m<2M K<k<2K
mk<N

Thus to prove (I7.76), it suffices to show that

Z ) Z Ckf(mk)‘z « K28 )1-2B/(3-4B)+e

M<m<2M K<k<2K
mk<N

+Kz_1/(5_4'8)+SM1+(1_2'8)/(5_4ﬁ)+5.
(17.77)
By van der Corput’s lemma (Lemma[T6.8) we see that

> s

K<k<2K
mk<N

K+H-1
< —F E lex f (mk)|?
H
K<k<2K
mk<N

H
K+H-1 —
+2Re ——— Z(l — h/H) Z CranCrf (m(k + b)) f(mk).
h=1 K<k<2K-h
m(k+h)<N
Here H is a parameter to be chosen later, subject to H < K. The first term on
the right hand side above is < K?/H. We sum the above over m to see that the

left hand side of (I7.77) is

KM K &
DYDY ’ Sk h)fmb)|. (17.78)
h=1 K<k<2K M<m<2M

m(k+h)<N

Letn =} ;d j2f be the binary expansion of n. We divide 27 into n, so that
n=q2’+r. Thenr = 2j<J dJ-Zj ands(n) = s(q)+s(r).Puts;(n) = 2., d; =
s(r) = s(n)—s(q). Thusif g2’ < m,n < (g+1)27,thens(m)—s;(m) = s(q) =
s(n) = sy(n). Put fr(n) = (=1)"_ Then f(m(k + h)) f(mk) = fr(m(k +
h)) f7(mk) unless there is a multiple of 2/ between mk and m(k+h). We choose
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J so that 27 is large compared with M H, but small compared with M K. Suppose
that mk < ¢2’ < m(k + h). Then {mk/2’} > 1 —mh/2’ > 1 -2MH/2’.
Thus

D Fmk)fmk+m) = Y fr(mk) fr(m(k + )

M<m<2M M<m<2M
m(k+h)<N m(k+h)<N (17 79)
+o > 1). '
M<m<2M
{mk/27}y=1-2MH/2’
We group pairs m, k according to the value of mk to see that
x &
l+epqe
I Z Z Z 1< K™M Z 1
h=1 K<k<2K M<m<2M n<dMK

{mk/2’}>1-2MH |2’ {n/2?y=1-2MH/2’

since d(n) <« (MK)®. We divide the interval (0,4MK] into <« MK/2’
intervals of length 27 . For n in an interval of length 27, the inequality {n/2”} >
1 —4MH /2’ holds for <« M H values of n. Hence the above is

< (KM)??H/2’. (17.80)

The function f; is periodic with period 27, and so has a finite Fourier transform,
& 1
fita) = 55 ) fa(me(=an/2’) = 55T) (-a/2’),
n=1
so that

2.1
frm) = Y Fr(@)e(an/2”).

a=1

Thus the first term on the right hand side of (I7.79) is

2/ 2t
DY F@fb) > e((am(k+h)+bmk)/2”)
a=1 b=1 M<m<2M
m(k+h)<N
2 2 _
< Y > Ifs(@) f(b) min(M, 1/|[(a(k + ) + bk) /27 )
a=1 b=1
by (16.4). To this contributes an amount
K & 2 2 _
<52 20 222 1 @fib) min(M.1/|[(a(k +h) +bk) /2.

h=1 K<k<2K a=1 b=1
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Our estimate for this depends on the power of 2 dividing a+b. Write a+b = ¢2/
with ¢ odd. We may assume that a and b are odd, since f;(a) = 0 if a is even.
Thus 1 < j < J, and the above is

K - )
< Zl 21 Zl (@) f5(c2 = a)
T (17.81)
H
x Z min(M, 1/||ck/27 77 +ah/27])).
h=1 K<k<2K

Let wy(h) be weights that arise when Lemma is applied to the interval
[1, H], and let w, (k) denote the weights when Lemma [T7.4]is applied to the
interval [K,2K]. Then

H
Z Z min(M, 1/||ck /27~ +ah/27|)
h=1 K<k<2K

< i i wi(R)ywa (k) min(M, 1/|[ck/27 77 + ah/27|)).

h=—00 k=—00

Let g(x) be defined as in Theorem [E.6] Then the above is

< Z Z wi(h)ywa(k)g(ck/2" ™ +ah/2”)

h=—0c0 k=—00

M

Z g(m) Z wi(h)e(mah/2”) Z wa (k)e(mek/2777)
m=—M h=—o00 [ —
M

D BmWi(ma/2")W(me /2’ ).

m=—M

By Lemmas and Theorem this is

< HK (log M) (1 + i 1). (17.82)
Ima/ <1/
lme/2’~7|1<1/K
By we see that
27-i

Jlc A—a < |Jjla A - . /.
If ( 2/ )| |fj( )|2(1/2 V=) (1 83)
c=1
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Hence
J 277 _ . . 2/ _ N
DUR@I Y 1fi(c2) = a)| < 202PVD N Fia) fi(a)l. (17.84)
a=1 c=1 a=1

By (I7.66) we see that
fita) = 2LJTJ(a/Z’) = 2i,TJ_,-(a/zJ)T,-(a/zf)
= %Tf—f(a/ﬂ)fj(a). (17.85)

Write a = ag + a;2/. Then the right hand side of (T7.84) is

2J 2J-J
= 2CV2RD R fiao) ) ITs- (a0 +ar /27 ).
ao=1 a1:1

By Lemma this is

J
<« 2(-28)(J-)) Z |75 (ao) .

a():l
Here the sum over ag is = 1 by Parseval’s identity, so we conclude that

2J=J

J
D@1 Y 1fi(c2) —a)] < 202U =D, (17.86)
a=1

c=1

Hence the term HKlogM in (T7.82), which reflects the mean value of
min(M, 1/||x||), contributes to (T7-8T)) an amount that is

< K218 109 M. (17.87)
It remains to estimate
o) g 2 _ _ M
Klogh) ) > ) If@fse o)l > 1 (1788)
a=1 j=1 c=1 m=1
2tc lma/2’ ||<1/H

llme/2’~711<1/K

The way that we proceed depends on the size of 2/~/. Suppose first that
27-J > K.Since M < K, the numbers m = 1,2,..., M comprise at most one
complete system of residues modulo 27/, and hence the number of them for
which ||mc/2’77|| < 1/K is < 2777 /K since c is odd. By (T7.86), such a j
contributes to (T7.88) an amount

< K2027280=]) log M,
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and the sum over such j contributes
< K227 10g M. (17.89)

Next suppose that M < 27~/ < K. For1 <m < M < 2’7/ wehavem % 0
(mod 2”/77), and hence ||mc/2’~/|| = 1/277/ > 1/K. Thus in (17.86), the sum
over m is empty when M < 27~/ < K. Finally, suppose that 2/ =/ < M. Since
K > M, the inequality |lmc/2’ /|| < 1/K holds only when m is a multiple of
27=J . Write m = r2’/~/. Then we have to estimate

27 27 M /27T
Kloght) ) 3 Y IB@fi(c ~a)l ) 1. (17.90)

a=1 ] c=1 r=1

ISZJ{JSM lra/27|<1/H

To the extent possible, we argue as before. By the above is

27 L R M 27T
<KXlogM) > > 20EPUDIF @@l Y1
a=1 J r=1
1<2/=7 <M llra/2|I<1/H

We appeal to and write a = ag + a2’ to see that the above is

2J
= K*(logM) > 2CAUD N Fiag)

J a()=1
1<2/-7 <M
M/zlfj 2J-J
x> DT a0/2! +ar /2.
r=1 a=1
lra/2’||<1/H

We apply Lemma|[I7.7)to the sum over a;, and thus see that the above is

27 M2
< K*(log M) Z 2“—2/3)”—/)21|fj(ao)|2 Z 1. (1791
j =1 r=1
1«2 <m “ lrao/27 lI<1/H

In general, we would expect the sum over r to be about M /(H2’~/) in size. Let
Bbe chosen later, B < H. The ag for which the sum over ris < M /(B2’~/) con-
tribute an amount < M /(B2’7/), by Parseval’s identity. Now consider those
ag for which the sum over r lies between 2:M/(B2’~7) and 2i*' M/ (B27 7).
This is far more solutions than we expect, and by Lemma [I7.8]it follows that
there is a ¢ < B/2' such that ||gag/2’|| < B27~7/(2'HM). Let h denote the
integer nearest gag/2/. Then 1 < h < ¢, and
| 2/h B2’

-— | << =,
@0 q 2'HMgq



17.4 Digit sums of primes 99

so for each & there are < B2/ /(2’HM g) such ag. (There is no need to add 1 to
this estimate, since the interval in which the a lie has length > 1.) On summing
over h and over ¢ < B/2!, we find that there are < B>2’ /(2> HM)) values ay
in question. Since fj(ao) < 279 by (T7.58), we find that the contribution of
such ag is < B2(172@)J /(2! H). We sum over i, and combine our estimates to
see that

27 M/sz.i _ .
- M B2(72)
, 2
aog_l | fi(ao)l r; l <« e I
lirao/2’ I<1/H

To optimize this bound we take B = M 12h1/29-J/2+@] and thus see that

2J M /277
Yihi@P > 1< M PpTig e (17.92)
a0=1

r=1
llrao/2’I<1/H

Hence the quantity (T7:97) is

< Kle/ZH—1/22(1/2—d)J(10gM) Z 2(@=2B)(J~])
J
1<2/-7<Mm

But @ — 28 > 0, so the largest term occurs when 27-J < M, and hence the
above is
< K2M'Pa=2Bg=1/29(72=a) 106 pf. (17.93)

On combining this with (I7.78), (I7.80), (I7.87), and (I7.89), we conclude
that the left hand side of (I7.77) is

<K*MH™"+(KM)*?H2™ + K*20=2)7 10g M
+K2@72B) Jog M+ K2M 2o 120012200 o0 .
Suppose that 2/ < M HA. Then (apart from the & in the exponent), the first two
terms are < K?M(1/H + 1/A). If A and H are allowed to vary in such a way
that AH is held constant, then the third and fourth terms above are fixed, and
the sum of the first two terms is minimized by taking A = H. Accordingly, we
take J so that 27 =< M H?. Thus the above is
<<K2+8M1+8H—1 + K2M1—2ﬁH2—4ﬁ IOg M
+ KM>PH**PlogM + K’H'*2* M2 log M.

Here the last term is smaller than the second one, so may be ignored. If
K'=48/3 < M < K, then we take H = K'/0O=4F) / pg(1-28)/(5-48) Then the first
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and third terms are roughly equal and the second term is smaller. In this range,
all terms are

< K1-1/G=4B)+2 p1+(1-25) [ (5-4B)+e

For2 < M < K1_4ﬁ/3, we take H = M?P/(3-96) Then the first and second
terms are nearly equal, and the third one is smaller. In this range, all terms are

< K2+8M1_2B/(3_4ﬁ)+8.
Thus we have (T7.77), and the proof is complete. o
We note that (17.92)) is worse than the trivial bound

27 M2 2
Z |fj(a)|2 Z 1 < M27U=7) Z |fj(a)|2 < M2~U-D)
ap=1 r=1 ap=1

lrao/27 |I<1/H

when 2¢/=7) > pMa@H~1/22@ Thus we could improve on (T7.93), but this
would not lead to a stronger conclusion because the bound in (T7.93)) makes a
smaller contribution than the estimate (I7.87).

17.4.1 Exercises

1.For0 <r <1,let f,(0) =log|l — re(8)|.
(a) Show thatif 0 < r < 1, then

S

n
fr(0) =- E T cos2nnb.
n

n=1
(b) Show thatif § ¢ Z, then >, (cos 27n6) /n converges.
(c) By Abel’s theorem (cf §5.2), deduce that

o cos 2mnd
fil) == =
n=1

when 6 ¢ Z.

(d) Show that
L
£1(0) = f-(8) < min (W,log W)

(e) Deduce that || fi — fr|l1 < (1 =r)log(2/(1 —r)).
(f) Show thatif 0 < r < 1, then

_ylnl

fr(n) =1 2ln|
0 (n=0)

(n #0),
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(g) By the inequality | f,-(n) — fi(n)| < |If — fill1. deduce that

(n#0),

finy=4{2n
0 (n=0).

(h) Deduce (17.61).
(i) Deduce (17.62).

. (a) Show that |1 — e(0)| + |1 + e(6)| < 2V2 for all 6.
(b) Let S;(6) denote the sum in Lemma Show that

S;(0) <2V28,_,(20).

.For 1 < n < N, let X,, denote independent random variables with P (X,
+1) = 1/2. For a generic point w of our probability space, let f,,(6)
3N | X,e(nb) denote a random exponential polynomial.

(a) Show that

1
/0 o) d6 = N

for all w.
(b) Show that

2N

1 4 2
[v@ra=3( 3 ).

n=2 1<m,k<N

(c) Show that the number of pairs (m, k) with 1 < m,k < Nandm+k =n
ismax(0,N — |N + 1 — n|).
(d) Show thatifnisodd,2 < n < 2N, then

E[ > Xm,xklxmzxkz] —2(N=|N+1-n).
1<my,ky,mp,ko<N
my+ki=my+ky=n
(e) Show that if n is even, 2 < n < 2N, then
E P X X XX | =2V = N+ 1= n]) - 1.
1<my,ki,my,ko<N

m+ki=my+kr=n

(f) Show that

E[/1 |fw(9)|4d6] —2N? - N.
0
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(g) Deduce that

P(/Ol £ (6)|* d6 >4N2) <

Lo ([ ([ )"

R =

(h) Show that

for all f.
(i) Show that

P(/O1 £, (0)] d6 > g) > %

With more work, it can be shown that /01 | fo (8)|* d6 is usually near its
expectation, with the result that the probability considered in (i) above tends
rapidly to 1 as N tends to infinity. Also, it is unlikely that || f,, || Would be

much larger than /N log N. Hence in Lemma and (17.59) we see that
the coefficients (—1)*) produce behavior that would be highly atypical for
a random sequence.

4. Suppose that 0 < 61 < §,/2,that N > 1/6,, that 1 < g < 1/(283), choose
a sothat (a,q) =1,put@ =a/q+61/(52gN), and set I = [0,26,].
(a) Show that ||g8|| = 61/(62N).
(b) Show that n8 € I (mod 1) for at least 5o N valuesof n, 1 <n < N.
done as proper 5. (Mauduit, Montgomery & Rivat, |[2018])

cite

(a) Explain why |T;(0)|* = |T;_2(6)|*|T>(27~26)|*.

(b) Explain why |71 (6)[* = |T;2(0)|*|T1 (27 20)|*.

(c) Write |T2()|* = 2|T1()|* = 16 = X°_, ¢, cos 2nna. Show that ¢ =
Ccl1 = 0.

(d) Explain why [ [Ty_2(8)|*e(k6) d6 = O if [k| > 2/~ ~ 1.

() Putuy = [ [T;(6)[* d6. Show that ug = 1, u; = 6, and that

uy=2uy_1+16uy_,

for J > 2.

(f) Show that

17 +5V17 17 - 5V17
u]=+3—4\/_(1+\/ﬁ)1+3—4\/_(1—\/ﬁ)1.
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17.5 Notes

Section The description of the various sums as being of Type I or Type
II was introduced in [Vaughan| (1977b). The identity connecting S with
S1, S2, S3 and S4 was first displayed in [Vaughan| (1977a)). The proof there
was elementary, and the identity was discovered during an investigation of the

properties of
D, ulm).

mln
m<U

Methods based on the identity had already been used in|Vaughan|(1975)
which had been noticed as an improvement of Gallagher’s identity

r U
— = 2GHIIGH - (— - G) .

¢ ¢
This would be considered now a special case of Heath-Brown’s identity (Heath-
Brown| [1982), which is discussed in Exercise 17.1.1[6] Montgomery then poin-
ted out that and are simply different manifestations of the same
underlying relationship.

The introduction of the relatively simple identity lead to a revived
interest in a number of cognate problems that had otherwise been considered
inaccessible. From among the many examples, we note the work of |Heath-
Brown & Patterson| (1979) on the distribution of the arguments of Kummer
sums (see also|Heath-Brown, |1982)), and also the work |Green & Tao|(2012) on
the nature of the Mobius function.

Section On the hypothesis of Theorem Vinogradov| (1937b)
showed by a method based on the sieve of Eratosthenese that

S(a) < (Nq_l/2 +Nexp(—%\/10gN) +N%q%) (logN)%,

see also [Vinogradov| (1954), Chapter 9, Theorem 1. Vinogradov later made a
number of improvements to this, and applied the technique to other situations.
The ultimate result is Theorem 3 in Chapter 9 of |Vinogradov| (1954)). For a
general account of his work see the Royal Society obituary at|{Cassels, Vaughan
(1985).

In response to a question of N. J. Fine, |Besicovitch (1961) showed that there
exist continuous 1-periodic real-valued non-constant even functions f such that

Z:l f(a/q) = 0 for all positive integers g. The construction of Bateman &
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Section Concerning n* + 1, the quantitative conjecture with the constant
C in (T7.42) is Conjecture E in §5.42 of[Hardy & Littlewood|(1922).

Instead of breaking the interval (K, 4K into subintervals .%,., we can restrict
attention to terms near the diagonal by applying van der Corput differencing
(Lemma(16.8)), as we do in the proof of Theorem|17.9

Theorem is in|Piaetski-Shapiro|(1953). The connection with exponential
sums and the van der Corput method has led to many refinements over the years.
The best result currently is that the % has been replaced by % by|Rivat & Wu
(2001).

Section For an integer ¢ > 1 and a positive integer #, let s, (n) denote
the sum of the digits in the base g expansion of n.|Gel’fond|(1967/1968)) posed
the problem of determining the distribution of s, (p) modulo m for arbitrary ¢
and m greater than 2. This was settled by Mauduit & Rivat (2010), who showed
that there is a 6, ,,, < 1 such that for all integers a,

card{p <x : s4(p) =a (mod m)} = %ﬂ(x;d, a) + O(xoq,m)

where d = (m, g — 1). Our discussion of the special case ¢ = m = 2 follows
an unpublished exposition of Green, and does not require some of the ideas
needed to treat the general case. See also [Drmota, Mauduit, Rivat| (2020).

The result of Exercise [I7.4.1]5(e) is a special case of the following result of
Mauduit, Montgomery & Rivat|(2018): If k is a fixed positive integer, and

1
I = / (T ()P da,
0

then the integrals /; satisfy a linear recurrence of order k.
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18
Additive Prime Number Theory

We now address additive questions involving prime numbers, particularly the
problem of expressing an integer as a sum of k primes

n=py+pr+---+pr. (18.1)

The cases k = 2 and k = 3 of this were first enunciated by Goldbach in letters
to Euler in 1742. We employ the ‘circle method’ of Hardy-Littlewood, as later
modified and improved by Vinogradov. For sums of three primes our method is
successful. For sums of two primes our method fails, but we can nevertheless
show that almost all even numbers can be expressed as a sum of two primes.

Let r¢ (n) denote the number of solutions of in prime numbers p;, and
let r¢(n, X) denote the corresponding number with no p; exceeding X. Thus
ri(n) = ri(n, X) for n < X, and the identity

Zrk(n, X)e(na) = ( Z e(pa/))k
n p<X

is an immediate consequence of writing the product on the right as a k-fold sum
over pi,..., Pk, and then combining those terms for which p| + - - + px = n.
Thus the generating function

S(a) = Z e(pa) (18.2)

p<X

readily lends itself to the study of additive problems, and it is from its properties
that we derive estimates for r (n).

1 1 whenm=0,
/ e(ma) da =
0

Since

0 otherwise,

106
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the functions e(ma) are orthonormal on the circle group T = R/Z. Thus

1
rk(n,X):/O S(a)ke(-na) da, (18.3)

which is merely the formula for the n'™ Fourier coefficient of S*.

The size of S(a) at an arbitrary point @ depends on the extent to which «
can be approximated by a rational number a/q with g relatively small. The
primes are uniformly distributed among the reduced residue classes modulo g,
but the reduced residue classes are not equally distributed, so we expect that
the numbers S(a/q) are sometimes large. Indeed,

q
S(a/q) =) e(ha/q)n(X;q, h),
h=1
which is approximately
1 q
—1i(X) e(halq)
¢(q) ,Z;
(h,q)=1

if ¢ < (logX)4. The inner sum above is Ramanujan’s sum cq(a), and by
Theorem 4.1 we know that ¢, (a) = u(g) when (a, g) = 1. Thus the above is

N

~ w(q)

if (a,q) = 1. By partial summation we find that S(@) has a peak of width
comparable to 1/X at a/q when g is squarefree. The principle of the Hardy—
Littlewood circle method is to obtain an asymptotic formula for ri(n) by
estimating the contributions to the integral (I8:3) from those peaks when g is
relatively small, and then to show that the remaining portions of T contribute
in toto an amount of a smaller order of magnitude.

18.1 Sums of three primes
We now execute the approach outlined above in the case k = 3.
Theorem 18.1 (Vinogradov, [1937) Let made proper

cite
&= ([0 G2 T+ 555)

pln pin
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and

3
= > [

mi+mp+msz=n =1
m;>1

Then for any fixed positive number A,

r3(n) = G3(n) Is3(n) + O (n*(logn) ™),
and

Is3(n) = %nz(log n)73(1+0(1/logn)).

The quantity S5 is written above in the form of an Euler product, but we first
encounter it below in expanded form, as an infinite series. In the parlance of
Hardy-Littlewood, this is a singular series. Hence the use of the fraktur letter
S to denote it.

It is readily seen that S3(n) = O for even n and that S3(n) < 1 for odd n.
Consequently, all sufficiently large odd numbers can be expressed as a sum of
three primes.

We begin with two lemmas. In the first of these, we find that S(«) is relatively
small when « is not near a rational number with small denominator. The second
relates to a sum that is useful in describing the peaks of S(«).

Lemma 18.2 Suppose that | — a/q| < 1/q?, that (a,q) = 1, and that S(«)
is defined as in (18.2). Then

S((Y) < (Xq—l/z +X4/5 +X1/2q1/2)(10gX)3/2,
Proof LetT(u) = X ,<,(log p)e(pa). By Theorem we see that

T(u) < (ug™ " +u® +u'2¢"2) (logu)*>. (18.4)
Then
X X
T(X T
S(a) = / (logu) ™" dT (u) = x + / _Tw u,
9- logX J, u(logu)?
so the stated bound follows from (18.4). i

Lemma 18.3 Let U(B) = Xi<m<x e(mpB)/logm. Then
UB) < Y/logY
where Y = min (X, [|8]|7!).

Proof When ||B|| < 1/X, we argue that |U(B8)| < U(0) < X/log X. When
I|BIl > 1/X, we again bound the contribution of m < Y trivially. For the range
Y < m < X we appeal to (16.4)), and integrate by parts. O
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Proof of Theorem[I8.1] Let P = (logX)® and Q = X/P where B is to be
selected later as a function of A. We now dissect T into appropriate arcs. For
g < P and (a,q) = 1, let M(q, a), called a major arc, denote the interval
consisting of those @ for which |@ — a/q| < 1/Q. Further, let M denote the
union of these M(q, a). If M(g,a) and M(q’,a’) are two major arcs with
alq #a'/q’,then

’

1 1 2

> > o2 > —,

qq¢’ P> Q
so M(g,a) and M(q’,a’) are disjoint. We define m, the minor arcs, to be
m="T\M.

From (I8.3) we see that

q
r3(n, X) 2/5(0)38(—71(!) da + Z Z ‘/sm( )S(a)3e(—na) da.
m q.a

qg<P a=1
(a,q)=1

q9 q

| a a

We first estimate the integral over m. By Dirichlet’s theorem, for any real
number @ and any Q > 1 there exist ¢ and a with ¢ < Q, (a,q) = 1, and
la —a/q] < 1/(gQ). If g < P, then @ € M(q,a). Thus if @ € m, then
P < g < Q, and hence

S(a) < X(log X)3/>-8/2

by Lemma By Parseval’s identity and Chebyshev’s estimate we have

/1 1S(a)|* da = n(X) < X/log X.
0

Therefore

1
/ |S()’ da < (max|S(a)|)/ 1S() 2 da < X*(log X)V/>~B/2,
m m o
Thus
/ S(a')3e(—na) da < X2(logX)_A (18.5)

provided that
B>2A+1. (18.6)

When a € M(q, a), we can approximate S(@) via the Siegel-Walfisz the-
orem. Let

Sa/g,x) = ) e(palq).

P=<x
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The number of primes p with (p, g) > 1is < log g. Thus

q
S(alq.x)= ) =(xiq.he(ha/q)+0(logq).

h=1
(h,q)=1
Let the logarithmic sum be

Is(x) = Z (logm)™" =1Li(x) + O(1).

l<m<x

By the Siegel-Walfisz theorem (Corollary 11.21),

n(x;q,h) = ;SE;; + O (X exp(—cy/1log X))

uniformly for ¢ < P and x < X. Hence

S(a/q,x) = % 1s(x) + O (X exp(—c+/log X)). (18.7)

Let R(x) = S(a/q,x) —1s(x)u(q)/¢(q), and set B = a@ — a/q. Then
u(q)
¢(q)

Here the first integral on the right is U(), in the notation of Lemma We
estimate the final integral by integrating by parts and applying (18.7). Thus we
find that

X X
S(a):/ e(Bx)dS(a/q,x) = —= (ﬁx)dls()c)+‘/1 e(Bx) dR(x).

S(a) = ZEq;U(BHO((HIﬂIX)XeXp( c\/TogX)).

For a € M(q, a) we have |B| < 1/Q, and for arbitrary complex numbers u and
v we have |u? —v3| < 3|u — v| max (|u|?, |v|?). Therefore

S(a)® = #(9) 22U’ + o(x 3 exp(—cy/log X)).

w(q)?
Thus
S(a)le(-na)da =1(n) Y J(q)
/ qZP (18.8)
+O (M| X exp(—cy/log X))
where

1/0 3
I(n) = / Lo Ve s
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and

1g) <
Ja@) =053 Z e(-na/q).

(a.q)=1
Here I(n) is what Hardy & Littlewood would have called the singular integral,

and ), J(g) will turn out to be the singular series.
The measure of M is < 2P?/Q < X~ '(log X)*E. Moreover,

Z I(g) < Z o) 2 <P '=(logX)® and ZJ(q) <.

g>P q>P g=1

By Lemma([I8.3]

1-1/0
/ UB)F dB < 0*(log )~ < X2(log X) 25
1/0

and
1
/ lUB)|? dB < X*(log X) 3.
0

Thus if (I8.6) holds, then from (T8:8) we deduce that

2

/mS(a)%(—na)da:/O U(B)e(-nB) dB Z](q)+0(( XX)A)
Clearly
[ v@rep s =150
where

153 (n, X) = Z 1—1 log m,

mi+mp+m3=n j=
l<m; <X

Moreover, the sum in the definition of J(g) is Ramanujan’s sum c,(-n),
which is a multiplicative function of g (as we recall from Theorem 4.1). Since
cp(=n) = p = 1if pln and ¢, (—n) = —1 otherwise, it follows that

D) = Gs(n).
g=1

We take B = 2A + 4 so that (I8.6) is satisfied, and conclude that

/ S(@)’e(-na) da = G3(n) Is3(n, X) + O (X*(log X)™4). (18.9)
m
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This and with X = n give the first part of the theorem.

To establish the asymptotic formula for Is3, we first observe that

1 1
Is3(n) = P
3( ) Z 10g m <y e -2 (log mz) log(n —my — m2)

2<mi<n—-4

1 nome2 dx 1
3l ofety
logmi \ J» (logx) log(n — m; — x) logn

2<mi<n-4

B n—4 n-y-2 dx dy n
_/2 /2 (logx)(log y) log(n —x — y) +0((10gn)2)'

(18.10)

To estimate this integral, we first observe that if j and & are fixed integers, then

X2 dx X
/2 Goz 0 o o ~ oe 07 + O Gogryeet ) (181D

The point is that (log(X — x))* = (log X)*(1 + O(1/log X)) for 2 < x <
X /2, and then the remaining integral can be estimated by integrating by parts.
Similarly,

/m x dx __x +0( 5 ) (18.12)
> (logx)/(log(X —x))*k ~ 8(log X)i*k (log X)/+k+t )" 0
From (T8TT)) we see that

/H dx s /Xﬂ dx
> (logx)log(X-x) ",  (logx)log(X - x)

X N O( X )
~ (logXx)2 "~ " (log X)3 /"
We take X = n — y, and insert this in (I8:10) to see that

n-4 n—y I’l2
Is(n) = /z Gz ozt @+ O iogmy)

To estimate the contribution of the interval 2 < y < n/2 we use both (I8:1T)
and (I8:12) with j = 1 and k = 2. To treat the interval n/2 <y < n—4 we
replace y by n — y and use (I8.12) with j = 2 and k = 1. On assembling the
various estimates we obtain the stated result. O

18.1.1 Exercises
1. Let rr (n) denote the number of representations of n as a sum of k primes.

(a) Show that ri(n) = X<, ri—1(n = p).
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(b) Let

) (=D e
ek(n)_]_[(u(p_l)k_l)g(l (p-1)k) (18.13)

pln

and

Is¢(n) = Z ]—[ 1.. (18.14)

For each fixed k > 3 and each fixed A > 0, show that
ri(n) = G (n) Isk(n) + O (n*~ (logn)=4).

(Do this by induction on k with the already completed case k = 3 as the
basis of the induction. Do not use the circle method.)

2. Show that

X2 dx X 2X
/ = + + O( )
) (logx)log(X —x) (logX)?  (log X)3 (log X)*
3. (a) Use (16.4) to show that ), x ¢, (n) < glogq for g > 1.
(b) Show that ), x S3(n) =X +O0(1).
4. (Hooley, |1998)

(a) Suppose that A is a fixed positive number and x is sufficiently large.
Suppose further that a;, a,, az are non-zero integers, not all of the same

sign which satisfy |a;| < (logx)A. Shew that the number Y (x;a) of Really, Mr

solutions of Hooley!

aip1+azpr+azp3 =0
with p; < x satisfies

Y(x;a) ~ S(a)E(x;a)

where
S & cg(ara)e, (ara)ey(aza)
-3, 3 e
o o ¢(q)
(a,q)=1
and

1
(log m1)(log my)(logms)

my,mp,m3<x
ag m1+a2mz+a2m3=0
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(b) Let T(x) denote the number of triples p; < py < p3 < x of primes in
arithmetic progression. Prove that

Cx?
T~ Gogay
where
p(p - 2))
C= 22 2.
I],:L ( (p—1)?

18.2 Sums of two primes on average

Our minor arc treatment fails when we consider r;(n), but the major arc con-
tributions suggest the conjecture that

ra(n) ~ Gy(n)Isy(n)

as n tends to infinity through even values. Here S,(n) and Is,(n) are defined
as in (I8.13) and (18.14). Although we are unable to prove the conjecture, we
can prove that rp(n) is near S;(n) Isy(n) for most n. In order to display the
flexibility of the circle method, we switch now to the von Mangoldt function
A(n) rather than count primes with weight 1.

Theorem 18.4 Let

va(n) = 3 Am)A(n ~m).

m<n

Then for any fixed A > 0,

Z (¥2(n) — Sa(n)n)* < X3 (log X) 4.

n<X
Corollary 18.5 Let E(X) denote the number of even natural numbers n < X
such that n is not the sum of two primes. Then E(X) < X/(log X)4 for any
fixed A > 0.

Proof If nis even but not the sum of two primes, then ¢, (n) < n'/? logn. Let

E | (X) denote the numberof evenn, X /2 < n < X suchthaty,(n) < S, (n)n/2.
We observe that S,(n) > 1 uniformly for even n. Thus if n is counted by
Ei(X), then |y2(n) — Sy(n)n| > n > X. By Theorem [18.4]it follows that
E((X) < X/(logX)4. But E(X) < 1 +3, E;(X/2"), so we have the stated
result. O
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From (I8:13) we see that
cp(n)
S =[] (1+ ).
l:[ (p—1)?
This product is absolutely convergent, since ¢, (n) = —1 for all but finitely many

primes (namely the primes dividing 7). Hence we may expand the product, and

find that

2
S (n )—Z“E";cq(m.

(18.15)

Itis useful to be able to work with a truncation of this series. Thus, in preparation

for the proof of Theorem [18.4] we establish

Lemma 18.6 Let

S p)= 3 LD )

2 q
24 ¢(g)
Then

> (&) - &a(n, P)* < P2X(log X)?
n<X

for X > 2.

Proof By (4.7) we see that

&)~ S2(n.P) = 3 ”Eqich( <)

q>Q q>P

( )2 dlz

(g.n)
We write ¢ = dr and note that ¢(g) > ¢(d)@(r). Thus the above is

<X Zd o < D ¢<d>2

dln r>pP/ dln

Put
d* |2
F(n) = (; W) :
Then
D (&) - & P)? < P Y f(n),

n<X n<X
so to complete the proof it suffices to show that

D F(n) < X(log X)°.

n<X

(18.16)
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But this follows from Corollary 2.15, since f is a nonnegative multiplicative
function, f(p) = (1+ (p/(p —1))%)> =4+0(1/p), and f(pk) < k2, so that
Zpgx f(p)logp < x,

H (1+%+%€2)+-~)« (logX)4,

p<X
and
Z f(Pk)kIOgP
—g <.
p* P
k>2

[m]

An alternative derivation of the estimate (18.16) that avoids the appeal to
Corollary 2.15 is outlined in Exercise[18.2. 14| below.

Proof of Theorem The appropriate generating function is now
S(a) = Z A(n)e(na).
n<X

Thus we define i, (n, X) by writing
S(@)? =) yn(n, X)e(na),
n

and we observe that ¥, (n, X) = ¥o(n) for n < X. In place of the auxiliary

function U considered in §18.1] the appropriate function is
V(p) = Z e(np). (18.17)

0<n<X

Let w(n, X) denote the Fourier coefficients of V(8)2, so that

V(B)’ = D win X)e(np).

n

Thus w(n, X) = n+1 forn < X. We retain without modification the definitions
of P, Q, and the major and minor arcs given in the proof of Theorem [I8.1}
although the dependence of B on A may be different. The main idea is to apply
Parseval’s identity, but before we do so we truncate S,. By Lemma [I8.6 we
see that

DI+ D2(@a(n) - Ga(n, P))* < X*(log X)* 25,

n<X

Since also ¥« x ©2(n)? < X, it suffices to show that

Z (W2(n) — Sa(n, P)(n +1))* < X>(log X)~4 (18.18)
0<n<X



18.2 Sums of two primes on average 117
if B is sufficiently large in terms of A. At this point, we require only that
B> (A+3)/2. (18.19)
By Parseval’s identity,

0 1
Z(wz(n,X)—ez(n,P)w(n,X))2=/0 S(@)? = T(a)[ da  (18.20)

n=0

where

0 2 q
T(a) =) Sa(n, Pw(n, X)e(na) = ma) > Vie-a/q).
= 5t v

a=1
(a,q)=1

We first dispose of the minor arcs. By Cauchy’s inequality,

q
rof = (3 o) 3 s & e ‘”'4)

<P <P a=1
! ! (aiq)=1
1 " 4
<(logP) ) ——s5 ), lla—a/ql™
q<p P\U" 4

(a,q)=1

Forg < Pand (a,q) =1,

/||a/—a/q||_4d0/ <</ B4 dB < Q3.
m 1/0

Hence

/ IT(e)|* de < Q*(log P)? < X3(log X)>738.
m
From Theorem|[I7.1] as in the proof of Theorem|[18.1] we find that
max |S(@)| < X(log X)3/2-B/2,
Thus
/m IS(a)|* da < (max 1S(a)[?) /01 IS(@)|* da < X3(log X)7B.
On combining these estimates we conclude that

/ IS(a)? - T(a)]* da < X3(log X)°~5. (18.21)
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For a € M(q,a),let B=a —a/q. Then

r

2
(@) =Dy 2o ( ary > ||a—b/r||—2)
) 2ig0)? L
(br)l
b/r+a/qmod 1

by (16.4). For the b as in this last sum we have |la/q — b/r|| > 1/(qr). Hence

r

Do la=b/rI < () + Y (r/m) < (ar),
b=1 m=1
(b,r)=1
b/r+a/gqmod 1

so that
T(a) = "E";Q V(@)* +0((log X))
for @ € M(q, a). For such «, as in the proof of Theorem[I8.1] we have
S(@) =~ Eq; V(B)+0(Xexp (- cylog X)), (18.22)
whence

S(a)? = ”Eqisz)ho( 2exp (- cy/log X)).

By comparing our estimates for S(a)? and T () we find that
/ 1S(@)? =T () da < |M|X*exp (- cy/logX) < X>(log X) ™.
m

On combining this and (I8:21)) in (T8:20), we deduce that

D" (Wa(n, X) = Ga(n, Pyw(n, X))* < X*(log X) =4

n=0
if B> A+ 6. Assuming that A > 0, we may take B = A + 6, for then (I8:19) is
satisfied. Thus we have (I8.18), and the proof is complete. i

18.2.1 Exercises

1. (Lavrikl |1960) For positive integers k, let
T(X,k) = Z A(n)A(n - k).
k<n<X
Show that

Z (T(X. k) = Sy (k)(X —k))* < X3 (log X)™*
k<X
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for any fixed A.
. Show that there exist infinitely many pairs a, b such that a, a + b, and a + 2b
are all prime. Do this in two ways:

(a) As a consequence of theorems already proved.
(b) By using the circle method to derive an asymptotic formula for the
number of solutions of the equation 2p = p; + p».

.Let S(a) = X, <x A(n)e(na).
(a) Show that

q

> Slalqg+B) = p(q)S() + 0 (g(log gX)?).
(a?;)l:l
(b) LetM(q,a) =[a/q—-1/X,a/q + 1/X]. Show that

Zq: / |S(@)|da > 1
m

a=1 (q.a)
(a,q)=1

provided that ¢ is squarefree and g < X/(log X)3.
(c) Show that

1
/ IS(a)| da > X'/
0

. Let f(n) be defined as in the proof of Lemma|18.6)
(a) Explain why

c2d? X
2= ), el

n<X c<X
d<X

(b) Explain why the above is

=X ), ¢<c>2¢<d>2 Z CEEONLIDY (d)z) '

c<X r<X d<X
d<X r|d r|d
(c) Write d = rm and note that ¢(d) > ¢(r)¢(m). Thus show that the

above is
2

Serx w(rr)3( 2, so(nni)z)z'

m<X/r

(d) Deduce (18.16)).
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5. Let f be the multiplicative function for which f(2) =0, f(p) =1/(p —2)
forp > 2, f(p") =0forr > 1, and put

€= 21_[( (p_1)2)

Then

CZf(d)—Zl_[(l+ )n(l_(p—lm)' (18.23)

dln pln ptn
p>2 p>2

This is S;(n) if n is even.

(a) Show that
Di&m=C > > f@.

n<X m<X/2d|2m
(b) Deduce that
1
> Gan = 56X Y f(@jd+0o( Y, f(@).
n<X d<X/2 d<X/2
(c) Show that

i fd) _ E
i d
(d) Conclude that
Z Sy(n) = X+ O0(log X).

n<X

6. Recall that in Corollary 3.14 we established that if x > 4, then the number of
n < x for which n and n + r are both prime is < S, (r)x/(log x)? uniformly
for even nonzero integers r. Deduce that

n+h

Z( Z A(n+m)) < hxlogx + h’x.

n<x m=n+l

18.3 Conditional estimates

The theorems that we have established thus far can be greatly sharpened if we
assume the Generalized Riemann Hypothesis (GRH).
Theorem 18.7 Assume GRH. Then

D7 (a(n) - S(mn)* < X (log X)°.

1<n<X
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Before proving the above, we first note two corollaries, and establish three
lemmas.

In the same way that we derived Corollary[T8.3]from Theorem[T8.4] we have
immediately

Corollary 18.8 Assume GRH. Let E(X) denote the number of even integers
n < X such that n is not the sum of two primes. Then E(X) < X'/?(log X)?.

In the same direction, we also have

Corollary 18.9 Assume GRH. Let

ystm) = > AGm)A(m)A(m).

mi+my+ms=n
Then
1
U3(n) = 563 (n)n® + 0(n7/4(10g n)?)
where S3(n) is defined as in Theorem|18.1

Proof For even n this is trivial. Hence we may assume that  is odd. We note
that

¥3(n) = Z A(m)Sy(n = m)(n—m) + Z A(m)A(n—m)  (18.24)

m<n m<n

where
A(k) = Ya(k) — Sa(k)k.

By Cauchy’s inequality and Theorem[18.7] the second sum in (I8:24) is

< ( Z A(m)z)l/z(nsﬂ(log n)5)1/2 < n"*(logn)3.

ms<n

Let C and f(n) be defined as in Exercise[18.2.1}|5| To estimate the first sum in check number
(T8:24) we use the formula (T8:23), so that for odd n,

D A (n—m)(n-m)=C Y f(d) ) Alm)(n-m)

m<n d<n m<n
d|(n-m)
+0(n(logn)?).

Here the error term accounts for the contributions of those m that are powers
of 2. If n is odd and m is a power of 2, then S,(n —m) = 0, but the formula



122 Additive Prime Number Theory

(I8:23) returns a value that is < log n. If there is a prime p such that p|n and
pld, then m must be a power of p. Thus the above is

=C Z f(d)/ U(x;d,n) dx+0(n(10gn)22f(d))
d<n d<n
(d,n)=1
On GRH, if y is a character (mod ¢), then

_ 2+ico L s+1

X
[ wtenar= oo [T Senm

B 5 Xp+1
=Eo(x)X7/2 - zp: o+ D)

1 1/4+ic0 L’ Xs+1

"o e T

s(s+1)

By Theorem 10.17, the sum over p is < X*/?1log2g. On GRH, the formula
of Lemma 11.1 is valid when Re s = 1/4, so the integral on the right above is
< X*/*log2q. Thus if (d,n) = 1, then

_ 3/2
/ Y (x;d,n) dx = (d) +0(n’* log2d).
Therefore

f(d)

H;A(m)ez(n —m)(n—m) = c 2 Z @
(d n) 1

+0(n3/2(1ogn) > f(d)).
d<n

From the estimates

Zf(d) < logn, ZM« -1

d<n d>n (d)

we obtain the stated result, upon observing that

f(d)
Z @ = Gs(n). o

(d n) 1
We prove Theorem by modifying our proof of Theorem [I8:4] Corol-
lary [I8.9 could similarly be derived by modifying our proof of Theorem [I8.1}
Correspondingly, we could argue as above to derive Theorem [I8.1] from The-
orem|[I8.4] with the understanding that it would be necessary to derive a variant
of Theorem [I8:4] that counts primes with weight 1, rather than integers with
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weight A(n). To prepare for the proof of Theorem|[18.7] we first establish several
useful estimates.

Lemma 18.10 Assume GRH. Let
W(X,x.B) = ). Amx(me(np),

n<X
andsety’ (X, x, B) = ¥ (X, x, B)—Eo(x)V(B) where V() is defined in (I8.17).
Then for |B| < 1,
W (X, x.f) == > 1(8,7)+0((loggx)?)

lyl<Xx?

where the numbers 1/2 + iy are the nontrivial zeros of L(s, x), and

X
1(B.y) = /2 e(Br)x P d.

Proof By the explicit formula (12.14) with T = X we see that
X

V(X x. ) = / e(Bx) dy’ (x, x)

=— > 1B,y)

lyl<X?
X X
+ /27 e(Bx)dE | (x, x) + /27 e(Bx) dE;(x, Xz,)().

By (12.15) we see that the integral with respect to E; is < (log¢X)?. The
integral with respect to E» is

X X
= [e(ﬂx)E(x, Xz,)()|2 - Zmﬁ/ e(Bx)Ex(x, X2, x) dx < (log ¢X)?
B 2
by (12.16) and (12.17). Thus we have the stated result. m]

Lemma 18.11 For real numbers B and vy, let I(B,y) be defined as in the
preceding lemma. If |y| < 1, then I(B,v) < X' If 1 < |y| < 10|8|X, then
1(B.y) < |BI"'2. If lyl 2 Land |y| 2 10|B|X, then 1(B.y) < X'?[|y].

Proof The first estimate is trivial, since by the triangle inequality, |/(3,y)| <
fZXx_l/z dx. If |y| > 10|B8|U, then by Theorem with r(x) = x~'/? and
0(x) = 2nSx + y log x we find that

U ) Ul/2
/ e(Bx)x VY gy « =——. (18.25)
U2 ]

If |y| = 10|B8|X, then we apply the above with U = X277, and sum, to obtain the
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third estimate. Suppose now that 1 < |y| < 10|8|X. If 8 and y have the same
sign, then (by taking complex conjugates if necessary) we may assume that
they are both positive, and in this case ' (x) = 2x8+y/x > y/x, and so (18:23)
again holds. If 8 and vy have opposite signs, then put xo = —y/(278), and set
J1 =12, X]1n1[2,x0/2], J2 = [2, X] N [x0/2,2x0], and J3 = [2, X] N [2x, o0).
Thus I(B,y) = /11 +f12 +fj3 =11 + I + I3, say. We cut J; into dyadic blocks
and apply (I8:23) to see that I; < X/|y|. We apply Theorem [16.3| with M =
IBI'2/1y|"/? and u = B2/|y]| to see that I, < |B|~"/2. If U > 2xo, then by
Theorem [[6.1] we find that

2U
/ e(Bx)x~12 Y gy <« U™V
U

On summing over dyadic blocks, we deduce that I3 < |B8|~'/?|y|~'/?. Thus
we see that if 1 < |y| < 10|8|X, then I(8,y) < |B|~'/?, so the proof is

complete. O

By Theorem 13.7 we know that the estimate " (x, y) < x'/?(loggx)?is a
consequence of GRH. By integrating by parts as in the proof of Theorem [T8.T}
we can deduce that

W (X, x.B) < X' (1+]B|X) (log gX)*. (18.26)

However, by utilizing the more detailed information provided by Lemma[T8.10}
and the estimates in Lemma|18.11|for the integrals 7(/3, y), we obtain a better
estimate, as follows.

Lemma 18.12 Assume GRH, and let ¥’ (X, x,B) be defined as in Lem-
mall8.10l Then

W (X, x, B) < (X% +B]"2X) (log ¢X)*. (18.27)

When |3]X < 1, the bounds (18.26) and (I8.27) are comparable, but when
|BIX > 1, the bound of (T8:27) is smaller than that of by a factor of
(I81X)!/2. Despite this improvement over (T8:26) we expect that more is true,
and conjecture that

W' (X, x. B) < X'**2(log ¢). (18.28)

Proof We may assume that |3| < 1, for otherwise the estimate is trivial. By
Lemma[I8. 1] we see that

YoaByy < Y xS a2 Y X Py

lyl<X? lyl<1 I<]y|<10|81X I<|y|<X?

By Theorem 10.17 we know that the number of zeros 1/2 + iy of L(s, y) with
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t <y < t+1is < loggr. Thus the right hand side above is < (X!/? +
181'2X) (log ¢ X)?, and the proof is complete. o

Proof of Theorem[I8.]] Let V(B), w(n,X), Sy(n, P), Y2(n, X), S(a) and
T(@) be defined as in the proof of Theorem but we now take P =
Q = | X'?] and redefine the major arcs M(q,a). Let Fo denote the set
of Farey fractions of order Q, which is to say the set of rational numbers
alq with 1 < a < ¢q, (a,q) = 1, and g < Q. Let a’/q’ and a”/q” be
the neighbors of a/q € Fo with a’/q" < a/q < a”/q"”. Then we take
M(qg,a) = [(a +a’)/(q+q’),(a+a")/(qg+q")). Since these intervals parti-
tion T, we have no minor arcs.

By the method used to prove Theorem we see that it suffices to show
that

1
/ IS(a)? = T(a)|)? da < X*(log X)°. (18.29)
0
For @ € M(q, a), let
W(a) = MV(CK —alq).
v(q)

Thus W (a)? is one of the terms comprising T (), and

1 : _
T@)-W@)’ <) —= > lla=b/rl™
r<Q w(r) b=1
(bor)=1
b/r+a/qmod 1
Suppose that R/2 < r < R < Q. Since o ¢ M(r,b), we have ||@ — b/r| =
1/(r(r+r")) 2 1/(2rQ) = 1/(2RQ) where (b + b")/(r + ') is the endpoint
of M(r, b) lying between b/r and @. Also, if by/ry # ba/ro, then ||by/r; —
by/ra|| = 1/(r1r2) = 1/R?. Therefore

r

> S le-bir 7t < B2+ Y (k/R) 2 < R2Q.

R/2<r<R b=1 k=1
(b,r)=1
b/r+a/qmod1
Thus
1 r
— >, lle=b/r|7 < @(loglog 0,
p(r)?
R/2<r<R b=1
(b,r)=1
b/r+a/qmod1
whence

T(e) - W(a)? < X(log X)>.
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Thus to prove (I8:29) it suffices to show that
1
/ 1S(@)? = W(a)?|? da < X**(log X)°. (18.30)
0

To this end we first estimate S(a) — W(a). Suppose that @ € M (g, a) and that
B = @ —a/q. By the definition (9.3) of a Gauss sum and the basic orthogonality
(4.15) of characters we see that

( ) Zr(‘) (b) =

We set b = an, multiply by A(n)e(nB), and sum over n < X to see that

(o) = — Yoo +o( 3 )

{e(b/q) if (b,q) = 1, 183D)

otherwise.

n<X
(n.q)>1
where ¢ (X, x, f3) is defined as in Lemma[T8.10} Thus
(-4 Dvip = D OO @ (X +0((0g 7). (1832
By Lemma|[T8.12]this is

< ¢ (X2 + |82 X) (log X)? < (¢'*X1? + 0 1/2X)
since |B] < 1/(gQ). Thus
S(a) — W(a) < X**(log X)? (18.33)

uniformly in a.
By Parseval’s identity,

/ 1S(a)|? da = Z A(n)? < Xlog X,

n<X

while

/ W@Pde < Y o(@) Z / min(X2, 161 %) dp

=0
! (aq)=1

< X Z o(q) ' < XlogX.
q<0

Thus from (T8:33) we deduce that

1
/ 1S(@)? = W(e)?)? da < X3*(log X)“/1 IS(a) + W(a)|? da
0 0

< XS/Z(logX)S.
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Thus we have (I8.30)), and the proof is complete. ]

The argument just completed may be expected to be inefficient in two re-
spects. Some considerable cancellation should occur in the sum over y in
(I8.32), and we also expect that the bound in Lemma[T8.12]is weaker than the
truth. Indeed, we expect that S(a) — W(a) < X'/**# for all e. It would then
follow that

Z (Y2(n) — Ga(n)n)” < X2+2. (18.34)

n<X

While we are unable to establish that the sum in (I8.32)) cancels uniformly,
we can at least demonstrate the cancellation in mean square. By orthogonality,

S [stata+p - LDy

e ¢(q)
(a.q)=1 (18.35)
4 1 —\121,7,” 2
< q(logxQ)* + — 3" [t () Pl (X, x. B)I.
¢(q) 4
By Lemma |18.12]this is

< (gX + q|BIX?) (log g X)*. (18.36)

For |B| < ¢~'X~1/2, ¢ < X'/2, this is uniformly < X*/?(log X)*. By compar-
ison, if were to estimate the left hand side by applying (I8:33) for each a, then
the bound we would obtain would be much worse, namely < X?(log X)*.

If (a,q) = 1, then a/q + B € M(q, a) precisely when

- <B< L
q(q+q’) q(g+q”)

Since the dimensions of this interval depend on a, we are not immediately
able to apply (18.36). To circumvent this difficulty, we replace M (g, a) by the
slightly larger interval MM* (g, a) = (a/q — 1/(qQ),a/q + 1/(qQ)). Hence

1
fo W (@)(S(a) - W(@) da

9 1/(¢gQ) )

< - V(p)Ils _ Dy g s

<q;2<p(q) (;::fl/—l/ww' (B|Stala+F) ¢(q) B)] P
a,q)=
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By (18:36) this is

< ) elg)? / min (X2, 872) (¢X + gBX*) (log X)* dB

1
q<Q 0

< X%(log X)° Z q¢(q)"r < X*(log X)°. (18.37)
q<Q
Thus to sharpen Theorem[I8.7]it suffices to improve our bound for

1
/O 1S(@)(S(@) - W(a)P da.

or equivalently, for /01 |S(@) — W(a@)|* de. Such estimates remain to be estab-
lished.

We next show that Lemma [I8.12] can similarly be improved in mean square
with respect to 3.

Theorem 18.13 Assume GRH. Let 6 > 0, and let y be any character modulo
q. Then

o
/ 0/ (X, v, B) dB < 6X (log ¢X)*.

This with (T8:33) gives
Corollary 18.14 Assume GRH. Then
q s
u(q) 2
>, [ [stala+n - ELvip| ds < saxogaxy’
—Jos ¢(q)
(a.q)=1

Proof of Theorem[I8.13] 1f §X < 1, then it suffices to appeal to Lemma[T8.12]

Thus we assume that 6X > 1. We may also assume that § < 1, since it is trivial
that

1
/ W' (X, x,B)>dB < Xlog X.
0

By Lemma[T8.10 we see that

o ) o 2 .

[ wexpras< [ 3 16 ds+stogaxy’
-5 -5 ,
lylsX

By Lemma|18.11|we know that I(8,y) < X'/?|y|~! when |y| > 106X. Thus
6 2
/ ‘ Z 1(B, y)| df < X (log gX)*.
-0

106X <|y| <X2
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On the other hand,
0 2 o X . 2
/ | Z I(ﬂ,)’)| d,BS/ Z / e(Bx)x~V*Y ax| ap,
=% yl<i06X = 1y l<106X Y2

which by Plancherel’s formula is
X 2
= / ‘ Z x’y‘ ﬂ .
2 yl<108x *

We make the change of variable x = ¥, and note that

Y+1
/Y

For any given y, the sum over y’ is < (log ¢T')?, as we see by using the bound of
Theorem 10.17 in the same way that we did in the proof of Corollary[T8.9] The
number of y is < T log gT, so the above is < T (log ¢T)>. We take T = 105X,
and sum over < log X values of Y to see that

n
Z ewy| dy < Z min(1, 1/y =¥']).

lyI<sT ly|<T

° 2
./_ ’ Z I(ﬁﬁ’)) dB < 6X(log gX)*.

S |ly|<106X

Thus the proof is complete. O

18.3.1 Exercises
1. Let M (g, a) and MM* (g, a) be defined as in the proof of (I8:37).

(a) Show that if a/q and a’/q’ are neighbouring members of g, then
M*(q,a) and M*(q’, a’) overlap.

(b) Show that if a/q and a’/q’ are neighbouring members of Fp, then
alqg g M (q',a").

(c) Conclude that every « is in at least one, but not more than two of the
arcs M* (g, a).

2. (a) By introducing appropriate weights before expanding and integrating,

show that
Y+1
It

Here the y’s are the imaginary parts of zeros of L(s, y) and y is a character
modulo g.

2
Z e”’y) dy < T(logqT)>.
ly|sT
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(b) In the context of the proof of Theorem |18.13} show that

/6‘ Z 1(137’)’)‘2d,3<<5x(10gqx)3.

S 1y|<106x

18.4 A lower bound for the error term

We have estimated the mean square error in the Goldbach problem, and dis-
cussed the plausibility of sharper estimates such as (I8.34). We now establish
a bound in the opposite direction.

Theorem 18.15  Suppose that 1/2 <r < 1, and let R=1/(1 —r). Then

(wa(n) - Gz(n)n)zrzn > R*(log R)*.

Ms

]
—_

n

Corollary 18.16 As X tends to infinity,
D" (Wan) - Ga(m)n)” = Q(X*(log X)?),
n<X
and
Y2 (n) — Sa(n)n = Q(n'?logn).

Proof of Theorem By Lemma [I8.6) we see that

DT+ 1)} (&(n) - Sa(n, Q)" < Q2NN (log N)*.
N<n<2N

On setting N = 2XR and summing over k, we deduce that

(o)

Z(n +1)%(Sa2(n) - G2(n,0))*r*" < Q2R*(log R)*.

n=1

Since
D &G < R,
n=1

it follows that

)

D (&a(mn - &3 (n, Q) (n+ 1)’ < Q2R (log R)°.

n=1

We take Q = R¥ with 1/2 < k < 1. Thus it suffices to show that

D" Wan) = &(n,Q)(n+1))* > R*(log R)*.

n=1
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By Parseval’s identity the left hand side is 7, where

: p(g)? ok
Tk:‘/o ’S(a)z_qZéQO(qV Z (1-re(a—a/q)7} da

a=1
(a,q)=1

and

S(a) = Z A(n)r'e(na).

=)
n=

By Cauchy’s inequality, T, > T°. But

T > ‘/01 |i/\(n)r"e(na/)|da
n=1

2 4 1
—ZZEZ; Z /0 |1 -re(a—alq)|?da

<0 -
! (@iq)=1

2

:OO 2.2n _ u(q) 1 =21
;A(n)r q;gw(q)z( 7

Here the first sum is %R log R + O(R), and the sum over q is %R logQ + O(R),
in view of Exercise 1.2.1.17. Thus the above is %R logR/Q > RlogR, so the check number
proof is complete. m}

18.5 Prime k-tuples

We begin by considering twin primes. The analysis and notation is similar to
that in §18.2] In particular, we set

S(a) = Z A(n)e(na), and V(B) = Z e(np).
n<X n<X

If & is a positive integer, then

1
Z A(n)A(n+h):/ 1S(a)Pe(ha) da.
0

n<X-h

Let the major and minor arcs be defined as in the proofs of Theorems [18.1]and
18.4] From (18.22) we deduce that if @ € M (g, a), then

2
IS(a)|? = %W(ﬁ)ﬁ +0(X?exp (- cy/log X)).
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Hence
/ 1S()Pe(ha) da = I(h) Z J(g) +O(|M| X% exp (- cy/log X))
M q<P
where
1/Q )
I(h) = / V(B)Pe(hB) dp
-1/Q
1
- /0 V(B)Pe(hB) dB +0(Q) = X — h + 0(Q).
and
1(q)*
- h).
J(q) ¢(q)26q()

Here ¢, (h) is the Ramanujan sum, which we discussed in Theorem 4.1. In
particular, it was shown that if g; and g, are relatively prime positive integers,
then cg,,(h) = c4,(h)c4,(h) for any integer h. Also, it was noted that

p—1 ifplh,
cp(h) =
P {— 1 otherwise.

From these properties it follows that if g is squarefree and / # 0, then |c, (h)| <
|h|. This is useful, since it follows that the singular series ,(h) = ¥, J(g) is
absolutely convergent. Hence

Sy (h) = 1:[ (1 + (;p_(hl))z) - l_[ (1 * 1%) 1_[ (l C(p —1 1)2)'

plh pth

Note that S, (/) = 0if his odd. Based on this major arc treatment, we conjecture
that if /4 is positive and even, then

Z A(m)A(n+h) ~ Sy (h)X (18.38)
n<X-h

as X — oo. What we lack is a suitable treatment of the minor arcs. It would
suffice to know that

/ IS(@)? da = o(X).

This is not so much stronger than the trivial bound

1
/ IS(a)? da < / 1S(a)? da = Z A(n)® ~ Xlog X.
m 0

n<X

We now turn to the main theme of this section, namely prime k-tuples with
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k > 2. Suppose that h; < hy < --- < hi are integers. Then the numbers
n+hy,n+hy,...,n+ h; form a prime k-tuple if all the numbers n + h; are
prime. We have already observed that if n is large, then n and n + i cannot both
be prime if 4 is odd. A similar phenomenon extends to prime k-tuples.

Definition 18.1 Let & = hy,..., hx be a k—tuple of distinct non—negative
integers and let v, (h) denote the number of different residue classes modulo p
among the Ay, ..., hi. If v, (h) < p for every p, then h is called admissible.

If h is inadmissible, then there exists a prime p such that v,,(k) = p, and
hence for any n, the prime p divides at least one of the numbers n+hy, . .., n+hy.
We conjecture that the necessary condition that & should be admissible is also
sufficient to ensure the existence of infinitely many prime k—tuples with the
spacing h.

Conjecture 18.1 (The prime k-tuple conjecture) If h is admissible, then there

are infinitely many positive integers n such that n + hy,n+ hy, ...,n+ hy are
simultaneously prime.

We note that a translation of an admissible k-tuple is again admissible, since
vp(h) isunchanged by translation. Also, if k is a k-tuple of integers, v, (h) < k,
and thisis < p if p > k. Thus to determine whether & is admissible it suffices to
calculate v, (k) for p < k. Also, if the members of & lie in an interval of length
N, then v, (h) = k for all p > N. Useful admissible k-tuples are provided by

Theorem 18.17 Suppose that k > 2, and that the primes py,pa,..., Pk
satisfy
k<p1<p2<"'<pk.

Then the k-tuple h = (p1, pa, ..., pk) is admissible. If these p; are the least
distinct primes > k, then py — p1 < klogk + kloglog k + O (k).

Proof If p > k,thenv,(h) < k < p.If p < k, then p; # 0 (mod p) for
1 <j<k,andsov,(h) < p-1< p.Let P, denote then n™ prime. From a
quantitative version of the Prime Number Theorem it follows that

P, =nlogn+nloglogn+ O(n).

In Exercise 6.2.1.5 a more precise estimate for P,, was proposed, but the weaker check number
estimate above is sufficient to give the desired estimate. O

In §7.3 we introduced the functions

M+N
p(y) =limsupr(x+y) =7(x),  PIN) = max ;l 1.
n=M+
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It is clear that p(N) < p(N). If k = p(N), then the n counted in the above sum
form an admissible k-tuple, so the k-tuple conjecture implies that p(N) = p(N)
for all positive N. Also, in Theorem 7.16 we showed that there is a positive
constant C such that p(N) > n(N) + CN(log N)~?2 for all sufficiently large
N. In the reverse direction, in Theorem 3.3 we showed that p(N) < 27(N) +
O(N(logN)~2) forall N > 2.

We have already failed to prove what we want when k& = 2, and the situation is
of course no better for larger k, but we can still make some useful observations
and formulate a quantitative conjecture, similar to the one in (T8:38). We work
now with the k-tuple h = (0, iy, ..., hx—1) where O < h; < --- < hy. Set

ROX.B) = )" A(mo)A(ng+ )= Alng + hioy).

no<X-hy_

With @ = (a1, @y, . . ., ax—1) we find that

k-1
‘/Tk_l S+ +ag_1) 1_[ (S(—a/j)e(hjaj)) da
J=

k-1
Z A(ng) - -- Z A(nk_l)l_[/Te((ng—nj+hj)a/j) daj
j=1

no<X ng-1<X

= R(X, h).

In this new setting, the analogue of a major arc is a small (k — 1)-dimensional
block. To identify the blocks that we should attend to, we appeal to Dirichlet’s
theorem on Diophantine approximation (Lemma 15.10), which asserts that for
any @ € TK~! and any integer Q > 1, there exists in integer ¢, 1 < ¢ < Q*~!,
such that ||ge|| < 1/Q for 1 < j < k — 1. Let a; be the integer nearest ge ;.
Then
| aj < 1
aj——|< —.

gl q0
Letd = (ai,az,...,ak-1,q). By replacing each a; by a;/d and g by q/d, we
may suppose that (ay, as,...,ax—1,q) = 1. The largest contributions are made
by the smallest values of g. Let P = N°. We restrict our attention to ¢ < P and
|8;| < 1/P where 8; = aj — a;/q. The approximation

s@) ~ " Dy(a —ajg)
@(q)

applies only when |a — a/q| is small and (a, g) = 1. In our current situation, it
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may be that (a;, g) > 1, but we note that

cqla) _ “((fr;))
@(q) ¢(<af’q>),

o)
cqlaj)
S(aj) ~ ——=V(B;)
D g Vi
for all j. Writing @ = (ay,...,ax-1) with 1 < a; < g, put reordered  to
’ fix v bad break
* Cq(b) k=1
Flgshy =" == | (cq(aje(a;h;/q) (18.39)
= e@" ]
where )" runs over a subject to (ay,...,ar-1,q) = 1. Set
S(h:P)= > flg:h).
g<P
and put
k-1
3y = [ v pn | | (VB etin) ap
|B_/|SI/P j=l

Then we expect that R(X, h) ~ J(P)S(h; P). 1t is not hard to show that J(P)
is within O (P~!*#) of

k-1

/TH V(Bi+- -+ Br-1) l_[ (V(=B,)e(h;B;))) dB
j=l

k-1
- Z H/Te((”o"’hj‘”j)ﬁj)dﬁj=X—hk_1+0(1).

0nex !
In order to assess the size of f(g; h) is it helpful to observe that this quantity
is a multiplicative function of g. Moreover, if » > 1 and (a, p) = 1, then
cpr(a) = 0,s0 f(p",h) = 0 since (a;,p) = 1 for at least one of the a;.
Thus f(q, h) is supported on squarefree integers. This is not such a surprise,
since S(a) has its peaks at Farey points with squarefree denominators. Now
suppose that g = p. In the sum over a, the only term that must be avoided is
a=(p,...,p). That single term, if it were included, would contribute exactly
1. So we sum over a;’s without restriction, and then subtract 1. We expand the
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sum ¢, (b) to see that

k-1
Z cp(b) l_[ (cp(=aj)e(a;h;/p))
=1

ai,...ak-1
I<aj<p

p-lk-1 p

- (Z cp(—a,-)e(a,-(no+hj)/17)).

Here ¢p(-a;) =p—1ifa; = p,and c,(a;) = -1if 0 < a; < p, so the sum
over a; is
p-1 r
p—1-> elaj(ng+hj)/p)=p- > elajlng+h;)/p)
a_,:l aj:1

_|p ifhj #-ng (mod p),
|0 ifh;=-np (mod p).

The product of these sums is therefore p¥~! if there isno j, 1 < j < k — 1,
such that 2; = —ng (mod p). Since ng runs through all p — 1 nonzero residue
classes (mod p), this first alternative arises exactly p — 1 — v}, (h) times, where
v}, (h) is the number of nonzero residue classes (mod p) found among the ;
with 1 < j < k- 1. Since b = (0, h1, ..., hg-1), vp(h) = 1+ v, (h). In
case h; = —ng (mod p) for one or more values of j, the product is 0, so our
expression is p*~!(p — v,,(h)) and

(p—vp(h))p*!
(p -1

D = (k- ho).

i<j
If p 4 D, then v,(h) = k, and so f(p; h) < p~2 for such p. Hence &(h; P)

converges absolutely to S(k) as P — oo where

St =3 s =[a+rwm =[] 1- Vp;h))(l -5
q=1 p

f(p;h) = -1 (18.40)

Let

» p
(18.41)

and

S(h) < (loglog(3D))* < (loglog(3 max |h;]))*. (18.42)
J

Thus when the h; are distinct, if h is inadmissible, then S(h) = 0. If k is
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admissible, then v, (h) < min(k,p — 1), and so 1 —v,(h)/p > 1/p when
p < kandis > 1—k/p when p > k. Thus there is a positive constant C (k)
such that, when the £; are distinct, h is admissible if and only if

S(h) > C(k). (18.43)
As an extension of the quantitative twin prime conjecture, we have

Conjecture 18.2 Suppose that h = (hy, ha, . . ., h) is an admissible k-tuple
of distinct integers. Then

R(X;h) ~ XS(h)
as X — oo,

As with twin primes, the barrier to proving the above is our lack of suitable
bounds for the size of the integrand outside the regions that we have identified
as major ‘arcs’. It is generally believed that there are no secondary main terms,
and that the error term in the above is < X'/2*¢. We note that the quantity X
on the right hand side above reflects the size of the singular integral, which in
turn is the density of solutions of our system in real variables. Also, the factor
1 + f(p; h) of S(h) is the density of p-adic solutions of our system. Thus
the right hand side above is the product of local densities, extended over all
valuations of the rational field. While we seem at present to be very far from
proving the Prime k-Tuple Conjecture, we accept it as guide to our thinking as
to how primes are distributed in short intervals.

In Exercise we noted that the mean value of singular series S, (n)
is asymptotically 1. We now extend this to prime k-tuples.

Theorem 18.18 (Gallagher,|1976) Let k > 2 be fixed, and let H run through
positive integers. Further, let € denote the set of k-tuples h of distinct integers
hi,...,hg with 1 < hj < H, and let 9 be the subset of those h that are also
admissible. Then

Z S(h) = H* + O(H*'*%).
hed

Proof We first show that the case k = 2 is an easy consequence of the result
of Exercise [18.2.1][5] whose notation we adopt. Thus

H hy-1

D ) =2) ) G~ h)

O<hi,hp,<H hy=2 h)=1
hy#hy

check ex num-
ber

check ex num-
ber

check ex num-
ber
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which by Exercise|18.2.1]5(d) is

H
=2 Z (ha + O(log hy)) = H* + O(H log H).
hy=2

From now on we assume that & > 3. Since S(h) = 0 if k& is inadmissible,
it suffices to prove the conclusion with & replaced by #. We argue from the
original definition (I8.39) of f (g, k). We note that f(1, k) = 1 for all h, which
gives the main term H(H — 1) -+ (H — k + 1) = H* + O(H*™"). It remains to
bound the contributions of ¢ > 1. From (I8.40) we see that if v, (k) = k, then

C
|f(p: )| < p—’;

and otherwise

Fpih)] < £
p

where Cy is a suitable positive number. Let D = [ ;< <k |h; — i, so that
D < HKk=D/2 Then

If(g: k)] < ¢2C2' (D, q) <. ¢°72(D, q).

For convenience we introduce the parameter Q > 1 which is at our disposal.
Then

Z If(q;h)| < Zr Z ¢° 7t < er-l Z 172 < 07 'd(D).

q>Q0 r|D q>Q0 r|D t>Q/r
(D.q)=r
Hence
D 1f(g )] < Q' HE (18.44)
q>0

For convenience we write
g(q:h) = ¢(q)* f (g1 ). (18.45)
Crudely, from we have
lg(q:m)| < g"(q)
for any h where
g (@)= Y leglar+:+ar)eg(-ar) - cq(-ar-1)l.

a
(a,q)=1

This is also a multiplicative function of g (with its support on the square-
free numbers). Consider the k numbers —a; —--- —ag_y,ai,...,ar—1. When
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(a,p) = 1 at least two of these numbers are not multiples of p. Moreover
in g*(p) the terms with exactly j of the ay,...,ar,az + -+ + ay divisible
by p contribute (p — 1)/ and since the ay,...,ax_1,a; +--- + ag_; are lin-
early dependent the number of such terms is at most (’;)( p — D*"1=J_ Hence

g"(p) < 2X(p— D* " and g*(q)¢(9)™* < ¢°'. Hence
Z flg:h) < H*! Z ¢“ ' < H'0F.  (18.46)

he[l,H]K\% 1<q<Q 1<g<Q

Returning to (18:39) when ¢ > 1 atleasttwoofay,...,dx_1,—a;—---—ag_i
are non-zero modulo g. If there are at least two such of the a;, then we pick two
and call them b1, b,. The remaining a; can be listed in the form b3, ..., bx_1 so
that —a; —- - —ag-1 = —b1 — by — - - - — br—1. If only one of the a; is non-zero
modulo g, then call it b; and take b, = —a; — - - - — ax—1. In that case any one
of the other a; can be rewritten in the form in the form —b; — b, — s (mod q)
where s is the sum of the remaining a,. Thus

q-1 q-1
- leq (b1)] lcg (b))
ih) < HF? a q
2, Fah 24 Tozall 25 Thaal

he[l,H]k

X Z leg(b3) ... .cq(br—1)cq(by +---+bir_1)|
be[l,q1%3

where b = bs,...,br_; and where the summand over b is taken to
be |cq4 (b1 + bo)| when k = 3. In general this multiple sum does not exceed

o@D leaor)
b=1

Since [c4(b)| < (g, b) the sum here is at most
Z re(q/r) < d(q)q.
rlq

Similarly

ey ()] Rl
DTl < 27 2 lalta/nl™! < d(g)glogq.
i Ib/4qll s

rlq
Therefore

Z f(q, h) < Hk72Ql+g'

he[l,H]k 1<g<Q

Hence, by (18.44) and (18.46)) the choice Q = H secures the theorem. O
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18.5.1 Exercises

1. (a) We observed that if the k-tuple h is inadmissible, then the numbers
n+hy,n+hy,...,n+hg are simultaneously prime for at most finitely many
nonnegative n. Show that in fact the number of such n is < k.

(b) Suppose that p is a prime for which v, (k) = p and that the h; are all
nonnegative. Show that the numbers n + hy,n + hy, ..., n + hy are not
all prime if n > p.

2. Suppose that k > 2 and the 1 < g; < g < -+ < gg. Suppose that none
of the g; is divisible by a prime p < k. Show that qy,..., gy forms an
admissible set.

3.Leth; = (2j - 1)2 for j = 1,..., k. Prove that h is an admissible set.

4. Call a set h of distinct nonnegative integers hy, . .., hi sf~admissible when
there is no prime p such that every residue class modulo p? contains at
least one of them. Let S(x; k) denote the number of n < x such that n +
hi,...,n+ hg are simultaneously squarefree.

(a) Let f(n) denote the characteristic function of the squarefree numbers.

Prove that
S(x;h) = Z f(n+hy)...f(n+hg)
and
Fy =" p(d.

d?|n
(b) Suppose that 0 < § < 1/(3k) and let y = x° and

Fnsy) =" u(d).
d<y
d%|n
Prove thatfor j = 1,...,k

S(x;h) =T;(x;y) +O(x*ey™h

where
Tj(x;y) = Y fn+hisy) . fn+ R ) f(n+ i) ... f(n+hg).
n<x
(c) Given a k-tuple of positive integers d = dy, ...,dg letd = d; .. .dy and
given another one r we use d|r tomean d;|r; with j = 1,...,k, and d?

to mean d%, - ,di. Write n + h for the k-tuple n + hy,...,n+ hy. Let
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p(d) denote the number of solutions of d*|n + h in n modulo d2. Prove
that p(d) < d* and

Z p(dy) ... p(dy)

— p(d) +0(y*).

Ti(x;y) =x
di<y,....di <y

(d) Let v,(h) denote the number of different residue classes modulo p?
amongst the &, ..., hi. Suppose that k = 2. Prove that

S(x; h) :xl_[ (1 - vsz(zh)) +0(x'79).

p

5. Given a k-tuple of positive integers d = dy,...,dg letd = d; ...dy and
given another one r we use d|rtomeand;|r; (j =1,..., k) and d? to mean
d%, e d]%. Write n + h for the k-tuple n + hy, ..., n+ hy. Let p(d) denote
the number of solutions of d*|n + k in n modulo d? and let p*(d) denote
the number of solutions of d?|n + k in n modulo lem[dy, ..., d;]%. Let
v, (k) denote the number of different residue classes modulo p? amongst
the hy, ..., hg.

(a) Prove that p(d) = d*lem([d,, . ..,dx] >p*(d) and p*(d) < 1.
(b) Prove that

D #(dl)--~ﬂ(dk)p(d)<< 3 u(di)? ... p(dp)?

2 2
max(d;)>y d max(d;)>y [dl,. . .,dk]
zkw(m) o
< Z ) <y
m>y

and deduce that

Ti(x,y) =x i g’(nn;) +0 (xys_l)

m=1
where

gmy= > ud)...p(d)p"(d).

(c) Prove that p(d) is multiplicative, i.e. given d, e, define
de = dlel,.. .,dkek

and deduce that if (d, e¢) = 1, then p(de) = p(d)p(e).
(d) Prove that g(m) is multiplicative and has its support on the squarefree
numbers.
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(e) Deduce that

i g’EZ) =[T(1+2wr™).
m=1

P

(f) Prove that 1 + g(p)p~2=1-v,(h)p~=.
made proper (g) (Pillai,|1936) Prove that

cite
Sty =x| | (1 - V’;g’)) +0(x'7%)

r

and hence that if & is sf-admissible, then there are infinitely many n
such that n + h; are simultaneously square free for j = 1, ..., k.

6. Find the minimal diameter of 20-tuples which are sf-admissible, i.e. max h ;-
h; is minimal.

18.6 The distribution of primes in short intervals

For a k-tuple h = (hy,..., hy) of distinct integers let 7(M; h) denote the
number of integers m, 1 < m < M for whichm + hy,m+ hy, ..., m+ hy are all
prime. We now use Conjecture[I8.2]to derive conjectures concerning moments
of the number of primes in short intervals. It is clear that if H and » are positive
integers, then

Z (m(m +h) - x(m)" = Z Z 1.

m<M m<M m<py,..., pn<m+H

Let k denote the number of distinct primes among the p;,i = 1,2, ..., n. Think
of indices i1 and i, as being ‘related’ if p; = p;,. Thus the p; partition the
set {1,2,...,n} into k nonempty subsets &7, ..., Sy of related indices. For
i € &, the prime p; depends only on j; call it p(j). Suppose further that the
labelling of the subsets has been chosen so that p(1) < p(2) < --- < p(k).
Put h; = p(j) — m. Then p(1),..., p(k) is a k-tuple of primes counted by
(M h), and this k-tuple has the property that 0 < h; < --- < hy < H. Let
{Z} denote the number of ways of partitioning {1,2,...,n} into k unordered
nonempty subsets. This is a Stirling number of the second kind and is the
number of ways of choosing the subsets §;, before they are given names with
subscripts. There are k! ways to order them, so the right hand side above is

= n z n
DN HTIED TS S I YR}
k=1 O<hi;<---<hix<H k=1 0<hy,....,hx<H
h; distinct

(18.47)
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Suppose that the relation

M

holds uniformly for all admissible k-tuples £ with 0 < h; < hp < -+ < hg <
H, k <n,and H < Clog M where C is an arbitrarily large constant. Suppose
that 0 < 2 < C, and that H = |11log M |. Then the expression (I8.47) is

S {n} M
~ E — § S(h),
k
k=1 k (IOgM) 0<hy,..., hx<H
h; distinct

which by Theorem [18.18]|is ~ m,, (1)M as M — oo where

mp(A) = zn] {”}Ak. (18.48)

Pl
This suggests a subsidiary

Conjecture 18.3 Letm,,(Q) be defined as above. Let C be an arbitrary positive
number. Then for any given n,

M
A/lzigloo % ;(ﬂ(m + Alogm) — n(m))" = m, (1)

uniformly for 0 < A < C.

It is very significant that the moments m, (1) that arise here are precisely
the moments of a Poisson random variable X with parameter A (see Exercise
[18.6.1]H). Such a variable takes nonnegative integer values, with the probabil-
ities

-

A
P(X=r)=et—
r!

for r = 0,1, .... It can happen that two different distributions have the same
moments. However, if the moment generating function is entire, it follows that
the two distributions must in fact be the same. In Exercise[18.6.113] we establish
the (well-known) fact that the moment generating function of a Poisson random
variable is entire. Thus the distribution of 7 (m + Alogm) — n(m) should be
close to Poisson. This suggests a further conjecture.

Conjecture 18.4 Let P, (M, A) be the number of m < M for which the interval
(m, m + Alog m] contains exactly r primes. Then

r

A
P.(M, Q) ~ e"l—'M
r.

check ex num-
ber

check ex no.
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as M — oo, provided that |r — 1] < V1 + A.

It may be the case that the constraint on  can be gradually relaxed as M — oo,
but the question of how quickly depends more on arithmetic than on probability
theory. The case r = 0 is of course of great interest, and P(X = 0) = ¢ " for a
Poisson variable X, but this is at the extreme end of the distribution when A is
large, and the incidence of very long gaps between primes is expected to be a
more complicated issue.

Concerning the Stirling numbers of the second kind, it is customary to set
{8} =1, and {g} =0 for n > 0. Given a partitioning of {1, ...,n—1} into k — 1
parts, we can derive a partitioning of {1, ..., n} into k parts by introducing the
new part {n}. Alternatively, given a partitioning of {1,...,n — 1} into k parts,
we can derive a partitioning of {1, ..., n} into k parts by adjoining n to any of
the given k subsets. Thus

HE A

This Pascal-like recurrence gives rise to a triangular array of numbers. Stirling
numbers of the first kind, which may be denoted [Z], count the number of

permutations of {1, ...,n} with exactly k cycles in their cycle decomposition.
Rather obviously, [}] = [Z:}] +(n-1) ["];1]. The ‘factorial power’ is defined

tobext=x(x—-1)---(x—n+1) with x2 = 1. Just as 1,x,x2,x°,... form a

basis for polynomials, so also do x2, x1, x2, . . .. In Exercise below we
use Stirling numbers of the second kind to express an ordinary power as a linear
combination of factorial powers. Stirling numbers of the first kind are similarly
useful in writing a factorial power as a linear combination of ordinary powers.

n\k 0 1 2 3 4 5 6 7 8 9 10
0 1

1 0 1

2 0 1 1

3 0 1 3 1

4 0 1 7 6 1

5 0 1 15 20 10 1

6 0 1 31 90 65 15 1

7 0 1 63 301 350 140 21 1

8 0o 1 127 966 1701 1050 266 28 1

9 0 1 255 3025 7770 6951 2646 642 36 1

10 0 1 511 9330 34105 42525 22827 7140 930 45 1

Table 18.1 Stirling numbers of the second kind
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18.6.1 Exercises

. (a) By inclusion—exclusion, or otherwise, show that the number of surjective
maps from a set of n elements to a set of k elements is

k
Z(—l)f(".)(k g
70 /

(b) Show that the number of surjective maps from a set of n elements to a
set of k elements is {}}!.
n k i (k .
(c) Conclude that {}} = ; i1 (5) (k="
(d) Explain why zj;o(—l)f(’;)(k —j)=0fork > 1.
(e) Show that {¥} =0 (mod p) for I < k < p.
. Use the recurrence (I8.49) to give a proof by induction that

c n\ k _.n
Z {k}x =x (18.50)

k=0

Hint: Note that x - x% = x&+L 4 fxk,
. (a) Suppose that ¢ and n are integers with ¢ > n > 0. Count n-tuples
(ai,as,...,ay,) in which each a; is an integer satisfying 1 < a; < g.

(b) Consider n-tuples as above, but with the restriction that the coordinates
take on exactly k different values. Show that the number of such n-tuples
: k
is {{}q~.

(c) Deduce that 337 _, {Z}qk =q".

(d) Argue that since each side above is a polynomial in g, and since these
two polynomials are equal at infinitely many arguments, they must be
identically equal.

. If X is a Poisson random variable with parameter A, then its 7 moment is

E[x"] =e—ﬂZr"—. (18.51)
r=0
By taking x = r in (I850), or otherwise, show that E|[X"| = m, (1) where
mp(A) defined in (I8.48).

. If X is arandom variable, then by definition, its moment generating function

is Yo o E [X"] 2_’: Use (18.51)) to show that

(o8] Zn
Z mp(4) = = e~ exp (1e7).
o n!
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6. Show that
Z k{:}xk =x" —x(x-1D".
k=1
7. Let Xy, ..., X} beindependent identically distributed random variables each
with the distribution P(X; = a) = 1/p fora = 1,2,...p. Let v(X), a
dependent random variable, denote card{Xj, . . ., Xi }. This random variable
takes values from 1 to k.

(a) Show that
k
P(v(X) =r) = {r}p’p‘k

forr=1,2,...,k.
(b) Deduce that

(c¢) Conclude that

18.7 Notes

Section Hardy & Littlewood (1922) determined the asymptotic number
of representations of a large odd number as a sum of three primes, assuming
GRH. |Vinogradov| (1937) gave the first unconditional proof.

Section After the publication of Vinogradov in 1937, [Corput (1937),
Chudakov| (1938)), and [Estermann| (1938) independently established Theorem
[18.4] and with it the estimate for E(X) found in Corollary This stood
as the best-known estimate for many years, but [Vaughan| (1975) showed that
E(X) < X exp (—c+/log X). Then Montgomery & Vaughan|(1975) followed a
suggestion of Gallagher to show that there is an effectively computable constant
& > 0 such that E(X) < X'~¢ for all large X.|Chen & Liu (1989) showed
that one can take 0 = 0.05, and admissible values of § were established in
small increments by (L1, 1999, 2000), and |Lu! (2010). Recently, [Pintz| (2023))
announced his intent to publish a proof that E(X) < X3/4.

Section Corollary is a special case of Theorem A in §11.3 of
Hardy & Littlewood| (1922), and Lemmas are substantially the
same of those found in Hardy & Littlewood (ibid).

Section The result here is due toMontgomery & Vaughan|(1973).
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Section [I8.5] [Hardy & Littlewood| (1922)), pp. 54-62, gave a conditional de-
termination of the asymptotic number of prime k-tuples.|Lavrik|(1961)) showed
that the proposed formula are correct in mean square.

Section This section is based on |Gallagher] (1976), in which the proof
of Theorem is based on the product formula (I8:41) for the singular
series. Many systems of notation for the Stirling numbers have been used, with
none of them dominant. We have followed the example of |(Graham, Knuth, &
Patashnik| (1989), who also provide a large collection of interesting identities.
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19
The Large Sieve

The large sieve takes various forms, as a mean square upper bound for a
trigonometric polynomial at well-spaced points, as a mean square upper bound
for the distribution of a set of integers into arithmetic progressions, and as a
mean square upper bound for character sums. We take the trigonometric form
to be fundamental, and derive the other versions from it.

19.1 Trigonometric polynomials

Let
M+N

T(x) = Z cpe(nx) (19.1)

n=M+1

be a trigonometric polynomial. Suppose that § > 0, and that the points x, are
well-spaced (mod 1) in the sense that

oy —xsll 2 6 (19.2)

whenever r # 5. We seek an inequality of the form

R M+N
DTGP <A D el (19.3)
r=1 n=M+1

which is to hold for all possible choices of the ¢,. Our object is to determine
how A must depend on N and 6. When R = 1 itis easy to establish an inequality
of this form, since by Cauchy’s inequality

M+N

TEDP <N Y leal. (19.4)

n=M+1

149
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This is best possible, for if ¢, = e(—nx;) for all n, then T(x;) = N. Thus if
(19.3) holds for all ¢,,, then A > N. We also observe that

1 R 1 M+N
/ Z|T(x+r/R)|2dx=R/ IT(x)|?dx =R Z lcnl?.
0 r=1 0 n=M+1
Hence there is an x for which
R M+N
D Ta+r/RF 2R Y el
r=1 n=M+1

For any given 6 > 0 we can choose R = |1/6], and then the points x + r/R
satisfy (19.2). Thus if A satisfies (I9.3), then A > R > 1/6 — 1.

We now show that (19.3) holds with a value of A not much larger than
necessitated by the above considerations. Our first result in this direction is
somewhat inferior, but the approach is very direct, and generalizes usefully to
other situations. For each r let M, = (x, — 6/2,x, + 6/2) be a short interval
centred at x,.. We note that if the x, satisfy , then the intervals M, are
disjoint (mod 1). The idea is that |T(x,-)|? approximately the average of |T(x)|?
over I, unless 77 (x) is very large, in which case the integral of |T”(x)|* over
M, is large. To put this intuitive principle on a sound footing we prove

Lemma 19.1 (Sobolev) Suppose that a < b and that f is a continuous
complex-valued function with a piecewise continuous and bounded first deriv-
ative on the interval [a, b]. Then

(450 = 5 [t [Croe a0
and
sy [t [Cirwiac ase

for any x € [a, b].

Proof Suppose that a < x < b. By integration by parts we see that

/xbﬂu)du = [rww-n)| —/xbf’(u)(u—b)du

b
= (b—)f(x) - / F/ () — b) du,
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and similarly that

/a fw)du= [ f)w-a)

- -
=(x—a)f(x)—/ f(w)(u—a) du.

On adding these two identities we deduce that

b X b
(b—a)f(x)z/ f(u)du+/ f’(u)(u—a)du+/ S (u)(u - b) dx.

Hence by the triangle inequality

b x b
(b-a)|f ()] < / £ ()] du+(x—a) / 17 ()] du+(b—x) / 1 ()] du.

a

Nowx—a <b-aand b—x < b—a,sowehave (19.6). If x = (a +b)/2, then
x—a=b-x=(a+Db)/2, which gives (19.5). i

Lemma 19.2 (Gallagher 1967) Let g(x) be a continuous function with period
1, with a piecewise continuous and bounded first derivative. Suppose that 6 > 0,
and that x1, X2, . . . , xR are well-spaced modulo 1 in the sense that (19.2)) holds.
Then

st = 4 [swotae ([ ewra)*( [Mwewry)”
=1

Proof LetIMM, = (x, —6/2,x, +6/2) for 1 < r < R. By the Sobolev lemma
with f(x) = g(x)? and (a, b) = M, we find that

x)|? ! x)|? dx x)g" (x)| dx
seP = 5 [ lsPare [ lewg wldr

The arcs M, are pairwise disjoint modulo 1, so

R 1 1
DlsunP < 5 [ sPacs [ewg ol

To complete the proof we apply the Cauchy—Schwarz inequality to the last
term. O

Suppose that U(x) is a trigonometric polynomial of the special form

K
Ux) = Z bre(kx).
k=—K
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By Gallagher’s lemma,

< , 1S , [ e N AN V7
DGR <5 30 bl ( ) b)) (D) Prikf?)
=1 k=—K k=—K k=—K

Since |2nik| < 27K for —K < k < K, it follows that

R
Z Z bke(er) ( +27TK) Z |bi|.

This is a special case of (19.3). To obtain the general case let K = | N/2], put
L=K+M+1,and set U(x) = T(x)e(—Lx). Then U(x) is of the required
shape, |U(x)| = |T'(x)|, and 2K < N, so we have proved

Theorem 19.3 Suppose that M and N are integers, N > 1, and that T (x) is a
trigonometric polynomial as given in (19.1). Suppose that § > 0, and that the
points x, are well-spaced in the sense that (19.2)) holds. Then

M+N

Z|T<xr)|2 (5+78) > lenl

n=M+1

For purposes of estimating character sums, the above estimate is perfectly
satisfactory, but when dealing with arithmetic progressions the coefficient of
N on the right hand side becomes important. To optimize this dependence we
adopt a different line of attack. The quantity to be estimated is a bilinear form
in the coefficients c,. Often when presented with the problem of estimating a
bilinear form we simply expand, take the outer summation inside, and estimate
the resulting innermost sum:

R M+N M+N M+N
X2 )| = > 2 cmane«m—n)xr)
r=1"n=M+1 m=M+1 n=M+1

Unfortunately, we have little control over the inner sum on the right, so this
approach, in its most direct form, leads nowhere. However, every bilinear form
inequality has a dual, and we have the option of passing to the dual before
performing the above manipulations. More precisely, by Theorem we see
that the inequality (19.3) holds for all choices of the ¢, if and only if

Z yre(nxr)

r=1

M+N

2,

n=M+1

< AZ Iy, |? (19.7)

for all y,. On expanding and taking the sum over » inside we find that the left
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hand side above is

R R M+N
:ZZyrys Z e(n(x, —xy)).
r=1 s=1 n=M+1

By applying to estimate the innermost sum we could demonstrate that
A < N+ 0(5 'logs™"), which is good for N but inferior for 5. The extra
logarithm results from the inverse first power decay of the exponential sum,
which in turn is attributable to the jump discontinuity of the characteristic
function y , (x) of the interval & = [M + 1, M + N]. To obtain an exponential
sum that decays faster, we introduce a smooth weighting factor.

Theorem 19.4 Suppose that M and N are integers, N > 1, and that T (x) is a
trigonometric polynomial as given by (19.1)). Suppose that 0 < § < 1, and that
the points x, are well-spaced in the sense that (19.2) holds. Then

M+N

mem2 (Nes-1) > lel

n=M+1

Proof 1If R = 1, then we have the stated result by Cauchy’s inequality, as in
(19:4). If R > 2, then 6 < 1/2. We proceed to (19.7), but before expanding we
introduce a weighting factor w(n). If y , (n) < w(n) for all integers n, then the
left hand side of is

< Zw(n)

Z )’re(nxr)
nez

Suppose that Y,z w(n) < oo, and put W(x) = ez w(n)e(nx). Thus W(x)
is a continuous function with period 1 whose Fourier coefficients are the w(n).
On expanding the above we see that it is

R R
Zyry_sz w(n)e(n(x, —xs)) = Z Zyrﬁw(xr - Xg)-

r=1 s=1 nez r=1 s=1

Let A be a positive parameter, and set

0 (n<M+1-A),

T-M-1+A) (M+1-A<n<M+1),
w(n) =141 (M+1<n<M+N),

L(N+A-n) (N <n<N+A),

0 (n=N+A),

then W(x) decays like an inverse square, and by choosing A carefully with
=< 1/6 we can show that A < N +2/§. However, by employing the more
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sophisticated weighting given in Theorem we find that we can actually
ensure that W(x) = O for ||x|| > ¢, so that the bilinear form above consists
only of diagonal terms. Moreover, with this choice of the w(n) we find that
W(0) =N -1+ 1/6, so the proof is complete. O

In most arithmetic applications of the large sieve, the x, are simply taken to
be the Farey fractions of order Q, as below.

Corollary 19.5 Let M and N be integers, N > 1, and suppose that T (x) is a
trigonometric polynomial of the form (19.1). Then for any positive integer Q,

Qo q M+N
> Z IT(a/ (@) < (N+0%) D" leal.
g=1 a= n=M+1

Proof By Cauchy’s inequality, |T(1)|> < N Y, |ca|?, which suffices. For
Q > 2, the numbers 1/2 and 1/1 are among the Farey fractions of order Q,
with the result that two adjacent Farey fractions, a/q and a’ /¢’ differ by at most
1/2. Thus

|2 )-fo o) leg =cal , ]
9 9 9 q 99’ qq’
Thus we may take § = 1/Q?. o
19.1.1 Exercises
1. Let T(x) be defined as in (I9.1).
(a) Show that
1 9 q M+N
[ weraora=(Y, e@) Y, lef
0 =1 a=l q<Q n=M+1
(a,q)=1
(b) Deduce that there is an x such that
q 3 M+N
Z Ta+algPdrz 50° ) leal.
g=1 n=M+1

(a, :)=l

2. Suppose that f(x) is a complex-valued function with a continuous first
derivative, and that f(x) — 0 as x — +oo. Show that

rwiss [ 17wl

for all real x. (Thus || flle < S117/1l1.)
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3. Suppose that a > 0, and that f(x) has a continuous first derivative for
—a < x < a. Show that if —a < x < q, then

s/_ ()] .

4. Suppose that f’(x) is continuous for 0 < x < 1.

=50 [ s an

(a) Show thatif 0 < x < 1, then

1 X 1
f()c):/O f(u)du+/0 f’(u)udu+/ ' (u)(u—1)du.

(b) Deduce that

pas = [ [17 @l
5. Suppose that f(x, y) has continuous derivatives through the second order
on [0, 1]2.
(a) Show thatif 0 <x < 1and0 <y < 1, then

1 1
1 () < /O /0 LF )|+ fi Gt )+ ot ) |+ o (s v)] it .

(b) Show that

1 pl
sl [ i sinw)
# 31 B)|+ 3ol ) duedy.

6. (a) Suppose that f f(x) dx is a convergent improper Riemann integral.
Show that if f'(x) — 0 asx — oo, then f(x) — 0 asx — oo.

(b) Show that if g(x) — 0 as x — oo and g"”’(x) — 0 as x — oo, then
g (x) > 0asx — oo.

7. Let x1,x2,...,xg be points in T. For 6 > 0 let Ns(x) denote the number
r for which ||x, — x|| < 6.

(a) Show that

1
Z Ns(x) s

1<r<R
llxr—xl<6/2

forall x € T.
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(b) Show that if M and N are integers, N > 1, and T (x) is given by (19.1),

then
M+N
T(x,
Z' P (L) ST
N(S(xr) n=M+1
forall 6 > 0.

(c) Show that the above includes Theorem [19.3
8. Let u be a nonnegative measure on T.
(a) Show that if T'(x) is given as in (I9.1I), and if 6 > 0, then

M+N

/ T du(x) < (max,u((x 5/2,x +5/2)))( +7TN) > leal
n=M+1
(b) Derive Theorem from the above.

9. (P.J. Cohen, oral communication 1977) Suppose that M and N are integers,
N > 1, and that T(x) is a trigonometric polynomial as given in (I9.1).
Suppose that 6 > 0 and that the points x, are well spaced in the sense
that (19.2) holds. Suppose further that there are constants A, B and a real
valued function f(N, §) such that

N~'sup f(N,8) = 0asN — oo
5

and such that for any choice of the above we have

R M+N
2\ TG)P < (AN +B5™ + f(N.6) ) leal
r=1 n=M+1

Let H be a positive integer, and define

xr+h

Xpp = 1<r<R,0<h<H,

b = cn/H When Hin,
" 0 when H 1 n,

HM+HN

T (x) = Z bne(nx).

n=HN+H

(a) Prove that min ||x, 5 — x,;|| > ¢/H where the minimum is taken over
pairsr,hand s, j withr, h # s, j.



10.

11.

12.
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(b) Prove that

R H-1 M+N
XX @PE<A Y el
r=1 h=0 n=M+1

where
BH
A:A(HN—H+1)+T+f(HN—H+1,%).

(c) Prove that
H-1

R
r=1 h=0

R
T ()P = H )T (x) .
r=1

(d) Prove that

R M+N
TP < (AN =1 +B57Y) > eal®
r=1 n=M+1

Suppose that § > 0 and that the points x, satisfy (I9.2). Show that for any
y, there is a number 6, —1 < 6 < 1 such that

M+N R 2 0 R
(1.0 2
Z Zyre(nxr) _(N 1+6)Z|yr| .
n=M+1"r=1 r=1
Take
K
T(x) = Ze(ka)
k=1

andsetx, =r/Rforr=1,2,...,R.

(a) Show that when this particular trigonometric polynomial is expressed
in the notation of (I9.I), the parameter N is= KR — R + 1.

(b) Compute all quantities in (I9.2) in terms of K and R, and show that
equality is achieved.

(c) Show that (N — 1)¢ is an integer.

(Montgomeryl|1978) Let M and N > 1 be integers, and suppose that 7' (x)
is given by (19.1)). For given positive integers Q, X, let A = A(N, 0, X) be
the optimal constant in the inequality

q M+N
DD T/l <A Y el
qgeQ a n=M+1

=1
(a,q)=1

where the c,, are arbitrary and @ is a set of X positive integers not exceeding
Q. Show that A(N, Q, X) < min(N + @2, X(N + Q)).
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13. (Burgess}, [1971) Let Ns(x) be defined as in Exercise[19.1.1][7} but take the check ex no
X, to be as in the preceding exercise, namely the points a/g with (a, g) = 1
and g € @.

(a) Show thatif § = (QX)~!, then

q
2, 2, Nala/q) <0X.

€@ a=l
% =1

(b) By using Cauchy’s inequality and applying the above and Exercise

check ex no 19.1.1J[7] show that
q M+N 1/2
> T/l < (QX(N+QX) > |cn|2) :
qge@ a=l n=M+1
(a,q)=1

14. We have discussed a bilinear form with a coefficient matrix of the form
[e(nx,)] where the n are consecutive integers and the x, are well-spaced
moduulo 1. We now consider a more general bilinear form with a coefficient
matrix of the form [e(A4,,u,)] where the A, and y,, are both well-spaced
sequences. Specifically, suppose that —L/2 < A,, < L/2 for all m, and
[A — Ayl = 1 > 0 for m # m’, while 0 < u,, < M for all n, and
|tn — pwr] = 6 > 0 for n # n’. Our object is to find a number A =
A(L,n, M, §) such that

Z | Z Xme(Amtn)

for all choices of the variables x,,,.

2
< A2 Z [ |2 (19.8)

(a) Let S(u) = 2, xme(Ampu). Show that

1 M+
E IS(un)Izé—/ 2
0 _ls
2

n

9 M+%6
1S() 2 dpa + / S(0OS ()] d.

1

(b) Let S, (u) be Selberg’s majorant function as in Theorem chosen
so that it majorizes the characteristic function of the interval [a, b],
its Fourier transform has support in (-n,7), and S, (0) = b —a + 1/n.
Show that if T (u) = 3., cme(Ampt), then

0

b =
[ r@Pans [ sl di=b-a+1/m Y len
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(c) Deduce that

A1+%6 5 )
[ stk dus aese 1 Y el
_%5 m

-1s

A4+%6
[ @l de s R s 1 Y bl
m

(d) Deduce that (T9.8) holds with A2 = (xL + 1/8)(M + 6 + 1/n).

(e) Show that the same bound holds when the intervals [—-L/2,L/2],
[0, M] are replaced by [A, A+ L], [B, B+ M] for any A and B.

(f) Show that the number of m is < 1 + L/5. Deduce that |S(u)|> <
(1+L/5) Y, |xm|>. Show that if there are two or more values of n,
then & < M, in which case A> < (7L +1/6)(2M + 1/n).

Selberg (1991}, pp. 221-224) used a different method to show that one can
take A> = (L + 1/6)(M + 1/n) + 1 + min(6L, M), and speculated that
the inequality will still hold without the last term (min(- - - )). |Preissmann
(1985) had shown earlier that the inequality is in general false when A% =
(L+1/6)(M +1/n).

19.2 Mean square distribution in arithmetic progressions

Suppose that we have a sequence of numbers ¢, for M +1 < n < M + N.
We now consider how these numbers are distributed when n falls in various
arithmetic progressions. Let

M+N

Z(q, h) = Z Cn. (19.9)
n=M+1
n=h (q)

If T(x) is given as in (I9.1)), then
q
T(a/q) = ). Z(g, h)e(ah/q),
h=1

and hence by the orthogonality of the additive characters (mod ¢) (or, in other
words, Parseval’s identity for the Discrete Fourier Transform, as we treated in
§4.1) it follows that

q q
DT(alg)P =g 1Z(q. W (19.10)
a=1 h=1
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Let
M+N

Z=27(1,00=T(0) = Z Cn. (19.11)
n=M+1

Thus the average of the Z(q, h) is Z/q. It is natural to consider the mean square
difference of the Z(q, h) from its mean (called the ‘variance’ in probability
theory). We now express this variance in terms of 7.

Lemma19.6 LetT, Z(q, h), and Z be defined as in (19.1)), (19.9), and (19.11),
respectively. Then

q q-1
q9).12(q.h) - Z/ql* = )" |T(a/q)P?
h=1 a=1

for arbitrary complex numbers c,,.

Proof On expanding, we see that the left hand side above is
q q
=4 ) ,1Z(a. W ~2ReZ ) Z(q. h) +|Z]".
h=1 h=1
Here the second sum is Z, so the above is
q
=q ) 1Z(g. W - |ZI*
h=1

The stated identity now follows by appealing to (19.10) and (19.1T). O

In the above we have restricted a to nonzero residue classes modulo ¢, but not
to reduced residue classes, as would be required in order to appeal to Corollary
[19.5] However, for a prime modulus the reduced residues and nonzero residues
coincide, so we have

Theorem 19.7 Let /' C [M + 1, M + N] be a aset of Z integers. Let Z(q, h)
denote the number of n € A such that n = h (mod q). Then for any positive
integer Q,

P
D P (Z(p.h)=2Z[p)’ < (N+0)Z.

p<Q h=1
Proof Take c, =1ifn € A, and ¢, = 0 otherwise. In Lemma (19.6] replace
g by p, sum over p < Q, and then apply Corollary[19.5] m|

From the above estimate we see that if Z > N'/2*¢_ then most of the numbers
Z(p, h) are near their mean, Z/p, for p < N'/2. In particular, we note the
following consequence.
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Corollary 19.8 Let /' C [M + 1,M + N] be a set of Z integers. Choose T,
0 <7 <1, and let P denote the set of primes p < Q such that Z(p, h) = 0 for
at least Tp residue classes h (mod p). Put P = card(P). Then
7 NQ
TP
Here we finally see how the large sieve got its name: We are estimating how

many integers remain in an interval after a large amount of sifting has been
done. We find, not surprisingly, that Z is small if P is large, and vice versa.

Proof 1If p € &P, then the inner sum in Theorem is (Z/p)? for at least Tp
values of h. Hence the prime p contributes at least 772 to the left hand side, so
we see that

TPZ* < (N +0%)Z.

If Z = 0, then there is nothing to prove. Otherwise Z > 0, and we may cancel
Z from both sides to obtain the stated inequality. |

To exemplify the sorts of arithmetic applications that these tools might find,
we apply Corollary[19.8]to show that the least quadratic non-residue of a prime
p > 2 is not often very large. For an odd prime p, let ny(p) denote the least
positive quadratic nonresidue. The distribution of this quantity is quite easy to
determine: We first observe that ny(p) is a prime number, for if ny(p) = ab,
then (%) = -1, and hence (%) = -1 or (%) = —1. We note by quadratic
reciprocity that ny(p) = 2 if p = £3 (mod 8), which by the prime number
theorem for arithmetic progressions is the case for asymptotically 1/2 of the
primes p. Also, ny(p) = 3 if (%) =1 and (%) = —1. That is, either p = 1
(mod 8) and (§) = —1 orif p =7 (mod 8) and (§) = 1. Hence ny(p) = 3
for asymptotically 1/4 of the primes. Let p; < p; < p3 < ... be the prime
numbers listed in increasing order. Then by continuing in this way we see that

ny(p) = pi for asymptotically 2% of the primes. Using the Siegel-Walfisz

theorem (Corollary 11.19) to the modulus g = 4 Hf’:l pj < elIrelklogk e
can state this quantitatively:
i
card{p < x :my(p) = pr} = 1—: + O (xexp(—cv/ logx)) (19.12)

2
for pr < loglogx. For somewhat larger k& we can appeal to the Brun—
Titchmarsh inequality (Theorem 3.9). Thus we see that

x
2k log x

card{p < x : m(p) = pr} < (19.13)

uniformly for p; < % log x. The presumption that this bound might hold for
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still larger py suggests the conjecture that

na(p) < (1+0(1))(log p) loglog p (19.14)

for large primes. This is stronger than the bound we derived from the Gener-
alized Riemann Hypothesis (cf. Theorem 13.11). To bound the frequency with
which n;(p) might be larger, we employ Corollary

Theorem 19.9 Let a be fixed, a > 2. The number of primes p, 2 < p < x for
which ny(p) > (log p)¢ is < x2la+to(l).

Proof We apply CorollarywithN =0, ¥ ={ne[l,N]:pn=p<
(logQ/2)?}, and & = {p € (Q/2,0] : na(p) > (logp)*}. Thus if n € N
and p € 9, then all the prime factors of n are so small that they are quadratic
residues (mod p), and hence (%) = 1.Hence Z(p, h) = 0 for atleast (p + 1)/2
residue classes 2 (mod p), and so we may take 7 = 1/2. By Corollary 7.9
we know that Z = N'=1/a+0(1) Consequently P <« N'/a+o(l) = g2?/a+o(l) Ty
complete the proof it suffices to set Q = 2=/ x and sum over j=0,1,2,.... O

We recall from Chapter 9 that Vinogradov’s Hypothesis asserts that ny (p) <
p? for all & > 0. Although this has not yet been proved for all p, we can use
the above method to show that any possible exceptions are exceedingly rare.

Theorem 19.10 (Linnik, (1942) If 6 > O, then the number of primes p < x for
which ny(p) > p° is < loglogx.

Proof Let P bethe set of primes p, 0'/2 < p < Q, for whichny(p) > p®. We
show that P < 1; then the stated result follows on summing over Q = X1/
Put N = QZ, and let /¥ be the set of integers n, 1 < n < N, composed entirely
of prime numbers not exceeding N%/*. As in the preceding proof we may take
7 = 1/2 in Corollary By Dickman’s Theorem (Theorem 7.2) we know
that Z > s N. Hence by Corollary [I9.§] we see that P < 1, and the proof is
complete. O

Since we have determined the distribution function of the n,(p), and have
also shown that large values of ny(p) are rare, we can deduce that a moment of
the ny(p) tends to the moment of the distribution function.

Theorem 19.11 (Erdds| |[1961)  Suppose that § > 0 is chosen so that ny(p) <
pO*e forall p > po(g). Let y be a fixed real number such thaty < 1/8. Then

2, m(p) ~ () (19.15)

2<p<x
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as x tends to infinity, where
c(y) =) pL/2*
k=1

and2 = p| < py < --- are the primes in increasing order.

From (19.15) it is easy to deduce that ny(p) < p'/?, so it is to be expected
that we can prove (19.15) only under the assumption that y < 1/§. By our
remarks following Theorem 9.27 we may take 6 = 1/(4+/e). Thus it follows

that (19.13) holds for all y < 4v/e = 6.59. .. ..

Proof By (19.12) we see that the primes p < x for which ny(p) < loglogx
contribute to the left hand side of an amount that is asymptotic to the
right hand side of (T9.13). Thus it remains to show that those p for which nz(p)
is larger make a smaller contribution. Suppose thatloglogx < px < % log x. By
(T9.13) we see that the number of p < x for which ny(p) = py is < 2 % (x).
On summing this over the appropriate range of k we obtain a contribution
that is o(m(x)). Next suppose that %logx < pr < (logx)€ where C is to be
determined later. By (19.13) we see that the number of p < x for which n(p)
falls in this range is < x exp(—c(logx) /loglog x). The maximum contribution
made by such a prime is (log x)€. Since the product of these last two quantities
is o(7r(x)) this suffices. Finally consider primes p for which ny(p) > (logx)€.
By Theorem m the number of such primes is < x2/€*2. The maximum
contribution made by such a prime is < x?(¥+#)_ Hence the total contribution
by all such primes is < x?(5+8)+2/C+& Now y§ < 1, so we may choose & > 0
so small that y(6 + &) < 1 — 3e. If we take C = 2/¢, then the contribution in
question is < x' =% = o(7(x)), so the proof is complete. O

Suppose that we try to use Theorem [19.7] as a small sieve. For example,
suppose that # = {p : N'/2 < p < N} and that Q = N'/?. Then Z(p,0) =0
for all p < O, and hence we obtain the estimate

< N < N
Yp<ol/p  loglogN’

which is vastly inferior to the bounds we obtained by Selberg’s method (cf.
Theorem 3.3). Of course the loglog N arises because the sum is restricted to
primes. If we were able to sum over all ¢ < Q, then we might expect to get a
bound O(N/log N), comparable to our prior estimates. We now show that this
can be done.

VA

Lemma 19.12 (Montgomery,|1968) For M +1 < n < M + N let the numbers
cn be given. For each prime p let D (p) be the collection of those residue classes
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d (mod p) for which c;,, = 0 whenever n = d (mod p). Let 6 (p) = card D(p),
and let R(p) be the complementary set of p — 6(p) residue classes (mod p).
Finally, let T(x), Z(q, h), and Z be defined as in (19.1), (19.9) and (19.11). If

q is squarefree, then

d 6(p)
T 2> 1z | —E—. 19.16
;:1 IT(a/q)|” 2 |Z| ,,l |q|p_6(p) ( )

(a.,q)=1
We think of the residue classes D (p) as being deleted, so that Z(p) is the
set of residue classes that remain. We note that if we replace the ¢, by ¢, e(ng),
then the numbers §(p) are unchanged, so that not only do we have (19.16)), but
more generally

Zq 12w
2 2
IT(a/q+PB)|" = |T(B)I iy m (19.17)

a=1
(a,q)=1
for any real number S.

Proof We proceed by induction on the number of primes dividing g. The
assertion is trivial when ¢ = 1. Suppose that g is prime, say ¢ = p. By
Lemma[19.6] we know that

p-1 p 7P
S AT@ipP=p Y|z - =] (19.18)
a=1 h=1 p
Clearly
Al Z 2 0
p Y o -Ef=p 3 A 2122 (19.19)
he(p) p neaip) P p
On the other hand,

S (ztpm - Z) =z (p-spn % = 22z
heF(p) p p p

so by Cauchy’s inequality

2
Wize-| S (2w -E) < -5 Y |zom -],
P heZ(p) p heZ(p) p
Thus
_22 5(17)2 2
I e e

heZ(p)
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On combining this with (I9.19), we find that

o(p)

P 7 2 5
p;)zmh)—;\ 2 [TOF =57,

which is (19.16) when g is prime.

Now suppose that g is the product of two or more primes, so that we may
write ¢ = g1g2 with (¢1,42) = 1, g1 > 1, g» > 1. Since ¢; and g, each
has fewer prime factors than g, by the inductive hypothesis we know that the

inequality (19.16) (and hence also (19.17)) hold for g, and for g,. By the
Chinese Remainder Theorem we see that

q q1 q2
Dr@/ol=Y > IT(ai/q1+az/g)l.

a=1 a;=1 ar=1
(a,q)=1 (ar,q1)=1 (az2,q2)=1

By taking 8 = a;/q) in (I9.17) we see that the above is

> S T [1-22
- @ p—o(p)

a;=1 rla:
(ar,q1)=1

By (19.16) this is

2 o(p) 6(p) 2 o(p)
Y Perod e RldCl  Per)

so the induction is complete. |

Theorem 19.13  Let N be a set of Z integers in the interval M+1 < n < M+N.
For each prime p let 6(p) denote the number of residue classes (mod p) not
represented by any member n € N. Then for any integer Q > 1,

N +Q?

Z <
L

where

5(p)
L=, w@| | =50
qsQ rlq p=o(p)
Precisely the same estimate can be obtained by Selberg’s A? method, if
Theorem|[E.3]is used to eliminate the non-diagonal terms (see Exercise[T9.2.1]j]
below). €X no
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Proof By Lemmal|l9.12]it is clear that

q
zzuz(q)ﬂ%s > T (a/g)P. (19.20)
rla

a=1
(a,q)=1

We sum this over ¢ < Q and apply Corollary [19.5]to see that
Z’L < (N +0%Z.

If Z = 0, then there is nothing to prove. If Z > 0, then we cancel Z from both
sides to obtain the stated inequality. O

We now give a second proof of Lemma [19.12] by exhibiting an explicit
expression for the difference between the two sides of the inequality (T9.16).

Theorem 19.14 (Huxley,|1972) For M +1 < n < M + N let the numbers c,,
be given. For each prime p let D (p) be the collection of those residue classes d
(mod p) for which c,, = 0 whenever n = d (mod p). Let 5(p) = card D(p), and
let R(p) be the complementary set of p — §(p) residue classes (mod p). For
general q let R(q) be the collection of those residue classes r (mod g) such
that r € R(p) for all plq. Put r(q) = card Z(q). Finally, let T(x), Z(q, h),

and Z be defined as in (19.1)), (19.9) and (19.11)\. If q is squarefree, then

q
S gl = jzP [ 22

=8 g P ~6(P)
’ . (92D
| Y etarp(zan - zir)]
a=1 re(q)
(a,q)=1
Proof We first show that if k € %(q), then
Z cq(h—k) = 1_[6(17) (19.22)

heR(q) rlg

where ¢, (n) is Ramanujan’s sum (cf. §4.1). We recall from Theorem 4.1 that
qq(n) = 2.4)(g.n) du(q/d). Thus the left hand side above is

= D>, D dula/d) =) du(g/d) Y 1.

he%(q) dlq dlq heR(q)
d|(h—k) h=k (d)

In the inner sum, & (mod p) is fixed if p|d, but is free to take on any value
in #(p) if p  d. Thus there are [],,/4(p — 6(p)) such h, and hence the
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expression above is

= S duta/a) [] (p-6m) =[] (p- > -6(p)).

dlg rla/d rla
and so we have (19.22).
To establish (I9.21)) we expand the second term on the right hand side, and
find that it is

q 2
> Z(g, hye(ah/q)
(@ap=1 "D
2 q
SRecs D ) Zah) ) elath=k)/g)
4q a=1 heZ(q) ke (q)
(a,q)=1
Z2 q 2
A5 Y| Y etania)
"™ 3 T héag)

(a,q)=1
=T —2ReT; + T,

say. Clearly 7 is equal to the left hand side of (I9.21). By taking the sum over
a inside and applying (19.22)) we see that

4 = o(p)
T, = Z(q,h) 5(p)=Z( —) Z(q,h)
’ r(a) he;(q) ll:q[ lrzq[p_é(p) he;(q)
o(p)
=1zP] [ /.
1;!17—5(19)

Finally, we see that

7, = 12 DD eqn—h,

- 2
") Grlg) nérta)

which by (19:22) is
1Z|? Z 1—[
= o(p).
2
r(a) ke%(q) plq
The number of terms in the sum is r(g), so
s(p)
T3 = |Z)? _—
L;[ p—6(p)

On combining these observations we obtain (19.21]) and the proof is complete.
O
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19.2.1 Exercises

1. Let @ be a set of pairwise coprime positive integers not exceeding Q,
suppose that T'(x) is given as in (I9.1), and that Z(q, h) is defined by

[.9).

(a) Show that

q-1 M+N
D DT/ < (N+QY) ) leal,
ge@ a=1 n=M+1
(b) Show that
q M+N
D a1z =Z/qP < (N+0%) ) leal.
qe@  h=1 n=M+!

(c) Show that this includes Theorem[19.7]

2. Let #Z(p) and 6(p) be defined as in Theorem [19.14] Show that if g is
squarefree, then

N s(p) YV _ 5(p)
Z( [ p—é(p)) ‘qnp—cxp)‘

rlq

3. (Montgomery}, [1968) Let T(x) be defined as in (19:1), and Z(g, h) be
defined as in (19.9). Put f(a) =T (a/q) if (a,q) = 1, f(a) = 0 otherwise.
Let f(h) = cl/ ZZ:I f(a)e(—ah/q) be the Discrete Fourier Transform of
1.

(a) Show that
-~ 1
fny =2 > ula/d)dz(d. h).

dlq
(b) Deduce that

q 1 q
2 Talof =23,

a=1 h=1
(a,q)=1

2
D ila/d)dz(d. b)) .

dlq

4. Let w. (n) be defined as in Theorem Show that if ¢ < 1/6, then

D waln) = Wa(0)/q

n=a(q)

for all @ (mod g).
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. Let w,. and W, be as in Theorem|E.5] let f(x) be a polynomial with integral
coefficients, and let 6 (p) denote the number of solutions of the congruence
f(x) =0 (mod p). Suppose that A is real and subject to the conditions
A1 =1, 14 =0 for d > z. Assume that P is a positive squarefree integer.

(a) Explain why

M+N
Z 1 < Z w.(n)
FBe (mp)=
2
< ZW+(n)( > /ld). (19.23)
n difn)
d|P

(b) Show that if g is squarefree, then

0
> e =wo0) 2
7 q
qlf(n)
if g < 1/6, where 6(q) = 1,4 6(p)-
(c) Explain why it may be assumed that 6(p) > O for all p|P.

(d) Setd =z72, and show that the right hand side of (19.23) is

Aa,6(d1) 24,6(d2)  (dy,do)
=(N-1+7 ! - . (19.24
( 2T T a saay 0
d;sz
i=1,2

(e) Putg(q) =[1,)4(p —0(p))/6(p). Show that if g is squarefree, then

28 = 5

dlgq

(f) Show that the right hand side of (19.24) is

=(N=-1+2) ) g(q)y} (19.25)
qlP
q<z
where
246(d)
Vg = Z PR (19.26)
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(g) Show that if the y, are given as above, then

d
Ag = 3@ Zq: p(q/d)yq- (19.27)

dlq|P
q=<z

(h) Show that the y, are real, that y, = 0if g > z, and that

Z#(Q)Yq =1

q|P
q<z

(i) Show that configurations of y, with the properties described in the pre-
ceding part are in one-to-one correspondence with admissible choices
of the 44.

(j) Show that the sum in (19.23)) is
pig) 1
=Zg(q)(yq— ) + -

o g(@L) L
q=<z
where
Z 1*(q)
ap 8@
q=<z

(k) Show that y, = u(q)/(g(g)L) is an admissible choice of the y,, and
hence deduce that

N-1+27
7 .
(1) Suppose that P is a positive integer, and that for each prime p|P a set

2(p) of 6(p) residue classes is given. Show that there is a polynomial
f(x) such thatif p|P, then f(x) =0 (mod p) if and only if x € D(p).

An old conjecture, which perhaps dates to Gauss, is that if a is a given
integer, then there exist infinitely many primes for which a is a primitive
root, unless a = —1,0, 1 or a is a perfect square. Suppose now that a
meets these requirements, and let N, (x) denote the number of primes not
exceeding x for which a is a primitive root. Artin (1927) conjectured that

card{ne [M+1,M +n]: (f(n),P)=1} <

add Artin a formula known as Artin’s Conjecture

1927 to refs so X

that it can be Na(x) ~ A(a) (x — oo),

cited log x

something . . . . .

missing?  or Artin overlooked some considerations, with the result that his proposed
maybe  delete formula for the constant A(a) was incorrect; the definition was amended

‘that’?
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by Heilbronn. Hooley|(1967) showed that the (adjusted) Artin Conjecture is
true, provided that the Riemann Hypothesis for the Dedekind zeta functions
of a certain family of Galois number fields is true. From the next exercise
we find that any possible exceptions to Artin’s Conjecture are quite rare.

. (Gallagher, |1967)

(a) Let p be an odd prime. Note that the number of primitive roots modulo
pise(p-1).

(b) Use the Siegel-Walfisz theorem and the Brun—Titchmarsh inequality
to show that

z:ﬂﬁzﬁi%ﬁx+ouu%xrﬂ
pP<X p—l

for X > 2, where ¢ =[], (1- m)
(c) In Theorem let /¥ be the set of those integers n, 1 < n < N,
such that n is not a primitive root (mod p) for any prime p < VN. Set
0 = | VN|. Explain why
p
(Z(p. W) ~Z/p)* 2 Z°

e(p-1)
h=1 p

forall p < Q.

(d) Conclude that card #* < N'/2log N. Note ./ includes squares, so
card ¥ > N1/2, Vaughan|(1973) derived a better bound for card /4" by
arguing instead from Theorem [19.13]

. Let p be a prime with (p, 10) = 1.

(a) Let h be the order of 10 modulo p. Show that the decimal expansion
of 1/p is periodic with least period .

(b) Deduce that the decimal expansion of 1/p has least period p — 1 if and
only if 10 is a primitive root of p. (The first such primes are 7, 17, 19,
23,29,47,...))

. Suppose that p and g are primes, with p = 4¢+1. Show that 2 is a primitive
root of p. (To show that there are infinitely many such (p, ¢) pairs would
be similar to proving the twin prime conjecture. One would conjecture
that there are infinitely many such pairs, the first few being (13,3), (29,7),
(53,13), (149,37).)

. (Vaughan| |1973)) [Erdos| (1947) conjectured that 7, 15, 21, 45, 75 and 105
are the only values of n for which n — 2% is prime for all positive integers
k for which this expression is positive. Let E(N) be the number of such n
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not exceeding N. Prove that there is a positive constant ¢ such that

log N) loglog N
E(N) < Nexp |- c(log N) log log
loglog N
10. Suppose that k > 2 and that Ay, . .., hi are k distinct nonnegative admiss-

ible integers in the sense of Definition Define v, () to be the number
of different residue classes modulo p amongst the & and, when N € N,
R(N; h) to be the number of n < N such that the n+ h; are simultaneously
prime.

(a) Suppose that Q > 1. Prove that

2

R(N;h) < N+Q

L) +0«(Q)
where
v, (h)
LQ)= ) wa?| | —"——F=
qZé IUq p—vp(h)
(b) Suppose that Q > 3. Prove that
(log 0)*

LQ) = gy + Onlloz0)™)

where G(h) is given by (I8.41).
(c) Suppose that N > 3. Prove that
N Nloglog N
R(N;R) < 2KK1G(h)——— 4+ 0 |28 08TV )
(log N)* (log N)<-!

11. (The ‘Larger Sieve’ of |Gallagher, [1971) Suppose that Q > 1 and N > 1
and M are integers, and {c,} is a sequence of nonnegative real numbers
such that ¢, > 0 only when M +1 < n < M + N. Define Z(q, h) =
Zn=h(modq) Cn>» Z = Z(1,0) and let 4, be a set of residue classes h
modulo g such that Z(gq, h) = 0 when h ¢ 4, and let r(q) = card ;.

(a) Suppose that r(g) # 0. Prove that
2

Z \2 Z
> (zna) - 5] = 3 2w - s

hedy hedy

(b) Let @ be a finite set of prime powers such that for ¢ € @, r(gq) # 0.
Group pairs ny, n; of members of [M + 1, M + N] according to their
common difference, and hence show that

DA Y Zh g = ) cmen, Y. Ag)

qe@ hedy ni,ny qe@
qlna—n
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(c) Prove that

Z CnyCny Z A(g) < (Z2 —Zci)logN.

ni,ny qeqQ n
mEn qlna—n

(d) Deduce that

YA Y Za < (2= ) ) logN+ Yy 2 Y Alg),

qeqQ hed, n n qeq
and so
0< (ZZ—Zci)logN+ZciZA(q) —ZZZ A(q).
n n qeq qe@ r(q)

(e) Conclude that

22 < qu@ A(q) - 10gN My C2
= Tea A@)/r(q) —logN 44 "

+1

provided that the denominator is positive, and that if ¢, = 0 or 1 for
every n, then

Ygea A(g) —logN
T YyeaMq)/r(g) —logN’

12. Let & denote the set of those integers n, 1 < n < N such that n is a
quadratic or zero residue modulo p forevery p < VN. Show that card /' <
VN. (This is best possible, since squares < N are members of ./.)

13. (Vaughan, 2014) Prove if n € N, then the number R(n) of solutions of
x% +y% = nin positive integers x and y satisfies R(n) < n'/°.

19.3 Character sums

Let
M+N

S = D, enx(n). (19.28)

n=M+1

We reduce the question of the mean square size of S(y) for primitive characters
to the mean square size of the corresponding trigonometric polynomial.



174 The Large Sieve
Lemma 19.15 Let S(y) be defined as in (19.28), and T (x) be defined as in
(I9:1). Then

q

*

LSSl < Y IT(a/g)l (19.29)

¢(q) 4 i
(a,q)=1

where Z; denotes a sum over all primitive characters (mod q).

Proof We recall (cf. Theorem 9.7) that if y is a primitive character (mod g),
then y (n) can be expressed in a simple way in terms of the additive characters
e(an/q), namely

q
t(x(n) = > ¥(ae(an/q) (19.30)

a=1

for all n. On multiplying by c¢,, and summing, we see that
q
T(DSK) = D ¥(@)T(a/q).
a=1

From Theorem 9.7 we know that |t(y)| = +/g for all primitive y, so on taking
the modulus-squared and summing over primitive y it follows that

gy 1S ="
X X

On the right hand side we drop the condition that y be primitive, and invoke
the orthogonality of characters (as expressed in (4.14)) to see that the above is

2

q
> x(@)T(a/q)
a=1

q 2 q
<Y D> X@T(alg)| =¢lg) D, IT(@/g)P.
x la=1 a=1
(a,q)=1
This gives the stated result. O

On combining Lemma|[[9.15] with Corollary [T9.5] we obtain

Theorem 19.16 Let M and N be integers with N > 1, and let S(x) be defined
as in (19:28)). Then for any integer Q > 1,

M+N

— ISOO)I™ < (N +0Q7) |cnl
ol 2 SOP = (V0 B ok

q<0 n=M+1

for arbitrary complex numbers c,,.
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19.3.1 Exercises

1. Some parts of this exercise may be familiar. Let s(n) denote the ‘squarefree
part’ of n, which is to say that s(n) is the largest squarefree divisor of n
(a) Show that if n is squarefree, then

1 1 1 1 1
d i) 5
pln

(b) Deduce that

u(n)? 1
n<x (’D(n) B mz: '

(c) Show that the above is

(e) (van Lint & Richert, |1965) Show that if g is a positive integer, then

made
cite;
u(n)? u(d)? u(m) here
naee(Eal X s
(m q) 1
(f) Conclude that
Z u(m)* _so(q) logx.
= o(m) q

(m,q)=1

2. (Bombieri & Davenport,[1968) Recall from Theorem 9.5 that (19.30) holds
for all y modulo ¢, if (n,q) = 1.

(a) Show that if ¢, = 0 whenever (n, ¢) > 1, then
q
DTPISONE = e(q) Y. T (a/g).
X a=1
(b) Suppose that ¢,, = 0 whenever n has a prime factor < Q. Show that
1 M+N
2 o Z ORISR < (V+0D) D leal®

q<Q n=M+1

proper
aindex
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(¢) Suppose that ¢, = 0 whenever (n,q) > 1, and that the character y
(mod ¢) is induced by the primitive character y* (mod d). Show that
SO) =S(x™).

(d) Recall from Theorem 9.10 that

| M ulg/d)x*(q/d) if (¢/d,d) =1
") = { 0 otherwise.

Also, recall from Theorem 9.7 that [t(y)| = +/g if x is a primitive
character modulo g. Show that if the c,, are as in (b), then

4 (v 2 u(k)*
q;ch(q)(; Sl )( kng/q (k)
(k,q)=1

S(N+0%) D leal.

) M+N
n=M+1

(e) Show that if the c,, are as in (b), then

M+N

> (1020/a) Y7 ISCOP < (N+0Y) D leal®

q<0 X n=M+1

(f) Let./ be the setof those integersn € [M+1, M+N] such that (n,q) = 1
for all ¢ < Q. Put Z = card /#". Show that

Z*log O + Z (logQ/q) Z*| Z X(n)‘z <(N+0%»Z.
X

1<g<Q nesN

(2) Now suppose that M = 0, that Q = N'/2/logN, that ¢, = logp for
N'2 < p < N, and that ¢, = 0 otherwise. Then 3./, |c,|* = Nlog N +
O(N), and the first term on the left hand side is ~ %Nz log N. If there
exists an exceptional real character y, with conductor g; < N¥, then this
character also contributes an amount ~ %Nz log N. The consequence
is that the combined contribution of all other primitive characters is

o(N*logN).
3. (Erdds & Shapiro, |1957) Let y be a primitive character modulo q.
(a) Show that
q
Z x(m+n)x(m+nz) =cq(ng —na)
m=1

where ¢, is Ramanujan’s sum, as defined in (4.5). (Suggestion: Write )y
in terms of additive characters, as in Corollary 9.8.)
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(b) Deduce that for arbitrary numbers b,,,

q q ) q q 5
Z|an/\((m+n)| = Z |ane(an/q)‘ :
m=1 n=1 a n=1

(a,q)=1

(c) Explain why the right hand side above is
q

<q ) Ibal. (19.31)
n=1

(d) Show that

3 Ssmturtnen] < S]]
m=1 |

m=1 n=1
for arbitrary numbers a,, and b,,.
(e) Show that equality holds in (I9.31)) if b,, = e(cn/q) with (¢, q) = 1.
(f) Show that equality holds in (T9.31) if b,, = x(n).
(g) Compare the results here with those of Exercise check ex no
. (Norton, |1972) Let y be a primitive character modulo g.

(a) Show thatif 1 < h < g, then

q 2 q h 2
Z) X(m+n)| = Z |Ze(an/q)|.

n=1 m=1 a= n=1
(a,q)=1

h

(b) Deduce that

q h 5 . h 2
Z‘Z)((m+n)) =gh—-h> - Z (M)
n=1 m=1 l<a<g S ﬂ-a/q

(a,q)>1

(Norton conjectured that the left hand side above is < gh for all non-
principal y; this was proved by Burgess 1975.)
(c) Show that if y is nonprincipal (mod p) and 1 < h < p, then

p ok >
Z|Zx(m+n)‘ = ph - h?.

n=1 m=1

. Suppose that ¢ > 1 is an integer, that (b,q) = 1, and that b has order h
modulo g. Show that

1—[(1 — x(b)z) = (1= Zr)# D"
X

for all z. (Hint: Recall Exercise 4.2.1.4(c).)
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6. Suppose that y is a character modulo ¢, and that 4 is the order of y.

(a) Show that for each integer a, the number of residue classes modulo ¢
for which y(n) = e(a/h) is exactly ¢(q)/h.

(b) Show that

q
ﬂ (1-x(mz)=(1- Zh)so(q)/h_
n=1
(n,q)=1

19.4 Maximal variants

We begin with a somewhat inferior bound, but one that suffices in many ap-
plications.

Theorem 19.17 (Uchiyamal|1972) For given real or complex numbers c,,, let

M+n

T (x) = ér’llast‘ Z cme(mx)‘.

m=M+1

Suppose that x1,x2, . . .,xg are well-spaced to the extent that ||x; — x| = ¢
for j # k. Then

K M+N
Z T*(xx)* < (N1og2N + 6~ (log2N)?) Z len]?.
k=1 n=M+1

Proof From (EZ28)) we see that

2
cne(xy)

where R = [(log N)/(log2)]. Thus

K R 2711 K 2
ZT(xk)zsR Z Z Z cnetx)| ., (19.32)
k=1 r=1 s=0 k=1

Ns Ns N
M+2r—71<nsM+2r7] +5
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which by Theorem is

M+N
< (N1og2N + 67! (log2N)?) Z lenl?. ]
n=M+1

For f € L(T), let f(n) = /01 f(x)e(—nx) dx denote its Fourier coefficients,
and set

N
sn(fsx) = ) Flme(n), $*(f:) = sup s (5.
n=—N >

Kolmogorov| (1926) exhibited an f € L!(T) for which the sequence sy (f, x)
diverges for all x, but|Carleson|(1966) showed that sy (f;x) — f(x) asN — oo
for almost all x, provided that f € I?(T). |[Hunt| (1968) extended this to f €
LP(T) for all p > 1, and established a quantitative inequality: [|s*(f)Il, <p
| £1l ,- The case p = 2 of this is particularly useful for us: There is an absolute
constant Cy (‘Hunt’s constant’) such that

1 K 2 N
2
[ max, nz:;ane(nx) dx < CH;W (19.33)

for arbitrary complex numbers a,. We now use this bound to derive a more
precise maximal variant of the large sieve.

Theorem 19.18 Let x|, x3, ..., xR be points of T that satisfy (19.2)), let Cy be
defined as in (1933), and let a, be arbitrary complex numbers, for M + 1 <
n<M+N. Then

R M+K 2 M+N
Z max Z ape(nx,)| < Cu(67' +naN) Z lan|*.
I<K<N
r=1 n=M+1 n=M+1
Proof Let
M+N
S(x) = Z ape(nx).
n=M+1

If we replace S(x) by e(—Lx)S(x), then each partial sum is multiplied by the
unimodular factor e(—Lx). Thus the size of the largest parial sum, and its
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length, are unchanged. Hence through a suitable choice of L we may assume
that the interval [M +1, M+ N] is a subset of [-N /2, N/2]. Let K(x) be chosen
so that

M+K (x)

Z ane(nx)

n=M+1

M+K

Z ane(nx)

n=M+1

s

= max
1<K<N

and let S* (x) denote this common value. Here K (x) is piecewise constant, with
at most finitely many jump discontinuities. The function $*(x) is continuous,
and differentiable except possibly at the discontinuities of K(x). By Lemma
it follows that

R 1 1
Yt @l < 3 [ 15 P as
r=1 0 0

1 1/2 ld ) 1/2
+(/ |S*(x)|2dx) (/ |—S*(x)| dx) :
0 0 dx
From (19.33)) we see that

M+N

1
|S*(x)|?dx < C lan|*.
/ )

n=M+1

If f(x) is a complex-valued differentiable function of the real variable x, then
| &£ @)l < |£7(x)]. Hence

d d M+K (x) M+K (x)
|ES*(X)| < 'a Z ape(nx)| = Z 2rina,e(nx)
n=M+1 n=M+1
M+K
<
<2r 1§I}<ang Z nape(nx)|.
n=M+1
From (19.33)) we deduce that
g ) M+N M+N
/ |—S*(x)| dx < 4n*Cy Z [nan|* < nN*Cy Z lan|?
o ldx n=M-+1 n=1

since [n| < N/2when M +1 < n < M + N. These bounds combine to give the
stated result. O
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Theorem 19.19 [f M, N, and Q are positive integers, then

Z ) Z up| ambn/\((mn)‘

qg<Q 1< <M
1<n<N
mn<y

M 12, & 12
< (M+Q2)1/2(N+Q2)1/2(Z|am|2) (Z|bn|2) log2MN (19.34)

m=1 n=1

for arbitrary complex numbers a,, and b,,.

Proof By Cauchy’s inequality and the large sieve (Theorem [19.16), we see
that

250

am nX(mn)‘

m=1 n=1
( 90(61)2 |Z“mX(’">) )1/2( ¢( )Z |Zb”"(”)‘ )m
< (M+0%)'"*(N+ Q2)‘/2( Z |am|2)l/2(z |h,,|2)1/2. (19.35)
=1 n=1

In order to truncate this to mn <y, we use a device discussed in Appendix[E.4.1]
Specifically, by (E:26) we find that

sup‘ Z am n)((mn))
1<sm<M

1<n<N
mn<y

T
< f | > aubux(mn)(mn)~| min(log MN. 1/1]) dr
T i<mzM
1<n<N

MN
+ T Z |ambn|~

1<sm<M
1<n<N

By Cauchy’s inequality, the last term is

M32N32 M \/2 N \12
< (X lanl) (D 1aP)
m=1 n=1
In order that this term should not be troublesome, we take T = (MN)3/2. Since
T
/ min(log MN, 1/|t]) dt < log(T log2MN),
-T

the desired result follows from (19.35). o
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19.4.1 Exercises

1. (Uchiyama, [1972) Show that for arbitrary integers M, N > 1, O > 1, and
complex numbers a,,

M+y

o 2 2
Z — max a,,)((n))
q<0 ¢(a) Y N ST
M+N
< (0% (logN)* + Nlog N) Z |an?.
n=M+1
2. Let Cy be defined as in (19.33). Show that
q | MK 2 M+N
— < Cy(nN + Q? 2
2 B 2 | 2 ] = Cula+0) g, e
for arbitrary complex numbers a,, M +1 <n < M+ N.
3. Show that
3 o3 max | aneen|
— max anx(n)
o v(q) o 1=K=N| 4
M+N
< (N +0%)(logN)? Z |an |
n=M+1

for arbitrary complex numbers a,, M +1 <n < M + N.

19.5 Notes

The large sieve was introduced by |Linnik|(1941), already with the aim in mind
of treating the least quadratic non-residue in |Linnik (1942). Rényi|(1948) used
the large sieve to show that every large even number 2n can be written in the
form

2n=p+ Py (19.36)

where Pj denotes a number that is a product of at most £ prime numbers.
Rényi developed the large sieve in several papers, culminating in Rényi (1959),
where the result, stronger than those in prior formulations, is equivalent to
the assertion that the bound (G.9) implies the bound (G.7) in Theorem
When the vectors ¢, in that theorem are taken to have coordinates y,. (n) for
M < n < M+ N and y, runs over all primitive characters with conductor
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q < Q, it follows by the Pélya—Vinogradov inequality (Theorem 9.18) that
A? < N + Q%log Q. Consequently,

M+N 2 M+N
* 3 2
> S | > cn)(r(n)| < (N+Q’logQ) Y. leal (19.37)
g0 x n=M+1 n=M+1

for arbitrary complex numbers c,. Barban| (1963) used the above estimate to
show that most L functions do not have a zero at small height and real part near
1, and from those estimates deduced an bound of the form
2 lix _A
Z u(q)” max |n(x;q,h) — ——| < x(logx) (19.38)
=X (hq)=1

with a = 1/3. By introducing an appeal to the sixth moment estimate of|Linnik
(1960), he improved this to @ = 3/8. To obtain the representation (19.36), we
fix a large even number 2n, allow p to range over all primes < 2n, and sift
the numbers 2n — p. To do this, we need to know, for small d, the number of
p such that d|(2n — p); that is, 7(2n; d, 2n). When (d,2n) = 1, this number
should be close to (li2n)/¢(d) for most d. The small sieve only requires
that the approximation here is good on average, as in the above bound. Thus
Levin| (1963alb) showed that Rényi’s Theorem (19.36) holds for k = 4 if the
above holds for some @ > 0.3058 and for k = 3 if the above holds for some
a > 0.401. Hence Barban’s result implies that (19.36) holds with k& = 4. [Pan
(1963) independently achieved a = 3/8 and k = 4.|Wang|(1960) earlier showed
that GRH implies that one can take k = 3.

Barban| (1966) wrote a detailed survey of the large sieve and its applications,
as it existed up to 1964. However, [Roth| (1965) revolutionized the subject
with the brilliant idea of taking the vectors @, to have coordinates e(nx, ) for
M < n <M+ N.Thus ¢, and ¢, are nearly orthogonal if ||x, — x| is large
compared with 1/N. These vectors are much closer to being orthogonal than
were Rényi’s. Arithmetic applications follow by taking the x, to be Farey points
of order Q, in which case the x,- differ by 1/Q?. Thus where Rényi had Q> log Q,
Roth had Q2 log 0. Bombieri| (1965)), working independently of Roth, reduced
Rényi’s Q% log Q to Q7, and derived improved zero-density estimates for L-
functions, which yielded (19.38) with a = 1/2. Previously, this was only known
as a consequence of GRH. Conjecture (known as the Elliott—Halberstam
Hypothesis) asserts that (19.38)) holds for @ = 1, but this is not known to hold
for any a > 1/2, even under the assumption of GRH.

Section Let f be a measurable function defined over R". In seminal
work, [Sobolev| (1938) initiated the study of bounds for norms of f in terms of
norms of partial derivatives of f. |Leoni (2017) and [Saloff-Coste| (2002)) have
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provided introductions to this subject. Gallagher (1967) used Lemma [19.2]to
prove Theorem[19.3] The idea that Lemmal[T9.1]can be used to derive a discrete

mean upper bound at well-spaced points from a continuous mean value is
invaluable, and has been used in many other situations. Theorem [19.4] in the
slightly weaker form with N + % — 1 replaced by N + % is due to
|& Vaughan| (1973] [1974). Paul Cohen (unpublished; see Exercise [19.1.1]9)

observed that from the large sieve with this larger factor one can deduce the
smaller one. The proof we give is due to Selberg (see Montgomery| (1978)).
The factor N — 1 + 1/6§ is quite sharp when N§ is large, and indeed equality
can be achieved when (N — 1)6 is an integer, as we see in Exercise
[Bombieri & Davenport| (1969) showed that when N§ < 1/4, the large sieve
(19.3) holds with A = %(1 +270(N5)?). Bombieri and Selberg (see
and Chapter 1 of[Montgomery|(1971))) were among the first to consider
the use of bilinear forms (as we discuss in [G.1] and [G.2) in the context of

the large sieve. Soon after, Matthews| (1972al [1872b [1973)), Kobayashi| (1971},
1973), and [Elliott (1971)) also treated the large sieve in this way.

Section[19.2} Theorems of the general kind (Theorem[19.7]and Corollary[19.8)
were first obtained by and developed by [Rényi| (1948], [1949b).
Theorem 19.10 is in [Linnik| (1942)). [ErdGs| (1961)) established the case y = 1
of Theorem[T9.11] and the argument displayed here is a simple generalization.
Theorem[19.13]is due to Montgomery| (1968), although the special case 6(p) =
1 was obtained first by Bombieri & Davenport (1968). Montgomery established
the critical inequality by a judicious application of Cauchy’s inequality
coupled with Mobius inversion. Our simple proof of is due to Gallagher.

Ramaré| (2007} [2009); Ramaré| (2010) has studied the large sieve in great de-
tail, while[Wolke] (1971/1972) and Baier & Zhao (2005, 2008) have considered

sparse sets of moduli. HuxIey| (1968] [1970] [1971) extended the large sieve to
algebraic number fields, and [Hlawkal established a version of the large
sieve for T".[Kowalski| (2006} [2008)) has extended the large sieve in a number of
directions, including to arithmetic geometry and to discrete groups. As it stands,
the large sieve is only an upper bound, but [Conrey, Iwaniec & Soundararajan|

(2011}2013,[2019) have constructed a more elaborate asymptotic large sieve.
The larger sieve of |Gallagher| (1971), established in Exercise|[19.2.1Ji1 1]and

subsequently applied, has had many applications and has been especially use-
ful in establishing the density of squarefree values of polynomials. See, for

example, Hooley| (1976) and [Hooley| (2009).
Section[19.3] Lemma [19.13)is due to Gallagher| (1967).
Section [19.4] Theorem [19.17] is due to (1972). Hunt’s Theorem,
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even when restricted to p = 2, remains challenging to prove. For an accessible
exposition of this, see the [Lacey| (2004).

Maximal variants that flow from the Hardy-Littlewood maximal theorem are
available without appealing to the Carleson—Hunt Theorem, as follows: Let f
be a bounded meeasureable function with period 1 and let the maximal function
M £ (x) be defined as in (E.27). Montgomery| (1982) showed that if A(f, §) has
the property that

R
DUFC) P < A(F,6)
r=1

whenever the x, are well-spaced as in (19.2)), then

R
Z My (x,)]* < 200A(f, ).
r=1

Thus if T is defined as in (I9.I)), then by Theorem [19.4]it follows that

R M+N
Mr(x,))> <200(N+67" - 1) Z len]?. (19.39)

r=1 n=M+1

The estimate (19.35)) and Theorem [19.19|are Lemmas 1 and 2 of [Vaughan
(1980).
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20

Primes in arithmetic progressions: III

Our best unconditional bound for ¢ (x, x) (cf. Theorem 11.16) is not very good,
owing to our rather limited knowledge of the zero-free region of L(s, x). If we
assume GRH, then we have a much better estimate (cf. Theorem 13.7). In some
situations, a good bound for an average of |y (x, x)| is all that is required, and
such bounds can be obtained by combining our methods of Chapter[I7]with the
large sieve.

20.1 Averages of | (x, y)|
Asin ~, we let Z; denote a sum over all primitive characters modulo g. In

this notation, we have

Theorem 20.1 For arbitrary Q > 1 and x > 2,

Z ﬁz* sup [ (v, x)| < (x+x7°Q +x'20%) (logx)®.  (20.1)
q<Q0 Y YsX

The term ¢ = 1 contributes an amount ~ x, but otherwise we expect that
| (y, x)| is usually of the size y'/?>(logq)'/?. Thus we expect that the left
hand side above is < x + Q%x'/2(log Q)'/2. From GRH it follows that it is
< x +0%x'2(log Ox)2.

Proof 1If Q2 > x, then we obtain (20.1)) from (19.34) by taking M = 1,a; =1,
N = [x], and b,, = A(n). Suppose that Q < x'/?. By Vaughan’s identity (T7.6)

189
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with f(n) = y(n) we find that ¢ (y, y) = S| + S2 + S3 + S4 where

Si(vx) = ), Alm)x(n), (20.2)
n<U
S2(vx) < (logUV) 3 | 3 x(rn), (20.3)
t<UV r<y/t
S3(y,x) < (logy) Y sup| Y x(m) (204)
ksv W w<msy/k
Savx) = Y, bm) D p(k)x(mk) (20.5)
U<m<y|V V<k<y/m

where b(m) < logm. Thus by (19.34),

Doty S| L b 3 ukm)
X

g<Q YEX T M<m=<2M V<k<y/m
U<m<y/|V

< (x+ OxM~"2 4+ Ox'PM'? + Q2x1/2)(10gx)2.

On summing this over M = 2¢ for U/2 < M = 2¢ < x/V, we deduce that

2y 2 SR ISi( )l
X X

q<0 ys
< (x+0xU™2 4 QxV=12 4 0%x12) (log x)*. (20.6)

We write

SHx) = D =2+ DL =S +S{ (), (20.7)

t<UV 1<U U<t<UV

and treat S’ in the same way that we treated S4. Thus

q * 4
2 2 RISy ()
qu(’D q T Ysx

< (x+ 0xU™ 2 4 Qx'PUPVIZ 4+ 02x1/%) (log x) . (20.8)

For g = 1, §,(y, x) < y(log U)?. For g > 1 we apply the Pélya—Vinogradov
inequality (Theorem 9.18) to see that

S5(y, x) < ¢'*U(log qU)*.
Hence

> 9 Z* sup |8 (y. )| < (x + Q¥2U) (log Ux)>. (20.9)
4<0 v(q) ¥ V=X
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We treat S3 in the same way that we treated S, and hence find that

q * 5/2 2
E —E Ss(y, V) (log Vx)2. 20.10
24 00) 2 ;gl 3y, )| < (x+0*V)(log Vix) ( )

Finally, it is trivial that

*
> 4 > sup [S1(y. )| < QU (20.11)
7<0 ¢(q) 7 Ysx

On combining (20.6)—(20.TT), we conclude that
q *
2 2 o)l
g0\ 57 y=x
< (x+0xU 2 4 Quv12 4 0%1/2
+UV2VI20x12 4 052U + 032V) (log xUV)>.

By allowing U and V to vary with UV held constant, we see that U = V is
optimal. For x'/3 < 0 < x!/2, we obtain the stated bound by taking U = V =
x*3/Q. For 1 < Q < x'/3, we obtain the stated bound by taking U = V =

x!/3, o

20.1.1 Exercises

1. Let m(x, x), m(x; q,a), 3(x, x), and #(x; g, a) be defined as in (11.20) and
(11.21).
(a) Show that |y (x, x) — 9(x, x)| < ¥(x) —H(x) < x'/2.
(b) Show that
Z a4 Z* sup [9(y, x)| < (x+x7/%Q +x'20%) (logx)*.
7<0 ‘;9(‘1) 7 Ysx
(c) Show that

Y (x, x) * Y x)
log x * > u(logu)? du.

m(x, x) =
(d) Show that

1
m(x,x) < —— sup |y (v, )| +x'2
logx x2<y<x

(e) Show that

1
Sup |7 (y, )| < 1o sup [Y/(y, )| +x!72,
y<x 0g2X y<x
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(f) Conclude that if x > 2, then

Z ﬁ ;* il;g I7(y, x)| < (x +x/°0 +x1/2Q2)(10gx)3.

q<0
2. Show that
M+N M+N 5
Z( > el = o) Z D
n=M+1 =1 n=M+1

(h g)=1 n=h(modgq)

where 3}, denotes a sum over all characters modulo g.
3. Show that

M+N M+N
S| | cea) Y, leal.
X n=M+l1 n=M+1

4. Show that

Z ) i iambn)((mn)| < (M+61)1/2(N+q)1/2

X m=1n=1
M 12, & 12
x (X tanl) (D 18aP?)
m=1 n=1
5. Show that
sup ) ambn/\/(mn)|
15 <M
I<n<N
mn<y

. M 12, & 12
< (M+q) PN +q) (D lanl) (D 1bal?) " log2MN.
n=1

m=1

6. Show that if ¢ > x, then

D sup [y (y, 0| < gx'/(log 2x)*2,

5% y<x

7. (a) Show that

Disup| D0 mlm) Y c(hx(mh)

X VS M<m=2oM V<k<y/m
U<m<y/V

< (x+ ql/zxM_l/2 + ql/le/le/2 + qxl/z) (logx)z.
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(b) Deduce that

> supISa(y, 1)

y<x

< (x + 611/2)cU_1/2 + ql/sz_1/2 + qxl/z)(logx)S.

(c) Let S} and S7 be defined as in (20.7). Show that

D sup IS5 (3, )|

X y<x

< (x+ g PxUV? 4 g P Pyt 2yt 4 qx1/2) (logx)>.
(d) Show thatif 1 < g < x, then

> sup 185 (v. x)| < 47U (log V).
Y y<x

(e) Show thatif 1 < g < x, then

> sup |S3(y. x)| < ¥V (logx)?.
Y y<x

(f) Conclude thatif x > 2 and ¢ > 1, then

Z sup [y (v, x)| < (x +¢"/°x*" + gx'/?) (log 2x)°.

y<x

20.2 The Bombieri-Vinogradov Theorem

For (a,q) =1, let

E(x:q.a) = y(xiq,a) - —, (20.12)
v(q)
put
E(x,q) = sup |E(x;q,a)l, (20.13)
(@q)=1

and set

E*(x,q) =sup E(y, q). (20.14)
y<x

We show that E*(x,q) is considerably smaller than x/¢(g) for most g <
x'2(logx)=A.
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Theorem 20.2 (The Bombieri—Vinogradov Theorem) Let A be a fixed positive
number. Then

Z E*(x,q) < x'"20(logx)? (20.15)
q<0

for x'?(logx)™4 < Q < x'/2.

The implicit constant in (20.13) is non-effective, since our proof will involve
an appeal to the Siegel-Walfisz theorem.

Let @ be the set of those g < Q for which E*(x,q) > x/(¢(q)(logx)?).
Since ¢(q) < g, we deduce that the number of members of @ is

< Q% 2 (logx)B*.
This is small compared with Q if x'/?(logx)™ < Q and
0 = o(x"*(logx)"84).

We recall (11.22), which is to say that
1
v(xig.a) = —= ) x(@)y(x, x).
¢(q) ;

If we assume GRH, then we have a good estimate for ¥ (x, y), namely (by
Theorem 13.7)

¥ (x, x) = Eo(x)x + O(x"*(log x) (log gx))

where
v =x)s
Eoly) = {O (otherwise).
Put ¢’ (x, x) = ¥(x, x) — Eo(x)x. Then
1 vl ’
v(xiq.a) = x/e(q) = — ;x(aw (X, %), (20.16)
and so
1
E(x,q) £ — "(x, 20.17
(r.9) < ;w (x. )| (20.17)

by the triangle inequality. Thus on GRH,
E(x,q) < x1/2(logx)2, (20.18)

as was already noted in Corollary 13.8. In view of the Brun-Titchmarsh in-
equality (Theorem 3.9) we know that E(x,q) < x/¢(q) for ¢ < x'~°. Thus
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the estimate (20.18)) — despite being a consequence of GRH - is worse than
trivial when ¢ > x'/?/log x. Here GRH gives a weak result (when ¢ is large)
because we have eliminated any possible cancellation that presumably occurs
in the sum over y in (20.16). Indeed, by Corollary 13.10 we know that on GRH
the root mean square size of E(x; ¢, a) is < x'2¢(q)~"?(log x)*> when ¢ < x,
and we expect that E (x, ¢) is not much larger.

Conjecture 20.1 If (a,q) =1 and q < x, then

W(x:q,a) = ﬁ FO (211,

For many purposes, it would be enough to know this on average:

Conjecture 20.2 (The Elliott—Halberstam Hypothesis) Let A and € be fixed
positive numbers. In the notation of (20.14),

Z E*(x,q) < x(logx)™
q<0

provided that Q < x'~%.
Proof of Theorem[20.2] From (20.17) we see that

1
E*(x,q) < —— (v, ¥)I.
(x,q) < o) ;iglw . )l

Suppose that d|g and that the character y (mod ¢) is induced by the primitive
character y* (mod d). Then

WX =¥ x) = DD X (p)Flogp
&
" ey (20.19)

< ) logy =w(g)logy < (loggy)?.
rlg

Hence

DExg < Y Y (iglw’(y,x*)l +0((10ng)2)) > $~

q<Q d<Q x*

Write ¢ = dm. Since ¢(dm) > ¢(d)@(m), it follows that

1 1 1
2 G S @ 2 e

m<Q/d m<Q/d
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Now

1 1 1 1
Yo s 2 et

"= plm=p<y p=y
1)1 1
=[G Em)=[10-3) (5=
< log2y

by Mertens’ formula (Theorem 2.7(e)). (Alternatively, we could appeal to (2.32)
with k = 1, and then integrate by parts. The asymptotic formula of Exercise
2.1.1.13(d) would be overkill at this point.) Hence

1 1 20
Z — log == (20.20)
P ST w(q) ;/d o) ~ od) *d
dlgq
ford < Q, so
* 2 IOgZQ/q * ’
DL E'(rq) < Q(log 0x)*+ Y === Tsup |y (v )] (2021)
o S @ oy

Put Q; = (logx)4*!, and suppose that Q| < U < Q. By Theorem we see
that

Y le20/g Z sup 4/ (3.

U<qg<2U ‘P( )
log4Q/U
< = ()Z sup /(7. 1)
U<g<2U vl
< (x/U +x%° + x12U) (log x) log 40 /U.
On summing over U =2kQ1,We deduce that
l0g20/q <+ |,
Z %Z sup [y (3, x)|
0'<gzo P T ysx
< le_l (logx)* + xs/é(logx)5 +xl/2Q(logx)3
< x'?Q(logx)? (20.22)

since Q > x!/2(logx)~". Suppose that y is a primitive character modulo ¢
with g < Q1. By the Siegel-Walfisz theorem (Corollary 11.18) we know that

supy <, [/ (v, x)| < xexp (= c1+/logx). Hence

lo 2Q * ’
Z g20/q Z sup [y’ (v, x)| < xexp (- c2v/ logx) < x'2Q(logx)?
o, @) sk
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since Q > x'/2(logx)~4. We combine this with (20.22) in (20.21) to obtain the
desired bound. O

After we proved the Siegel-Walfisz Theorem for ¢ (x;¢,a) in §11.3, in
Corollary 11.20 we derived analogues for J(x; g, a) and 7 (x; ¢, a). We follow
the approach used there to deduce

Corollary 20.3 For (a,q) =1 let

li
Eg(x;q,a) = 9(x:q,a) - Er(x;q,a) =n(x;q,a) - 1(x)’
( )’ ¢(q)
Eﬁ(x’ Q) = Sl;p |E19(x;q’a)|, Eﬂ(x,q) = sup |Eﬂ(x;q’a)|’
(a.q)=1 (aq)=1
E*g(x’ Q) = Sup Eﬂ(y’ LI)7 E;(X, q) = sup E”(y’ q),
y<x y<x
and let A > 0 be fixed. Then
> Ey(x.q) < x'?Q(logx)? (20.23)
q<Q
and
D E;(x,q) < x'?Q(logx) (20.24)
q<Q

provided that x> (logx)™ < Q < x'/?
Proof We first observe that
Y (y:g,a) —0(y;q,a) <y (y) - D(y) < y'/?
Hence
19(;:9,a) - y/9(9)| < E(y;q,a) +y'*
Thus
Ey(x,q) < E*(x,q) +x!/?

so (20.23) follows from Theorem As for n(y; q, a), we write

N O R 1t B
wig.0) = [ o dbuig 0 = 2 [ o d(g.0 - ule(w).

By partial integration this last integral is

_ u;q,a) —u/p(q) | _/y Husqg.a) —ujpla)
log u 2- 2 u(logu)?




198 Primes in arithmetic progressions: 11l

For 2 < u < +/x we use the trivial bound ¥(u; q,a) < u(logu)/q, and for
Vx < u <y we use the inequality |Ey (u; q,a)| < E}(y,q). Thus

Er(x;q,a) < xl/z/q +Ey(x;q)/logx.
Hence (20.24) follows from (20.23)), and the proof is complete. i

The following variant of the Bombieri—Vinogradov Theorem is convenient
in some applications.

Corollary 20.4 Let A > 0 be fixed. Then

Z gE*(x,q)* < x3/2Q(logx)4, (20.25)
q<Q
D qEy(x,9)* < x20(logx)*, (20.26)
q<Q

and
> 4Ep(x.q) < x*?Q(logx)? (20.27)
q<Q

provided that x'/>(logx)™4 < 0 < x'/2.

Proof 1If q¢ < x, then there are < x/q integers n < x such that n = a
(mod ¢q). Thus itis trivial that  (x; ¢, a) < x(logx)/q.(The Brun—Titchmarsh
inequality gives a better bound.) Hence ¢E*(x, ¢)? < E*(x, g)xlogx, and so
(20.25) follows from Theorem([20.2] Similarly, (20.26) follows from (20.23). For
n(x; q,a) the trivial bound is 7(x; g, a) < x/q, so gEL(x,q)* < E%(x, q)x,

and thus follows from (20.24). mi

20.3 Applications of the Bombieri-Vinogradov Theorem

The twin prime problem is to show that there are infinitely many prime numbers
p such that p + 2 is also prime. One way of attacking this problem would be to
sieve the numbers p + 2, and try to estimate the number of survivors. However,
in order for a sieve to be applicable, we must know approximately how many
multiples of d are in the set {p +2 : p < x}. That is, we need to know that
n(x;d,—2) is approximately li(x)/¢(d) for most odd d up to a certain size.
The Bombieri—Vinogradov Theorem gives us precisely the sort of information
we need for sifting up to x'/2(logx) 4. By Selberg’s lambda squared method
we can show that the number of primes p < x for which p + 2 is prime is

< (4+0(1))cx/(logx)?
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where

c=2[](1- = 1)2) (20.28)

p>2

(The details are outlined in Exercises [20.3.1]]6H8]) This is a factor of 2 better check ex no
than the bound in Theorem 3.10, but is still a factor 4 larger than the conjectured
truth. The Bombieri—Vinogradov Theorem is also useful when a lower bound
sieve is applied to the twin prime problem. This will be explored in Chapter[21]

Theorem 20.5 The number of representations of a positive integer n as a sum
of a prime and the product of two positive integers is

1(2)¢(3) nloglog3n
;d(n—l?)= Z(6) l_ll( p—p+1)n+0(—10gn )

Here the main term is > n/loglog3n, so the main term is definitely of a
larger order of magnitude than the error term.

Proof Let @ denote the set of primes, and put Q = n'/?/(logn)?. Then by
the method of the hyperbola,

Zd(n—p)z Z 1—Z7r(ndn)+ Z n(n;d,n)

p<n d<Q Q0<d<n/Q
de<n
n-decP
+ Z n(n;e,n) — Z 1
e<Q d<n/Q
e<Q
n-deeP
=21+ 2+ 23— 2y, (20.29)

say. If (d,n) > 1, then w(n;d,n) < 1. Thus

= Z n(nyd,n) + 0(Q) = li(n) Z + Z Ex(n:d,n) +0(Q).

d<Q (d) d<0
(d,n)=1 (d n) 1 (d,n)=1
From Exercise 2.1.1.16(c) we see that check ex no
SO C {CIN o TR
= e A0S AN —p+1
(n,q)=1
ogp log p
1 +Co +
(OgQ ’ Z sz—pﬂ)
plq rtq

+0(2°9 (log 0)/0).
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By considering ‘record-breaking’ ¢ as in the proof of Theorem 2.9 we see that

Z 0P <<loglog3q
plq

uniformly for ¢ > 1. Thus by Corollary [20.3| we deduce that

{(2)£(3) log O
M6 n( p—p+1)n10gn

1 pin 1 (20.30)
nloglogn -A+2
+0(—logn )+O(n(logn) ).
By the Brun-Titchmarsh inequality (Theorem 3.9),
5, < IL ld < ”l(l’g logn (20.31)
ogn , 4= o ¢(d) ogn
Clearly 23 = X;. We note that
=y > L
e<Q n-ne/Q<p<n
p=n (mod e)
Thus by the Brun-Titchmarsh inequality,
n e n
DI 20.32
4 Qlogn % <p(e) logn ( )
We take A = 3, and note that log Q = %1ogn + O(loglogn). Thus the stated
result follows on combining (20.30)—(20.32) in (20.29). O
Let
E = liminf 221 = Pn. (20.33)

n—oo ]og Pn

By the Prime Number Theorem, E < 1. In an unpublished manuscript Partitio
Numerorum VII (ca 1926), Hardy & Littlewood showed (assuming GRH) that
E < 2/3. In the arguments that follow, we use the Bombieri—Vinogradov
Theorem to show unconditionally that £ < 1/2. This represents the state of
the art in the 1960’s. In Chapter 22] we show not only that E = 0 but also that
liminf, e pn+1 — pn is bounded.
Let
H

S(@) = ) (log pe(pa), T(a) =) e(ha).

P<N h=1
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Then

T (@) = Z (H = |he(ha),

SO
1 H 1
[ s@r@rde= 3 - [is@petn do

=H Z (logp)2+ZZ(H R)R(N; h)

pPs<N
where

R(N:h) = ) (logp)(logp’).
p.p'sN
p-p'=h
Since <y (log p)? = Nlog N + O(N) by the Prime Number Theorem, this
gives

Lemma 20.6 Let S(a), T(a@), and R(N; h) be defined as above. Then

/ 1S(a)T (@) * da = HN1ogN+2Z(H R)R(N; h) + O(HN).
h=1

Our object is to derive a lower bound for the integral above that is sufficiently
large to prove that R(N;h) > O for at least one A. To this end, we apply the
large sieve, which in the form of Corollary gives

3 Z S(a/@)T(a/q) < (N +H+ 0 / IS(@T (@) da.
<0
=0
We anticipate that S(a/q) is often near &< ” (q) N Thus the next lemma provides
an asymptotic evaluation of the main term that we expect will emerge.

Lemma 20.7 Let T () be defined as above. If2 < H < Q, then

q
Z ,U(fI) Z IT(a/q)|> = HlogQ + H* + O(H log H).

q<Q a:
(a,q)=1
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Proof The left hand side above is

H

2 4
ST NS (H  Jhle(hajg)

2
qSQ"D(q) a=1 h=-H

= ZEZ;Z Z (H = |hl)eq ()

q<0
Z u(q) +2Z( _h) Z 1(q)? z ca(h).
q<Q q<Q

As we observed already in (I8.13)), if & # 0, then
N A(@)’ cp(h)
2 ware® =110+ 5555)
1 1
:ﬂ(1+p_l)ll;ll(l——(p_1)2)=62(h)

is the singular series for twin primes. As for the tail in this series, we note that

if h # 0, then
2 2
Z ,u(cl)2 calh) = Z ,U(Q)2 Zd“(q/d) <<Zdz ,ll(cl)2
e P R aC A XAC)
dlh dlg
< Z Z ! < Q*1 Z @
I o(d)? migld @(m)? i @(d)?

< 07 'd(h)(h/g(h))*.

Now multiply both sides of the above by H — h and sum over £, to see that

Z(H h);g 'qu;ch(h) < 0 'H?log 2H.

Thus

q
3, 2} Il - Z“(Q) +2Z<H W& (h)

q<Q (a q) . 90

+0(0"'H* log2H).

In Exercise 2.1.1.17 it was shown that 3., <o 1(q)?/e(q) =logQ+0(1). (Ac-
tually, a more precise estimate was proved, with lower order terms.) In Exercise

checkexno  3.4.1.3(a), and again in Exercise 18.2.1 it was shown that ZhH:] Sa(h) =
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H + O(log H). Thus

T

-1

h
Z Sy (m)

m=1

H
ZZ(H — )Gy (h) =2
h=1

I

T

-1
=2 Y (h+0(log2h)) = H* + O(Hlog H).
1

=
]

Thus the proof is complete. O

We now derive a lower bound for |S(a/q)|* in terms of the distribution of
primes into residue classes modulo g.

Lemma 20.8 Let Ey(N;q, a) be defined as in Corollary and put

q
U(a/q) = Z#Eq;NRe Z Eys(N;q,m)e(am/q). (20.34)
()=l
If (a,q) =1and g < N, then
#(q)

N N?+U(a/q) + O(NlogN).

o(q)?

Proof We write

q
S(a/q) = ). (logp)e(pa/q) = )" e(am/q)B(N;q,m).

pP<N m=1

If (m,q) > 1, then $(N;g,m) = 0 unless m is a prime dividing ¢, in which
case #(N; g,m) < logm. Since 3} |, log p < log g, it follows that the above is

q
= Z e(am/q)3(N;q,m) + O(logq).
m=1
(m,q)=1

We write $#(N; q,m) = N/o(q) + Eg(N; g, m) to see that the above is

_u(q)

= o )N+ Z Eg(N;q,m)e(am/q)+O(logq).

m=1
(m.q)=1
Here we have used the fact that ¢, (m) = u(q) if (m,q) = 1. If A and B are
complex numbers, then |A|> = |A + B|> + O(|AB| + |B|?). Take A = S(a/q)
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and note that S(a/g) < N. Take B to be the error term above. Hence

q 2
1S(a/q) = "‘Eq; > Ep(N:g.m)e(am/q)| +O(NlogN).
=1
(miq)=1
The modulus-squared on the right hand side is
1(@)?* N ?
SECN +Ulalg)+| Y, Ea(Nig,m)e(am/q)| .
e(q) —
(m.,q)=1

Here the last term is nonnegative, so we have the stated lower bound.
The following simple estimate will be useful.

Lemma 20.9 For positive integers q and H,

q q
> Z 17(a/q)Petam/q)| < qd(q)H.
m=1 a=1

(a,q)=1

Proof We note that

q q H
Z T(alq)Pe(am/g)=" > > (H=I|he(a(h+m)/q)
(@)1 @
H
= > (H=hD)cg(m+h)
h=—-H
H
(H—|hl) > du(q/d).
h=—H d|q
d|(m+h)
Hence
q
| Z IT(alg)Pe(am/q)| < Z<H ) >
(aa; =1 d|(dn|£rh)

The sum over m of this upper bound is

Z(H D) ) Z d = qd(q)H.

d|q m=1
m=—h (mod d)
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Lemma 20.10 IfN'/2(logN)~* < Q < N'72, then

q
> Z T(a/q)PU(a/q) < HNT*Q'(log NY*.
9= (aa; =1
Proof From the definition of U(a/q) we see that the expression to be bounded
is exactly

q q
Z /J(lI) Z Eg(N:q,m)Re Z IT(a/q)|>e(am/q).
q<Q (mrflqz)l:l (uaqz =1

2 q q
<N Z F;((lil)) Eg(N; )Z Z |T(a/61)|2€(am/q)‘-
q<Q m=1" a=1
(a,q)=1
By Lemma[20.9] this is

g<0

By Cauchy’s inequality, this is

2 2 \1/2 1/2
< H2N( > M) ( > CIEﬂ(N;CI)Z) :
= @ e

The first sum over ¢ is

<[] ( o 1)2) = ]_L(l —117)74 < (log Q).
P

p<Q

By the Bombieri—Vinogradov Theorem in the form of Corollary [20.4] the
second sum above over ¢ is < N*/2Q(log N)*. These estimates give the stated
bound. O
done  proper
Theorem 20.11 (Bombieri & Davenport,[1966) Let E be defined as in (20.33). cite
Then E < 1/2.
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Proof We take Q ~ N'/?(log N)~'°. From Lemma we deduce that

q q
> |s<a/q)T(a/q>|22NZZLQ)2 > IT(a/g)

- e(9)? 4=
< a=1 < a=1
! Q(“v‘])=1 =0 (a,q)=1
q
+ >, Y, ITa/9)PUla/q)
g<Q a=1
(a,q)=1
q
+0(N(10gN)Z > |T(a/q)|2).
g<Q a=1

(a.q)=1
Suppose that H < log N. By Lemma we know that the first term on the
right above is = N*(3Hlog N + H?) + O(N*(log N)(loglog N)). By Lemma
the second term above contributes << N2 log N. The final error term
above we estimate trivially: |T(a)| < H for all @, and the double sum has
< Q7 summands. Thus this final error term is < N*(log N)~!7. Through our
application of the large sieve it follows from Lemma [20.6]that

H
%HN +2 Z(H — h)R(N;h) = H?N + O (N(log N)(loglog N)). (20.35)
h=1

Set H ~ clog N with ¢ > 1/2. Then the sum over & must be positive, and

indeed
H
(H — h)R(N; h) >, N(log N)*.
h=1
Thus p,+1 — pn < clog N for many primes p,, < N. O

20.3.1 Exercises

In Exercise 2.1.1.17, a crude version of an estimate of |Ward| (1927) for
Snex #(n)?/p(n) was proposed, without indicating the method of approach.
In Exercise[20.3.1][T| we sketch an elegant treatment. Let Q(x) denote the num-
ber of squarefree integers not exceeding x; an elementary estimate for this
was established in Theorem 2.2. In §6.2 it was noted that the analytic method
used to prove the Prime Number Theorem can also be used to show that
M (x) < xexp ( — c4/logx). From this we argued by elementary methods that

6
Q(x) = x+0(x'?exp (- cy/logx)),
Fis
in Exercises 6.2.1.8 and 6.2.1.19. In Exercise [20.3.1]3| we sketch a correspond-
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ingly improved estimate for Ward’s important sum. Of course we know that
RH implies the better estimate for Q(x) found in Exercise [17.3.1}5(k), which
would yield (assuming RH) a smaller error term.

1. (a) Explain why

(n)%n ju(m) (m)?
2 Zmz 2 S 2 oy <

n<y m<y
By integrating by parts, or otherwise, show that

u(n )2 _
Z mp(n)

n>y

(b) Let f be the multiplicative function defined by the relations f(p) =
-f(p?) = p(p 7y , f(p*) =0 for k > 0. Let g(n) = 1/n for all n. Show
that

”(”) = Fomg(nfm).

m|n

(c) Show that

pn)® _ > fm)(tog = + o) +o( > |f<m)|m/x).

n<x (,0(11) ms<x m<x

(d) Show that if m is cube-free, then m is uniquely of the form m = d; d%
where d| and d, are squarefree and (d;, d>) = 1. Show also that

u(dz)

fm) = di1drp(dyd>)

for such d;.
(e) Show that

X i < 3 A M e

m<x dy<x dy<(x/dy)'/? (p(dZ)
(f) Show that
p(d1)?p(da)?
2,17l = d; dip(ddp(ds)
u(d)* (x/dy) 12 u(di)? 12
<), C dig(d) Z diglan =F

di<x
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(g) Deduce that

> rmltog™ = [ 3 7m] 2 <12

m>x m>y

(h) Show that

ST fm =1

(m,q)=1

for all positive integers g.
(i) Deduce that

Zﬂ 10gx+Co—Zf(m)logm+0(x_l/2).

n<x m=1

(j) Show that

> fmytogm =Y A@ Y’ fma.
m=1 d=1 m=1

(k) Show that

- -1
n;f(pm)=0, Zf = o1

(1) Conclude that
1
=logx+ Co + ——+0o(x7?).
,; ¢(n) Z p(p-1) ==

2. Let R(x) be defined by the relation Q(x) = 2x + R(x). In Exercises 6.2.1.8

check ex nos and 6.2.1.19 it was shown that R(x) < x'/2exp ( — c4/log x). Deduce that
there is a constant D such that

2 s
E p(n) :%logx+D+0(x_1/26XP(_C logx)).
n T

n<x

3. (a) Show that if o > 1, then

S um? (s _ ()
Zip(mm1 ~ £(2s) ﬂ( (- 1><p )~ 7

say.
(b) Show that F(s) = 3, f(n)n~° where

f =2 [ 5=

pln
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(c) Deduce that

u(n)? f(d) u(m)2
o(n) Z m

dm=n

(d) Let
1
Gls) = 1:[ 1+ o)

Note that this product is absolutely convergent for o > 0. Show that
G(s) =2, g(n)n~° where

¢ = []>=5 = Il

pln

(e) Show that

p(n)? f(d) #(m)
= oe(n) Z Z

m<x/d

(f) Deduce that the above is
f(d) 8(d)
Z (—logx/d+D) O|x"2exp (— 5+ 1ogx) Z iR

d<x d<x3/4
+0(x1/2 g(d))

1/2
x34<d<x

(20.36)

(g) Show that }}, ., g(n) < G(&)x®. Thus }, ., g(n) <, x*. (This can
also be established by appealing to Theorem 1.3.)

(h) Let @ > 0 be fixed. Show that

Z g(d) y—a+s

d>y

(i) Deduce that the second error term in (20.36) is <. x~7/8+%.
() (Ward, [1927) Note that F(1) = £(2). Conclude that

ﬂ(”)2 _ -1/2 c
Z——logx+E+0(x exp (— §+/logx))

= oen)

for some constant E (which is determined in Exercise 20.3.1][T).

done  proper
cite

check ex no
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4. (a) Suppose that a is a positive integer and

1
> |u(t)|d(’%) when p = —1 (mod a),
f(p) =1 1(p)/a “
0 otherwise.

Prove that there is a positive number C(a) such that for X > X, (a) we have

D, f(p)>C@X(logX)*.

p<X
p=—1 (mod a)

done as proper (b) (Vaughan,|1970) Let E,(N) denote the number of natural numbers n

cite not exceeding N such that
a 1 1 1
— = — 4 — 4 —
nox y z

is insoluble in integers. Prove that there is a positive number C(a) such
that

E.(N) < Nexp (- C(a)(log N)*3).
5. Let 7(n) denote the number of squarefree divisors of n,
T(n) = > p(m)’.
m|n

Prove that

log1

S e(p+ 1) = x+ 0 0EREY)
logx

P<x

6. In this exercise, combined with the next two after it, we establish an im-
proved upper bound for the number of twin primes. Let f(n) and g(n) be
multiplicative functions defined as follows:

1 )4
e

p¥lin p®ln

(a) Show thatnf(n) = ¥4, g(d).

(b) Show that
(d) 1
Dfm=y Y

n<z d<z m<z/d
2tn 24d 2fm

(c) Show that

1
—==logw+C;+0(1/w)
m 2
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where C; = (Cp +1log2)/2.
(d) Show that

(9]

ZM=%
i d c
2td

where c is defined as in (20.28).
(e) Show that

S 1) = 282 4 ¢+ 0((log ) /2)

n<z
2tn
where
Co+log2 1< g(d) logd
Cr=—m - 3
¢ d=1
2td
7. Let
2
pa(n) = nl_[ (1 - —).
rln P
(a) Show that check ex no
u(n)? u(n)? 1 1 )
—t———— ).
,;w(n) ,,Z; ¢(n) 1—[( p—1 (p-1)?
24n 24n

Let f(n) be defined as in Exercisg20.3.1J6| Explain why the right hand

side above is
> f(n).

n<z
24n

(b) Conclude that
2
1
Z u(n) logz +o(1)

Zigm © e
24n

where c is defined as in (20.28).

8. Put P = [],. <, p, and let A4 be real numbers such that A} = 1and Ay =0
ford > z.

(a) Explain why the number of primes p < x for which p + 2 is prime does

not exceed
7T(Z)+ Z ( Z Ad)2

p=x " d|(p+2)
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(b) Show that the sum above is

= Z AgAen(x;[d, e], -2).

dIP
e|lP
(c) Write the above as
li(x)z _Adhe ZAdA Ex(x;[d, e],-2) (20.37)
ar w([d,e]) ap
e|P e|lP
(d) Show that if f is a multiplicative function, then f((d,e))f([d,e])
= f(d)f(e).
check ex. no (e) Let ¢ (n) be defined as in Exercise[20.3.1][7} Show that if n is squarefree,
then

e(n) =" a(d).

dln

(f) Show that the first sum in 2037 is X 5p ¢2(8)y% where

Ay
W
ap el
sld
(g) Show thatif Ay =0ford > z,thenys =0for¢ > z.
(h) Show that
Aa = ¢(d) Z#(5/d)y5-

5P
d|é

(1) Show thatif ys =0 for § > z,then Ay =0 ford > z.

() Explain why ¥ 5,p u(6)ys = 1.
(&) Put

(1) Show that

D 0ao0} = 1+ > 2(0) v — () (L (0))

5P 5|P
0<z 0<z
(m) Take ys = u(8)/(Lpz(6)) for 6|P, § < z. Show that the first term in
03T is
cli(x)
< +0(x/((logx)(log 2)?)).

~ logz
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(n) Show that

_uded) < )
L) A ()
(r,2d)=1

(o) Explain why

»(d) u(r)? <L
©2(d) T @a(r) ~
r. 2d) 1

and hence deduce that |Ay4| < 1 for all d.
(p) Show that if g|P, then

Z IAgA| < 39@,

d,e
[d.e]l=q

(q) Show that the second term in (20.37) has absolute value not exceeding

> (@3 D E(x, q).

qsz2
24q

(r) Show that

Z u(q)29w(q> l_[ (1 .\ ;2;) < (log2)’.

q<z 2<p§z2
24q

(s) Deduce by (20.27) that the second term in (20.37) is

3/4

< x¥*z(logxz)®.

(t) Take z = x'/*(logx)~°. Conclude that the number of primes p < x for
which p + 2 is prime does not exceed

(1:);)2 (1 * 0(101i1;)§x))

where c is defined as in (20.28). This bound is smaller by a factor of 2
than the bound we obtained in §3.4.
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20.4 Mean square distribution

We begin with an upper bound for the mean square error in the prime number
theorem for arithmetic progressions, which we then use to derive an asymptotic
estimate for the same quantity.

Theorem 20.12 Let A be fixed. If x/(logx)* < Q < x, then

q
DD Wxig.a) - x/p(9)* < Qxlogx. (20.38)
g<Q a=1

(a,q)=1

Proof We start by recalling the identity (20.16)). From the orthogonality prop-
erty of Dirichlet characters (as in (4.12) or Exercise 4.2.2), it follows that

q

. _ 2=L ’ 2
Z (W (x:q,a) —x/9(q)) M;w (s, 0)1%
(a,q)=1

If x* is the primitive character that induces y, then ¢’ (x, y) differs little from
¥’ (x, x*), was we see from (20.19). Hence the left hand of (20.38)) is

L ’ *\ 2 4
<2 oo ;(w (o, x*) + (log gx)'?)

q<Q
<« 2 (X weoP)( Y o)+ Qtozon’,
d<Q x(modd) ququ ¥vlq

From the estimate (20.20) we see that it suffices to show that

2,

q<Q
By the Siegel-Walfisz theorem (Corollary 11.18) we know that
W (x, x) < xexp (— cy/logx)
for ¢ < (logx)4*2. The contribution of such g is therefore
< x*(log x)A*3 exp (- cy/logx) < x*(logx)™ < Qx.

Consider now a range Q1 < g < 2Q; with 1 < Q; < Q. Then ¥’'(x, x)
= (x, x), and the contribution is

q * 2
Z m; [ (x, x)1°

01<g<20

log %

e Z* I (x, ¥)|* < Qx logx. (20.39)
X

2
log Q—?
01

<
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By the large sieve (Theorem[19.16) this is

log 22
< OZIQI (x+07) Z A(n)? < (x*Q7" +x01)(logx) log ZQ_Ql

n<x

We cover the interval (logx)4*? < ¢ < Q with ranges of the above sort, and
sum, to obtain (20.39). Thus the proof is complete. ]

For many applications the estimate of Theorem [20.11]is sufficient, but it is

interesting to note that with a little more work we can obtain not just an upper done as
autoref; as-
sume OK, you
establish a lemma. wrote 20.11

bound but an asymptotic estimate. To prepare for the main argument we first

Lemma 20.13 There exist absolute constants a and b such that

(1=n/y)? _ £2)0B) logy b s
,g; o) z(6) losyrat—r=+ +0.(y ) (20.40)
fory > 1.

Proof By manipulating Euler products we see that

o1 1
2. ol ~ 0+ I:[ (1 T 1)17“'“)

n=1
(1 p— 1 P p— : P )
( 1) s+2 ( 1) 25+3

=+ 1D+ | ]
p

={(s+D{(s+2)F(s),

say. By taking k = 2 in (5.19), we see that in (20.40) the left hand side is

2 opt+ico

— L(s+1)(s+2)F(s)

27i op—ico

s

y
d
s(s+1) s

where o > 0. The Euler product F(s) is absolutely convergent for o > —3/2,
and is uniformly bounded for o > —3/2 + 6. We let o be slightly larger
than —3/2, and apply Cauchy’s theorem with a path from o — iT to o + iT
to o1 +iT to o — iT to oy — iT. By Corollaries 1.17 and 10.5 we see that
Z(s+ 1) (s +2) < 732 on this contour. Thus the integral from oy + iT to
o1 —iT is < y?'. Within the contour the integrand has double poles at s = 0
and at s = —1. The residue at s = 0 is
el G’ 3

(RGO (Co+ F Q)+ 50 = 3).
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This gives the first two main terms, since G(0) = £(3)/£(6). At s = —1, the
residue is

’ G’
20060y~ (50 + Co+ Z (1) +logy)

We recall (10.11), which asserts that £(0) = —1/2. Since G(—1) = 1, we have
the remaining main terms. O

Theorem 20.14 Let A > 0 be fixed. If x/(logx)* < Q < x, then

q
> Z (W(x:q9,a) - x/9(q))* = Qxlog 0 +O(Qx).  (20.41)
q<Q

(u q) 1

Proof Let Q1 = x*(logx)~4~". By Theorem [20.12] the contribution of ¢ <

Q1 to the above is < x*(logx) ™ < Qx. Thus we may restrict our attention to

the range Q) < g < Q. The inner sum on the left hand side is

q q 2

= > wga?-2—= > yng.a)+——. (20.42)
e elq) 4 @(q)

(a,q)=1 (a,q)=1

Here the second sum is

= > A=y - [11252] o

nsx rla
(n.q)=1
=x+0((log gx)?) + O (xexp ( — cy/logx)).
The first sum in (20.42)) is
Z A(m)A(n).

m,n<x

m=n (q)

(mn,q)=1

If the condition (mn, g) = 1 is omitted, then the value of the above is changed
by not more than

1 2
O |ie=] ogp)? < (1ogqx)*
pla log p

In Exercise 2.1.1.16(c) it was established that

1 2¢B) log p o
T st~ e D) ol )
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Hence
1 {2)¢3), 0
—— =2>-"log—+0
ofro?@ 46 %0, " (

Thus we deduce that

q
D, Z (W (x;q,a) - x/¢(q))’

0/<4<0
1<a=Q

[{I4C)] Lloe 2
= 3D AmAm - E25 R 0g Z 4 0(0w).
01<q<Q m,n<x 5(6) Q1

m=n (q)

logQ
)

The terms with m = n contribute an amount
(Q-01+0(1)) ) A(n)? = Oxlogx + O(Qx).
n<x

Hence to obtain the stated result it suffices to show that

Z Z A(m)A(n)

Q1<g<Q m<nsx

m=n () (20.43)
_EB) 5 Q2 1 x
= 24(6) lo ga—EQxlog§+0(Qx)

To this end we show that

> AmA®m)

y<g<x m<n<x

m=n (q) (20.44)
R{OI4C)] 2 2 ]
= 2((6) lo g—+§x +2xylog +O(xy)

for x(logx)™4~! < y < x, where a is the constant in Lemma [20.13 This
suffices, for on taking y = Q; and y = Q, and differencing, we obtain (20.43).
The left hand side of (20.44) is

Z Z Z A(m)A(m +kq)

y<q<x 0<k<x/q O<m<x-kq

Z Z Z A(m)A(m + kq)

O0<k<x/y y<q<x/k O<m<x-kq

= Z Z A(m) Z A(m + kq)

O<k<x/y O<m<x-ky y<g<(x-m)/k

= > DL AM@Gkm) —y(m+ky;k,m)).

0<k<x/y O<m<x-ky
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If m is a prime-power and (m, k) > 1, then m = p”, say, where p|k, and the
prime-powers congruent to m modulo k are powers of the same prime p. Thus
the pairs m, k for which (m, k) > 1 contribute to the above an amount

< Z Z [IOgX](logp)z < Z (logkx)® < (logx)A*4.

k<x/y plk k<x/y

On the other hand, by the Siegel-Walfisz theorem (Corollary 11.19), the pairs
k, m for which (k,m) = 1 contribute the amount

5 Y, AmG-m-ky)

O<k<x/y O<m<x-ky

(m,k)=1

+0( Z Z A(m)xexp(—c\/@)).

O<k<x/y m<x-ky

The error term here is < (logx)4*1x? exp (- c4/logx) < x*(logx) ™4, so can
be ignored. In the main term, if the condition that (m, k) = 1 is dropped, then
the expression is altered my an amount that is

Z [1 ] log p < x(logx)? < x*(logx) ™.
O<k<x/y plk

By the Prime Number Theorem we know that

Z A(m)(z —m) = %zz +0(Zexp (- cy/logz)).

m<z

On taking z = x — ky, we see that the remaining main term is

1 Z (x—ky)2+0<xzexp(_c\/@) Z L)

O<k<x/y 90(]() O<k<x/y (p(k)
By Lemma [20.13|this is
1
= _{@0B) Clog L+ 4x2 +—xy10g + O (xy).

T20(6) g 2

Thus we have (20.44), and the proof is complete. O
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20.4.1 Exercises
1 Suppose that g > x. Explain why

q
> (verga - ) +ZA<n>2

(a ):] n<x
2
X
< —logg +xlogx < xlogx.
q

2. The object of Exercise 4.2.1.2 was to show that check ex no

no part (b) so
9 2
YDl emxm| =g@ Y ler
X n=l X

removed (a)
where the c,, are arbitrary and y runs over all Dirichlet characters modulo g
in the sum on the left. By a suitable application of this, or otherwise, show
that

a x 2 , W x) —x)?
Z (l//(x .4 so(q)) tp(q) Z W)+ v(q) '

o ):1 X#X)

20.5 Notes

Section Let N(a,T) denote the number of zeros of the Riemann zeta-
function in the rectangle @« < o < 1,0 < ¢ < T. An estimate for N(a,T)
is known as a zero-density theorem, although the estimate is not actually a
density. To the extent that it can be shown that the zeta function does not
have many zeros with large real part, various consequences can be derived
concerning the distribution of prime numbers. For a Dirichlet character y, let
N(a,T; yx) denote the number of zeros of L(s, x) in the rectangle @ < o < 1,
|#| < T.Bombieri|(1965) used his form of the large sieve to derive upper bounds
for quantities roughly of the form X, <o Z; N(a,T, x). The bounds obtained
were then used to estimate sums of | (x, y)|, and those bounds were in turn
used to derive the Bombieri—Vinogradov theorem. Bombieri’s derivation of
zero-density estimates involved much work; Gallagher| (1968) was the first to
obtain corresponding bounds for sums of | (x, y)| without considering zero
densities, although his arguments still involved inverse Mellin transforms and
contour integrals. Vaughan|(1975) simplified Gallagher’s arguments somewhat,
but it was in|Vaughan|(1977}|1980) that he introduced his decomposition (17.5)



added ‘which’
after Vino-
gradov

done as proper
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of A(n), which allows us to derive estimates for sums of | (x, x)| from the
large sieve in an entirely elementary way.

Section Rényi’s approach to the large sieve was somewhat impaired be-
cause he employed vectors that were not sufficiently close to being orthogonal.
Roth|(1965) started his arguments using trigonometric polynomials, where it is
much easier to construct vectors that are close to orthogonal. Bombieri| (1965)
refined Roth’s work, while the work of A. I.|Vinogradov|(1965), which was en-
tirely independent, did not involve the large sieve, was much more complicated,
and led to slightly weaker estimates.

In some situations we do not need an estimate for each individual E(x; g, a);
rather a bound for a sum of such quantities suffices. Following |Wang| (1962),
we say that the primes are distributed with level « if

Z max_|E(x;q,a)| = O(x(logx)™*) (20.45)
gixa-e (a,q)=1

for arbitrarily large fixed A > 0.Barban| (1963) and [Pan| (1963, |1964)) claimed
proofs that @ = 3/8 could be achieved, but before their complicated work could
be evaluated, Bombieri|(1965)) achieved @ = 1/2, which is exactly what follows
from GRH.

The assertion (20.45) with @ = 1 is the Elliott-Halberstam Hypothesis
(Conjecture [20.2).

The question arises as to the extent to which one can increase the range for
g in the Bombieri—Vinogradov theorem when one relaxes conditions such as
taking the maximum over a or the absolute value of

X
e(q)
In this context there is a series of papers, [Fouvry & Iwaniec| (1980, [1983),
Bombieri, Friedlander & Iwaniec| (1986}|1987,|1989,[2019), and more recently
Assing, Blomer, Li| (2021) in which the main innovation is the introduction of
estimates for incomplete Kloosterman sums. In the last of these papers it is

'ﬁ(xﬂl»a) -

shown inter alia that

Z ( Z A(n)—@ Z A(n)) <c.a x(logx)™4

g0 n<x n<x
(g.ajaz)=1 @2n=a; modgq (n,qd)=1
q=cg mod ¢ I’LEd() mod d

(20.46)
provided that Q < x172*9 for some small positive ¢ and ¢, d, cody, a1, ay satisfy
various conditions, including

0 < lai] < x°,0 < |as| < x°,¢,d < (logx)€, (do, d) = (co, ) = 1.
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In a different direction as a significant part of his work on bounded gaps
between prime Zhang (2014) showed that, for Q < x!/%+9,

1
Z Z A(n)—m Z A(n)

g<A(Q,R) ceC(q)' x<n<2x x<n<2x
n=c mod g (n,q)=1

<4 (logx) -A

where 4(Q, R) is the set of R-factorable numbers ¢ not exceeding Q, i.e. the
g with no prime factor exceeding R, and where C(q) is a set of solutions of a
special polynomial congruence modulo q.

Section[20.3] Let E be defined as in (20.33)). [Erdds|(1940) gave the first uncon-
ditional proof that E < 1. Let n(x, k) denote the number of primes p < x such
that p + k is prime. Erdds showed that if 7(x, k) < (¢ + £)S,(k)x/(logx)?
for all k£ and all large x, then £ < 1 — 1/(2c). For a detailed derivation of
this result, see Exercise 3.4.1.3. |Riccil (1954) observed that Selberg’s method
gives ¢ = 8, and hence that E < 15/16. |Bombieri (1965) showed that one
can take ¢ = 4, which gives E < 7/8. |Rankin| (1940) refined the Hardy-
Littlewood argument to obtain E < 3/5 on GRH, and Rankin|(1950) showed
that £ < (42/43)(3/5) = 0.5860. .. on GRH by combining his method with
that of Erdds. It might seem strange that these authors obtained weaker results
from GRH than what|/Bombieri & Davenport|(1966) achieved unconditionally.
The explanation is that in the last line of the proof of our Lemma [20.8] we
discarded a nonnegative quantity. It seems that Hardy, Littlewood, and Rankin
estimated the size of that term, without recognizing that this is unnecessary.
Bombieri & Davenport| (1966) combined their results with ErdSs’s method to
show that E < (2 + V3)/8 = 0.466506 . . .. To see how this is done, see Exer-
cises More refined kernels T'(a) were introduced by [Pil’tail (1972)
and [Huxley| (1973 |1977) to obtain small further improvements,

E <04571..., E<04463..., E <0.4425...

respectively. Maier| (1988)) contributed a larger improvement by adapting his
matrix method (see Volume III) to the situation so as to take advantage of
oscillations in the primes over short intervals. This led to the known bound
being reduced by a factor of e~° where Cy is Euler’s constant and gives
E < 0.2484.... This work was completely overtaken by that described in

Chapter
Section Barban| (1963) showed that

q
DD Wixig.a) —x/e(g)* < x*(logx) ™

g<Q a=1
(a,q)=1

check ex no

check ex nos

changed to III
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provided that Q < x(/logx)™® where B = B(A). Davenport & Halberstam
(1966) showed that one may take B = A + 5. Then |Gallagher| (1967) showed
that one may take B = A + 1 and Montgomery| (1970, [1971) showed that
if x(logx)™ < Q < «x, then the above is = Qxlogx + O(Qxlog(2x/Q)).
Hooley| (19735)) (see also |Hooleyl, |1974)), then introduced his inversion method
and established that for Q in this same interval the above is = Qx log Q — cQx +
0(Q°/4x**) where ¢ = Cy +log(27) + %, %. Hooley then followed this
over a period of forty years with a long sequence of papers with the same
title investigating various aspects and generalisations of this result. Harper &
Soundararajan| (2017) and |Breteche & Fiorilli[ (2023) have given lower bounds
for the expession displayed above, when x'/2 < Q < x.
Hooley| (1974, 2002) conjectured that

q
> (pesa - TN iogg

a=1
(a.q)=1
for g in some range (depending on x). Hooley’s Conjecture is not known to hold
in any range, but/Fiorilli (2015) has conjectured that it holds for (loglog x)'*9 <
q < x for any fixed 6 > 0. [Fiorilli & Martin| (2023) have shown that the
expression above can be much larger than x log ¢ when g = loglog x.

More is known on the Generalised Riemann Hypothesis. The best that is
known is due to |Goldston & Vaughan| (1996). That and Montgomery| (1970)
are based on applications of the Hardy-Littlewood methods which whilst more
complicated than the Hooley inversion method sometimes gives more insight
and suggests possible improvements. See for example|Vaughan|(2001},2003alb))
and the corresponding question concerning the distribution of squarefree num-
bers in arithmetic progression [Vaughan (2005) and more general sequences
Vaughan| (1998alb). This is a very active area with many associated aspects.
See the survey article of | Vaughan|(2024), and references therein.
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Sieves 11

21.1 Refresher on sieves

In this chapter we return to the topic of Chapter 3, (small) sieves, which we
now treat, at least initially, in some generality. However our object is to give
nothing much more than an introduction and some applications to what has
become a vast and complex subject. Readers who wish to see the many aspects
of the subject in more detail are advised to consult the standard reference on
the subject [Friedlander & Iwaniec| (2010). Let 2 = {a,} be a sequence of
nonnegative real numbers such that

A:Zan < co. @21.1)
nez
Usually this sequence has compact support, and most commonly, a,, = 0 or 1.
Let & be a set of primes, the sifting range, and define

P =[]r (21.2)

p<z
peEP

Then we are concerned with estimates for the quantity

S(4,P,z) = E a(n).
nez
(n,P(z))=1

Here z is often called the sifting level of the sifted set.

We find it useful to develop sieves with rather general weights. This facilitates
applications. For example, suppose that F'(x) is a integral form of degree & in s
variables and we are interested in the number of integer points x in a box such
that N — F(x) is prime, where N is a large positive integer.

As we saw in §3.1 in the special case of sifting an interval, it is natural to

226
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suppose that we have some information concerning
Am ={am(n) :n e}
where we define
am(n) = a(mn).
This is usually in the form of an approximation for

A(m) = 3" am(n),

nez

when m is squarefree and has all its prime factors in &, of the kind
A(m) = Xp(m) +r(m) (21.3)

where X is a large parameter and p is a nonnegative multiplicative function.

Hopefully r(m) is relatively small compared with Xp(m), at least on average

over some range of m. Often the r(m) are not explicitly known, but we assume

that there is a nonnegative function R(m) available such that |r(m)| < R(m).
Since

A=A)=X+r(1),
it is normal to expect that X is a good approximation to A. Hence if a(n) is the
characteristic function of the integers in an interval, then one would take X to
be the length of the interval, and holds with p(m) = 1/m and R(m) = 1.
If we are interested in the twin prime conjecture, then we might take a(n)
to be the number of solutions of r(r + 2) = n in integers r with 1 < r < X,
and then holds with mp(m) the number of solutions of x(x +2) = 0

(mod m) and with |R(m)| < mp(m). Alternatively, we might take a(n) to be
the characteristic function of numbers of the form p + 2 with p < x. Then

A(m) = n(x;m,-2),
we take 9 to be the set of primes p > 2, and
1
X =li(x), p(m)=—-.
e(m)
A familiar way of writing the condition (n, P(z)) = 1 is to observe that
1 (¢g=1),
> u(m) =
0 (g>1).

However, as we saw in §3.1, the number of m with m|P(z) grows too rapidly



228 Sieves Il

for us to make good use of this identity. Thus we seek functions A*(m) that are
one-sided approximations to g (m) in the sense that

DoA(m) < > ulm) < YA (m)

mlq mlq mlq

for all ¢, where the support of the A* is controlled. Then

X Z A~ (m)p(m) + Z A~ (m)r(m) < S(a, P, z)

miP(z) mlP(2)
<X D Ampm)+ Y. A(myr(m), (214
miP(z) miP(z)

which gives

X ) A mp(m)= Y |7 (m)|R(m) < S(2, P.2)

m|P(z) m|P(z)
<X Z X (m)p(m) + Z |*(m)|R(m). (21.5)
mlP(z) mlP(z)

Suppose that, among all possible upper bound sifting functions A*, we take
the one that minimizes the right hand member above. By appealing to the
fundamental duality theorem of linear programming, it can be shown that there
exists a sequence of nonnegative a(n) satisfying |A(m) — Xp(m)| < R(m) for
all m, and which has the property that S(4, %, z) is equal to the upper bound
above. Similarly, if 1~ is chosen to maximize the lower bound on the left above,
then there is a choice of the a(n) for which S(4, 2, 7) is equal to the lower
bound above. Details of this will be discussed in §H.2] The beautiful thing
about this is that when an optimal A* can be found, and the worst case a(n) is
also constructed, then each one proves that the other is optimal. Unfortunately,
we presently know of such optimal pairs in only a few isolated situations. See
£14

Asdescribed in §3.1, Brun’s initial choice corresponds to taking for a suitable
positive integer r

D ={n:wh) <2r-1}, D*"={n:wh) <2r}; (21.6)

thus u(m)A*(m) is the characteristic function of Z*.

We say that a set D of positive integers is divisor closed if for each n € 9 all
positive divisors of n are also members of &. Wenow set @ = {d|P(z) : d < z}.
In §3.2 we saw that the Selberg lambda-squared sieve gives a superior choice
of A*. To construct the Selberg upper bound sifting function we take A(n) to be
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real-valued, supported on &, with A(1) = 1. Thus

(Sawf =3 37 aaam),

llg mlg h,hL
[li,lb]=m

If A(l;) # 0and A(l») # 0, then /| < z, [, < z, and hence m < I;1, < z*. This
gives an upper bound sifting function

Amy=" > A)AL).
I, b
[l1,h]=m

supported on the interval |1, z%].
Thus

S(el,P,2) < 30 ADA(m) Y alnll,m))
I m n
=X ) ) ADAm)p(Llm]) +7
I m

where

r= Z Z ADAm)r([1,m]).
l

m

The interesting part is the main term X F where

F=) 2 AdA@)p(ld.e)).
d e

We want to minimise this subject to the condition A(1) = 1, and in the special
case p(n) = 1/n this we already did in §3.2. The general case involves no new
idea.

It is helpful to view F as a quadratic form in the A. Our first objective
is to diagonalise F, and this can be done quite easily. Recall that we are
assuming that p(d) > 0 for all d € 9. Write (d,e) = m, d = gm, e = rm,
so that (g,r) = 1. Since p is multiplicative and grm is squarefree we have
p(ld,e]) = p(qgrm) = p(gm)p(rm)/p(m) and

F=> pm)™' > 3" Agm)a(rm)p(gm)p(rm).

q r
(g,r)=1

Now we use the Mobius function to remove the condition (g, r) = 1. Thus

F= Y pom ™ Y 3 acaimpaim))
m 1 d
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Next we collect the terms with /m = n and observe that by multiplicativity that

S oty = []22)

o in p(p)

Im=n

Denote this expression by g(n)~!. Then we have

F= Y gt (3 atdmptanm))
n d

where
_ p(p)
g(n) = lp_ln[ oo 21.7)
Let
v(n) = Z/l(dn)p(dn) (n € D).
d
‘We have

F=2"gm™v(n?,
v(n) = Z/l(dn)p(dn) (n € D).
d

There is a bijection between the A and the v. We can view the transformation
from the one to the other as being by an upper triangular matrix, which is
obviously invertible. There is a standard number theoretic way of expressing
the inversion. Consider

D i(mv(nm) = 37 % A(dn)p(dnm)pu(n).
n n d

Collecting the terms with nd = ¢q this becomes, for m € 9,
D" Algmplgm) D p(n) = A(m)p(m).
q nlq

Hence

Am)p(m) = Y v(nm)u(n) (m € D).

n

Thus we are seeking to minimise

F = Z g(n)~'v(n)? under the condition Z vimu(n) =A(1) =1.

n
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Letf =1/3,c9 g(n). Then

_ 2
I WG ELTIGHLTPYS SRS

= g(n)

+6.

_ Z (v(n) = Ou(n)g(n))*
neg g(n)

Obviously F > 6 and the choice

v(n) = 6u(n)g(n)
gives

Z v(n)u(n) =1and F = 0.

n

We have just shown that the minimum of F is 6 and the minimum is attained
when

v(n) = 6u(n)g(n).

We can now invert the transform to recover the minimising A(m). Recall that

Am)p(m) = Y v(nm)u(n) (m € D).

n

Thus the minimising A(m) are given by

Am =5 S sttt = onm 5053

nme@

We need to determine the A(m) because they occur in the remainder term. Write

g(m) 1
o(m) ﬂ T—o(p) l_[(l +g(p)) = Zg(d).

plm plm d|lm
Thus
Am) <0 gd) > gm=0> > glk)=1,
dlm ndne@ dim f k a
(n.m/d)=1 (k,m)=
SO
[A(m)| < 1.

made proper

Theorem 21.1 (Selberg, [1947) Suppose that @1.3), @1.2) and @1.7) hold, cite
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and p is multiplicative and satisfies 0 < p(p) < 1. Let D be a divisor closed
subset of the divisors of P(z). Then

X

S(4,P,2) < + ADA(m)r([1,m])
ermaPIP)
where g(n) = [1,), %. Moreover
4] < 1.

This bound is reminiscent of the arithmetical form of the large sieve, Theorem
[I9.13] but that, of course, is just an interval sieve.

Our main interest at this stage is to develop lower bound sieves, hopefully
in tandem with upper sieve bounds. For this purpose we introduce several new
parameters. Let

v =[]a-pm).

p<z
pPEP

Then it is natural to suppose that XV (z) ought to give us the size of S(4, %, 7).
It is normal at this point in the discussion of “small” sieves to hypothesise that

2., p(p)logp = klogz +0(1)
Pz
where « > 0 is a constant, and this important number is usually referred to as
the sieve dimension. By partial summation it follows that
Z p(p) = kloglogz+c+0((logz)™")
) 294

where ¢ is a constant. Then by Mertens’ approximation, Theorem 2.7(e), we
deduce that

V(2) = e (log2) (1 +0((log2) ™))

where

For much of modern (small) sieve theory the weaker assumption that

Z p(p)logp < klog(z/w) +

wWIp<z 10gw

suffices.
At this point it is convenient to introduce an identity that generalises one
used in the proof of Theorem 7.11.
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Lemma 21.2 (Buchstab’s identity, [1938) Suppose that2 < w < z. Then
S(4, P, w) =5(4,P,7) + Z S(A,, P, p)

wsp<z

Proof The identity is immediate on observing that the difference
Sa,P,w)-5(4,P,z2)

is a sum over integers with at least one prime factor p with w < p < z and
no prime factor p’ < w. Hence the identity follows by sorting these terms
according to their least prime factor. [

This identity has been very suggestive of a possible way to improve sieve
estimates. Consider the special case w = 1, which asserts that

A= "84, P,p) = 5(4,2,2).
p<z
If we have an upper bound sieve estimate, we could insert it in the sum on
the left and obtain a lower bound for §(4, &, 7). We could then use this lower
bound in the sum on the left and obtain a new upper bound for S(4, 2, 7). It
was found that if one used initially a version of Brun’s sieve then the new upper
bound was stronger. This suggested an iterative procedure. Examination of the
limit of the process suggested a more direct route, which was first discovered
by Rosser in the 1950s and then rediscovered by Iwaniec.
Suppose that we can control suitably the behaviour of

r(m)

when m < y (the level of distribution of 4). We might hope that in some

generality there are smooth “fudge factors” f.(s) with s = 1122 which satisfy

XV(2)f-(s)(1+0(1)) < S(A,P,2) < XV(2) fi(s)(1 +0(1)) (21.8)
We note that the Buchstab identity has enabled us to guess that

X e~ Cox
XV(z) ~ Xe “*S(logz) ™" = G——
V(z) e S(logz) G(Ic)gX)K (

log X)—K
log z
ought to be about the right size for the sifted set, at least when y = X. Thus we
might imagine that, for suitable f.,
X e~ Cox X e Cox
C——s"f_ 1 D) <S(A, P,7) < G——s" 1 1
Togme® -1 +0(1) < S(8,2,2) < S Goams )1+ 0(1)

are the limits of the Buchstab identity iteration. It is also reasonable to suppose
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that the sum over p can be replaced by an integral and retain asymptotic equality.

. log X logX . .
Finally put s = logg ~andt = 10§ =, divide by

S X e Cox
(log X)*

and let X, w, z go to infinity together so that the error terms tend to 0. We may
need to suppose that 8 < s < t where 3 is a positive constant. Then we find
that the f. satisfy

1 fa(t) = 5 fu(s) = / e fo(u— 1), (21.9)

and hence that
(tfe(0)) =kt fe(t - 1). (21.10)

We also know from the Brun sieve that if s is large, then f.(s) should be
asymptotically 1.

The analysis of the iterations can be quite complicated and instead we follow
the Rosser—Iwaniec approach. To set this up, write

A(m) = p(m)o(m)

where we suppose that

o(m)=0orl, o(1)=1,
and define the least prime factor /(m) of m, so that

[(1)=1, [(m)=min{p:p|lm} (m>1), (21.11)

and then define

7(m) = o (m/l(m)) — o (m).
Theorem 21.3 Suppose that 7 > 1. Then

S(a,P,z) = Z u(m)o(m)A(m) + Z u(m)t(m)S(Am, P, 1(m))

m|P(z) m|P(z)

Proof 1In the right hand side we substitute the definitions of A(m) and
S(Am, P,1(m)). On interchanging the summation we find that

Za(n)( D, wmam+ ﬂ(m)T(m)).

n m|(n,P(z)) m|(n,P(z))
(n,P(1(m)))=1
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When (n, P(z)) = 1 the sums reduce to o(1) = 1. It remains to consider those
n of the form
7k
n=n'p"--py

with (n’, P(z)) =1and z > p; > --- > p,. Then the second inner sum is
> p(m) (o (m/1(m)) = o (m)).

l<m|p1---pr
(p1-pr.PU(m)))=1

The only m which satisfy these summation conditions and give a non-zero
contribution have /(m) = p, and m = jp, with j|p; - -- p,—1. Thus the above
sum is

> uGpe) —alpr) == > (o) +ulip)o(ip,)

Jlp1pra Jlpipra
=— > ulma(m)
m‘pl o Pr
and this cancels out the terms in the first sum. O

Suppose that o* can be chosen so that
Fu(m)t(m) 20 (m|P(2)). (21.12)
Then

D, Hma ™ (mA(m) < S(A,P,2) < ) p(m)a* (m)A(m)

m|P(z) m|P(z)
and so
XS +r <8(4,P,z) < XSt +rt (21.13)
where
§5= ), n(m)o*(m)p(m) (21.14)
m|P(z)
and
rt= Z w(m)o*=(m)r(m). (21.15)
m|P(z)

We can also use the theorem to compute a suitable approximation to the main
term. Suppose that

0<p(p) <1 (plP(2).
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Note that if p(p) = 1 for some p, then almost nothing will survive the siev-
ing process and that would not be very interesting. Now define a to be the
multiplicative function with

k
a(pk) = p(p)* (peP,p<zandk €N),
0 (pgPorp>z and k €N)).

Then
A=[T-pm) " =v@) ",

pP<z
and for m|P(z)
A(m) = a(m) Z a(n) = p(m)A.

Moreover

V(1(m))
V(z)

S(Am, P, 1(m)) = Z a(n) = Z a(mk) = p(m)
(n P m)=1 (k. P(U(m)))=1
Also S(a, 2,z) = a(1) = 1. Thus by Theorem |[21.3]
V()= D utma=mpm)+ > pm)r*(m)p(m)V (i(m)).

m|P(z) m|P(z)
Thus, by 2T.13)) and 21.14), we have

Theorem 21.4 Suppose that for every prime p € &P with p < z we have
0 < p(p) < p and for every m|P(z) we have 21.12)). Then

XS™+r  <S(A, P,z) < XST+rt
where
SE=V() = > u(m)TE(m)p(m)V(I(m)),
m|P(z)

R*= ) p(m)o*(mR(m).

m|P(z)
oc*(m)=0o0rl,c*(1) =1,
Fu(m)(o*(m/l(m)) — c*(m)) = 0,

and 21.3)) holds.
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21.1.1 Exercises
1. Suppose that 4 is an even positive integer and
R(x;h) =card{p) < x,pr <x:p1—p2=h}.

Let g be the multiplicative function with g(2) =0, g(p) = ﬁ when p > 2
and g(p*) = 0 for all k > 2 and define

L= Z g(n).
n<D
(n,2h)=1

Further, let f(g) denote the number of pairs I, m of positive squarefree
integers | < D, m < D such that [/, m] = q.

(a) Prove that

B li(x)
R(x;h) <H(x)L™'+ D+ q; F(q) Im(x:q, ) o)
(q,h)=1

(b) Prove that if n is squarefree then

1
s = s %g(m)

and
Z g(m) Z u(?* _
m<D 1<D/m (D)
(m,2h)= l (l,2hm):1
(c) Prove that (cf. the argument after (3.18)) that if Y > 1, then
u(l)? p(m)?
e 20 % 2 gy 2
(1,k)=1

(d) Prove that

tht,o(m) ogZ
(m 2h) 1

- (log D) (2h)]_[( ﬁ%om.

pr2h

. 5 g(m¢hm) D

2. Prove that, uniformly in x and #,

4S(h)x (1 N 0(loglogX))

R(x;h) <
(x: b) (log x)2 log x
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where
2) p—1
2 - _ ’
-1 oin P 2
p>2

S(h) = c(h) = (Zh) 1_[ p(”

P’(Zh

c¢(h) is the constant of Corollary 3.14, and c is the constant of Theorem 3.10

check ex no and (20.28)) (cf. Exercise[19.2.1][§| with k = 2).
3. Suppose that / < H < log N. By combining (20.35) and the previous

question show that

1 J H
SHN logN +2 Z(H —~W)R(N,h) +8 Z (H - h)S(h)N
h=1 h=J+1

> H>N + O(HN(loglog N)?).

(a) Deduce that

J
1
SHNlogN +2 Z(H — W)R(N, h) +4(H — J)>N

h=1
> H*N + O(HN(loglog N)?).
(b) Let
2+43 3423
J:( +8\/_+8)10gN, H = +12\/_10gN.

Prove that if N is large, then

J
Z(H —WR(N,h) >0
h=1

(c) Prove that

lim inf Dot Pn 2+ V3

=0.466506 - - -
n—oo 1Qg DPn - 8

4. Let x be a large real number and define

Rmy= >, logpi,

3<p1<x  pr>3
pitp2=n

and f,,(g) to be the multiplicative function with f,,(p%) = 1/(p — 2) when
k=1, p{nand pisodd, and f,(p) = 0 otherwise. Let y = x(logx) 2 for
a suitable constant B and write

L= > fula).

gsy!/?
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(a) Prove that

Z R(n)L(n) < Z #(x) + O (x*(logx)™4).
x<n<2x x<n<2x
R(n)>0

(b) Prove that
p-2 1(q)*
L £~ £
= (1—[ p- 1),1;/2 e1(q)

rln
p>2 2%q

where
o) = (-2
rla
(c) Prove that

card{n € (x,2x] : R(n) > 0}
logy [ min(u,2x — u)
T 49(x) J3 log u
(d) Let N(x) denote the number of even numbers n < x such that » is the
sum of two odd primes. Deduce that
N 1
liminf Y > L
X—00 X 4

5. Suppose that s > 3 and k > 2, and let N(Y) denote the number of ordered
s-tuples of integers y € [1,Y]* such that yX + -+ y¥ is prime. Prove that

du+ 0 (x(logx)™").

N

NY
1) < logY

6. Suppose that for a constant C > 1 we have 0 < p(p) < C/p and that for
m|P(z) we have |[R(m)| < mp(m). Letk € N

(a) Prove that

D, HmR(m)| < Crk,
m|P(2)
w(m)<k
and that
V(l(m)
> plm (V( ))
miP(z) ¢
w(m)=k+1

= (ki1)!(1;'0(1’7))]{+l e"p(z 1—;,0(,;))'

p<z
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(b) Suppose further that there are constants x > 0 and C; > 0 such that for
z = 3 we have

Zp(p) < kloglogz + C.

p<z
Prove that

Vil 1
m;z) p(m) i/EZ;)) < (k+1)!(Kl()glogz*'cl)kH(logz)K_

w(m)=k+1

(c) By taking o-*(m) to be the characteristic function of the sets 2* given
by (21.6), or otherwise, prove that

XV(z)-EQr-1)<8(4,9%,z) < XV(z) + E(2r)

where

XV(2)
(k+1)!

(d) Show that there is a positive constant C such that if

log X )
loglog X/’

E(k) < (kloglog z + C)**!(log 2)* + (Cz)*.

SSZSGXp(CQ

then
S(A,P,2) = XV(2)(1+0(log™ ' 2)) + O (X'~ ).

21.2 The Rosser-Iwaniec sieve

We are ultimately concerned with the 1-dimensional sieve, but initially there
is no need to distinguish any one particular value of x. We will find that there
is a point at which there is a tricky convergence problem. For simplicity we
will give a treatment of this only when « = 1. In principle the method can be
adapted for all «, and gives the best results that are known when 0 < k < 1.
In particular it can be shown to be optimal when x = % and 1. We would add
that we are not aware of any interesting applications of dimension « > 1 which
cannot be treated more effectively by other methods.
In addition to the rdle played by z, we introduce two further parameters

B>1 (21.16)

and y > 2, which will give us some finer control of the lower bound and the
error term. The quality of the final results will depend on S, and we will see
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that there is a choice for each « which maximises the range on which one can
obtain a positive lower bound.
Let

= (m) 0 when u(m) = F1 and [(m) > (y/m)'/B,
vE(m) =
1 otherwise

where [(m) is given by (ZI.11)). We consider « to be fixed. In the notation
introduced in the previous section, let o*(1) = 1 and when m = p; - - - py with

p1>pa > > pylet

k

a*(m) =] [v*(p1-pu),

u=1

5 (m) = o*(m/l(m)) — o= (m) = o™ (m/l(m)) (1 — v*(m)).
Clearly
oc*(m)=0orl, 7*(m)=0o0rl

and it is readily checked that o* (m) = 0 when m > y. Moreover if 7*(m) = 1,
then v*(m) = 0 and so u(m) = F1. Hence

+u(m)t*(m) > 0 for all m|P(z). (21.17)

Thus the hypothesis of Theorem is satisfied.
There is an extremely useful way of describing the sets of m for which
7*(m) = 1. Let D (y, z) denote the set of divisors m of P(z) of the form

m=pp---pr Wwith
£+1 £+1
pP1>pa>->prs ProcPr-iPy 2 Y, and preccproajo1py iy <Y

whenever 1 < j < k/2. When k > 3 and k is odd the case j = 1 is interpreted
as pﬁf S y. Then define

Sk(y,z) = Z p(m)V (I(m)). (21.18)

mey (y,z)

Note that Si(y,z) = 0 when k > 3 and 28*%=2 > y, 50 the series below are in
fact finite.

Theorem 21.5  Let Sk (y, z) be as in @1.18). Then we have

XS (y,2) +R < S(oA,P,z) < XS*(y,z) + R*
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where

ST, 2) = V(@) + ) Sar1 (3, 2),
r=1

ST(1,2) = V(@) = ). $2(3,2),
r=1

and R* satisfies (21.13)) and so
IR*| < R* = Z IR(m)]. (21.19)

m<y
m|P(z)
At this point we can see already that y can be used as a means of controlling
the size of R*. The initial problem is the convergence of the infinite series when
we replace the terms by smooth approximations.

Proof The expressions for S*(y, z) follow from our discussion above con-
cerning the m for which v*(m) = 1.

To estimate R* we need only consider those m = p; - - - pg with p; > py >
-+ > py for which o*(m) # 0. Then v*(gq) = 1 for g|m and so for either u = k
or u = k — 1 we have

1
P put o pr <y
By (21.16) we have 8 > 1. Hence m < y. O

We now have to investigate S*(y, z). It will surely be no great surprise to
find that there is an iterative relationship between the Sy. To better understand
it we introduce as an important parameter, namely the ratio

logy
§=—=.
logz

Fors >0and k =1,2,... we define
gk(v,8) = V') ISk (') (21.20)
Suppose k > 2. Then for m € Dy (y, z) we have m = p; - - - pj with
PU>pa> o> P precpraphy 2y, and precs proioa Py <
whenever j > 1. These inequalities can be rewritten as
P praarl 2/ pacepreiaiphy <vipr (1< <k/2),

and also p; < y"/B*D when k is odd and k > 3. Thus m is of the form pm’
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with m’ € @_1(y/p, p) and additionally p < y'/+D) when k is odd, and
every such m is in D (y, z). Thus, by (21.18}),

S = D p(P)S2(y/p.p),

p<min{y!/(B+D z}
$2r(1,2) = ), p(P)S2r-1(3/P, P).
p<z
Thus, by (21.20), these relations can be rewritten as
V(p) (y logy
5= Y - 1) 21.21
gor+1(y, ) Zpl P(p)y; o8\ 5 Tog p (21.21)

max{B+1,s}< logy

82r(y,5) = Z p(p) )
p

V(ylls)
logy

5<Top

Note that in ZI.21), when s < 8+ 1,

82r+1(3, S)V('®)

(21282 1)

, (21.22)
p logp

is independent of s, so
V(y!/ B+

V(yl/s) gr1(y,B+1). (21.23)

g2r+1(y, ) =

Consider the case k = 1. Then
Sia = Y, p(p)V(p),
yl/ B <p<z
and so

Sl(y?z) =0Whenz < yl/(ﬁ"'l)'

Now suppose that z > y!/(F+1)_ The identity

n

m—1
men(l—xl)z1—(1—x1)~--(1—xn) (21.24)

m=1 I=1
is easily proved by induction on n, and gives

S1(y.2) = V() -V (2).
Thus

1/(B+1)
M—l when (0 < s < B+1,
gi(y.s) =9 V') (21.25)

0 when s > 5+ 1.
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To make further progress we have to input some information which corresponds
to the dimension of the sieve. Thus we assume that there is a positive constant
C such that

V(w) log z \x C
1 2 < . 21.26
V(z) <(logw) ( +10gw) 2sw<2) ( )
Therefore
C +1 K+1
g1(y,8) <Gi(s) + (ﬂk—) (21.27)
sklogy
where
+ 1)< s -1 hen 0 < +1,
Gi(s) = (B+D)7s when0 < s <f (21.28)
when s > S+ 1.

Interestingly, G is independent of y.

The form of is not the most useful for all our purposes. Although we
will only use it later, in the case k = 1, it is convenient to establish here the
following lemma.

Lemma 21.6  Suppose that 0 < p(p) < 1 and that 21.26)) holds.

(@) If2 <w < z, then

logz+ C
logw logw’

D, P(p) <klog

wsp<z

(21.29)

(b) Suppose that s < u, 2 < y'/* < y'I5 that 1 is nonnegative, continuous and
decreasing on [s,u], and differentiable on (s,u) with a continuous and

uniformly bounded derivative. Then

Z p(p)—v(p) n(loﬂ)

1
Yl g peylls V(y /s) log p
u K+l =k
< s‘K/ ke Ip(eydr + S5 o) 3
s logy
Proof The bound (21.29) is immediate from (21.26) on observing that
V(w)
2, Plp) log
wsp<z z
To prove (21.30), let
V(p)
T(1) = p(p) =,
2 Vy's)

y]/t Sp<y]/“
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so that our sum is
u

T(u)n(u) - / T(H)n'(r) dt. (21.31)

Then, as in the proof of (21.23)), combined with (21.26)),
1/t £\K 1K+l
T(t):m—1<(—>—l+c .

vyl s¥logy

Since n’(¢) < 0, inserting this in (21.31) gives the upper bound

(N B Y

Then integration by parts gives
C K u k=1 K
sn(9)+/ (Kt +C(K+1)t
logy s sk sk logy
Rearranging gives
“ C Y C(k+ 1)tx
siK/ kt“ (1) dt + Csn(s) + siK/ un(r) dt.
s logy s logy

In the second integral we replace 1(¢) by its upper bound 7(s) and integrate.
Part (b) follows. ]

)n(t) dt.

We need to consider what to do with g when k > 1. If for some k and
suitably smooth G (s) we have

gk(y,5) < Gi(s),
then the relations (21.21)) and (21.22) suggest that, at least for larger s,

gt (1,9 S p(p)(slfoggyp)KGk(:Z:]ya _1)
p

o logy
log p

~ s‘“/ kt“ G = 1) dr.
A

This in turn suggests that G should be defined by (21.28) and that

Gy (s) = S_K/ Ktk_ler_l(t -Ddt (s=p), (21.32)
Gorsi1(s) = s—K/ kt“ 1Gor(t = 1) dt (s> 0). (21.33)
max(B+1,s)

At this point we need to observe that, at least when k = 1, G (t—1) < (r—=1)7*
and so we need to suppose that

=1 (k<1), L>1 (k=1).
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By an easy induction on k we find that

Gr(s) =0whens > B+k.

Let

q

hog-1(3,8) = ) 82r-1(3,9), (21.34)
r=1
q

hog (v,8) = D 82 (3,9), (21.35)
r=1
q

Hag-1(5) = ) Gar-i (s), (2136)
r=1
q

Hay(s) = Z Goy(5). (21.37)
r=1

The aim is to show that the first two sums can be approximated by the second
two, with an error that cam be controlled. With quite a lot of work it can be
shown that there is a positive number ¢ such that

XV(z)(f_(s) +0(”‘He_s )) _R

(logy)°®
< S(A,P,7) < XV(z)(f+(s) +o((510;—ey)2)) + R (21.38)
where
fels) =14 ) Gari(s) - (s> 0), (2139)
r=1
F-(5)=1= 3 Garls) (s 2 B). (21.40)
r=1

It then follows by (21.28)), (21.32)) and (21.33) that f.(s) is differentiable for
s > 0,# B+ 1 and continuous at s = 8 + 1, that f_ is differentiable for s > 3,
and continuous from the right at s = 3, and that

fe() =B+ D fa(B+1)s™ (0<s<p+1) (21.41)
(s“fi(5)) =&s* T fo(s=1) (s>B+1), (21.42)
(s“f-(5)) =& fi(s = 1) (s> B). (21.43)

It is perhaps not surprising that these are essentially the same relationships that
we adduced from the Buchstab identity, vide (21.9) and @1.10).
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21.2.1 Convergence

We assume hence forward that « = 1 and that 1.75 < 8 < 3.

Lemma 21.7 When s > 8 let
w(s,ﬂ) = ess—l/ (l‘ _ 1)—le—max(,3,t_2) dt
s

and

Y(B) = sggﬁ(s,ﬁ)

Then0 < Y(B) < 1.

Proof Suppose first that s > 5+ 2. Then

w(s) = eSS_I/ (Z — 1)_162_t dt
s

and
@' (s) =e*(s — 1)5_2/ (t-D e Tdr—e?s N (s=1)7!
S
1 1
2 —_—— —————
= (s2 s(s - 1))
< 0.
Hence

w(s) <w(B+2) = eﬁ+2(ﬁ’+2)_1/m(t— D7 'e* " dt
B+2

e’ 16¢2
< <
B+2)(B+1) 165
< 1.

Now suppose that 8 < s < 5+ 2. Then
esB

w(s) =

b ip)

1
(Ogs—l

where for brevity we have written
(o) e—u
I1(B) = —d
B) A B+1+u !
If

sup @ (s) = max{w(B), w(B+2)},
B<s<PH2
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then in view of the bound above for @ (8 + 2), it suffices to deal with @ (). It
is readily checked that

1 2 1
w(P) = —log(1+—)+@
B B-1 B
is a decreasing function of 8. Hence
4 11 4 11 4
w(B) < §(log? +I(7/4)) < 7(log 5 + ﬁ) <1
It remains to deal with the possibility that

sup @ (s) = w(so) > max{w(p), w(B+2)}
B<s<P+2

for some s¢ with 8 < s¢p < 8+ 2. We have

_ s=B
, _ s-p S 1 1 B+1 / e
o'(5) = e (log =+ 1(8)) oD
and
@’ (s9) = 0.
Thus
B+1 S0
1 1 = —. 21.44
og 1B = (21.44)
‘We also have
g1l 2 2 B+1
7 _ 5Bl _ = =
w’(s)=e (s s2+s3)(logs_1+l(ﬁ))
25 — 1 1 1
s=p(_=2— - - _
e (sz(s—l)2 52 s(s—l))'

Hence, substituting (21.44), when s = 59 we have
s(z) +1—=(so—-12=s0(s0—-1)

sg(so = 1)?

@’ (s0) = e P

and this is

_ eso—ﬁ S0(3 - SO)
so(so = 1)?
Since @ (s9) is maximal we have 5o > 3.
Now substituting once more we obtain
eS8

- — B
TG T W

es()
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The function e¥(y — 1)~2 is an increasing function for y > 3. Also so < 8 + 2.

Hence
2 2
e 16e
w(s)) < —= < ——— <1
(50) < 52 = T2
and this completes the proof.

Choose the positive constant ¢ so that

A v

and for s > 0 define
E+(S) — S—le—max(s—l,ﬁ), E,(S) — Yl/Ze—s'

Then by Lemma|21.7}
! (_) E.(r=1)dt <0E_(s) (s> p)
s =1

1 . ! 0
5 / () E-¢-var<oE(5) (5>0)
max(s,B+1) =1

where

g=_"7

satisfies 0 < 6 < 1.
It is useful to define

Er(s)=E_(s), Ez_1(s)=E.(s).
By induction on k& we have

Gr(s) < 0Er(s)

(21.45)

(21.46)

(21.47)

(21.48)

(21.49)

when k is odd and s > 0 and when & is even and s > 8. Thus Hy,_1 and Hy,
converge locally uniformly for s > 0 and s > S respectively. Therefore if we

can show that for some positive constant C;

hq(y’ 5) < Hq(s) + ClEq(s)(IOgy)_d

(21.50)

when ¢ is odd and s > 0 and when ¢ is even and s > S, then we have the

following conclusion.
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Lemma 21.8 There is a positive constant 6 such that if % < B < 3and
s = (log y)/log z), then

XV(@)(f-(5) + 0(e*(10gy) )| - R* < S(2,2.2)
< XV(2) (f+(s) +0(e *(log y)_é)) +R*

where f.(s) satisfy @1.39), 21.40) and R* satisfies Z1.19). Moreover f(s)

is differentiable for s > 0,+# [+ 1, continuous at B + 1, f_ is differentiable for
s > B, and continuous from the right at s = 3, and

[ =B+Dfi(B+Ds™" (0<s<p+1), (21.51)
f-(5)=0 (0<s<p), (21.52)
(sfel$)) =f(s=1) (s>B+1), (21.53)
(s/-(9) = fils =1) (s> p). (21.54)

We also have

fe(s)=1+0(e™)ass — . (21.55)

The utility of this conclusion depends on the finer details of the functions f.,
which we study in §21.2.2] and we give the ultimate conclusions in Theorem
2T.9) of §21.3] below. The three equations ZT.51), (21.53) and (2T.54) are
immediate from 21.47)), (21.42)) and 21.43), and (21.53) follows from 21.39),
(2T.40), 21.49) and (21.43)). Note that we have extended the definition of f_

to the region 0 < s < 3, since the theorem remains true for trivial reasons with
this extension. It is clear by and continuity that f.(s) > 0 for s > s for
some so > B, and if £ (B) > 0, then R1.51), 21.53), (21.54) and induction
on k shows that s f.(s) is strictly increasing on [8 + k — 1, 8 + k], and hence
positive for s > 8. We will eventually

choose B so inf{t > 0: f_(s) > O for all s > ¢} is minimal. (21.56)

This optimal choice is known as the sieving limit.

Proof of 21.50) We now prove (21.50) by induction on ¢. The case ¢ = 1 is
immediate from @1.27), (21.34) and 21.36).

Suppose ¢ > 2 and (21.50) holds with ¢ replaced by ¢ — 1. By (21.21) and
and induction, gx(y, s) = 0 when s > 8 + k, and

g VO YT e(pi ).

pr<--<p1<yl/s
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Hence
1
gr(y,s) =0 for s > min (,8 + k, ogy) (21.57)
log?2
and
. k
gr(y,9) < V<y“3‘)‘lﬁ( > g(p)) : (21.58)
A\ p<yl/s
Thus we may suppose that s < llzg

By (T.58), when2 < y < 1 and s > 1 we have

gk(y,s) < C5/k!

for some positive constant C,. Hence, by (21.43) and (21.48) we have

G
hg(y,s) < Z o
k>s—p8

whence
hq(y.5) < C1Eq(s)(logy)™°

provided that 2 < y < yg and C; = C;(y¢). It follows in this case that we have
(21.50). Thus we may now assume that

logy

y>yo, §< . (21.59)
log?2
For the time being we suppose that
s > Bwhengisodd, s>+ 1 when g iseven. (21.60)

By (21.34). 21.35), 21.57) and (21.58),

k
b1 (v.8) +har(3.9) VO™ Y %( 2 g<p>).

s—B<k<2r p<yl/s

Suppose that Y > 1. Then by (21.26) and Lemma[21.6]

—k k
hy(y,s) <VQEIHTT Y Yk—,( > Yg<p>)

s—B<k<2r p<yl/s

< 57! (log )Y~ exp (Y (loglog y — log s + C)).

Let Y = s'/2. Then by (21.59),

hg(y,s) < Eq(s)(logy)_l for s > (loglog y)*
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which again gives (21.50). Thus it remains to consider s with
s <w, w=(loglogy).

and we will deduce slightly more than (21.50), namely that there is a constant
6o with 0 < 6y < 1 such that

hy(y,s) < Hy(s) +60C1Eq4(s)(logy)~° (21.61)

Suppose for now that s > 8 when ¢ is even and s > 8+ 1 when g is odd. By

@21.21), 21.22), 21.34) and (21.33) with g replaced by g — 1,

v(y'™) V(p) y logy
hg(y.8) = 2y (v, w) + gP) o g (502 - 1)
’ R yl/W§<y1/5 V() \p  log p
< (1+ Cw )WEq(W) £y s(PV(p) 1(logy _1)
< logy/ slogy i s V(yl/s) " \log p
1% 1
. Z Cig(p) (py) 5Eq71(10gy _1)_
ylw<p<ylls V(yl/s)(log F) ogp

The functions H,_1(s), E4-1(s) and sE,(s) are decreasing functions of s for
s > 3. Hence by Lemma[21.6

1 w ClEq—l(t_l)
a9 % 5 [ (Hamat- 0 )

Cw? ClE, 1(s—1
“;ng (1—117s)16(flogy))é)+O(Eq(S>(10gy)‘1)~

By (21.32), (21.33), (21.36) and (21.37),
57! /WHq_l(t—l)dt < Hy(s).
By (21.46), @1.47) and 21.43),
é/SWCIEq_l(t— (1= 1/t)7°dt < C10E,(s).

By (21.43), (21.48) and 21.49),
CW2 ClEq—l(s - 1)
slogy (1-1/s)°(logy)®

This establishes (21.61) when (21.60) holds.
We now deduce (21.50) when g = 2k — 1 isodd and 0 < s < 8+ 1. We have

+

(Hq,l(s 1)+

(Hq_l(s 1+ ) < E,(5)(log y)™ 2.
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established Z1.61) when s = g + 1. By 1.23), 21.23), (21.22) and (21.34)

we have

k
hok1(3,9) = 81(3,8) + ) 82r1(3, 5)
r=2

V(v (B+D)
= %(1 +h2k_1(y,ﬁ+ 1)) - 1.

Therefore by 21.61),

har-1(y, s)
gy

<

00C1Ex-1(B+1)
1+H2k_1(,3+1)+ (10gy)5 )

<ﬁ+1 +’8+1H2k_1(,8+1)—1+C1E—+(S).

s s (log y)9
By 21.28), 21.32), 21.33) and (21.36)) we have

1 1

B%FB: Hok—1(B+1) = 1= Hag—1(s)

which gives (21.50). O

21.2.2 The differential delay equations

We now need to elicit the finer properties of the functions f.(s) when x = 1.

They satisfy (21.51), (21.53), (21.54) and (21.55). We can separate the functions
by defining

S+(s) = fuls) + f-(s) =2,  S_(5) = fils) = f=(5)
so that
(sS+(s))" = £S.(s - 1).

These functions S. (s) are differentiable for s > 8, s # 8+ 1 and continuous
at 8+ 1 and from the right at 5. We have already encountered the equation for
S+ before. It is satisfied by Buchstab’s function w, vide (7.38). The Dickman
function (7.4) also has some similarities with S_. Our initial concern is to
optimise the choice of §. To that end we need to study the conjugate equations

5P (s) =Fo(s+1) (21.62)

and the associated inner product

L (5) = 584(5)ba(s) + / CSsstiar
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It is clear that
-(s)=s5—1
is a solution of (21.62) in the — case.

In the contrary case we define

¢+(s)=/ooexp(—sx+/x e_y_ldy)dx.
0 0 y

This is differentiable for s > 0, and it is readily checked that then (21.62)) holds
in the + case and that

1 1
sv1 MOy
It follows from (21.53)) that

Si(s) e ass — oo,

We also have
L(s)=0 (s>pB+1)

so that I.(s) is constant for s > B+ 1. Moreover I.(s) — 0 as s — oo.
Therefore

584 (8)pa(s) F /71 Se()u(t+ 1) dt=1.(s) =0 (s=p+1). (21.63)

Hence

p+1
(B+1)S_(B+ 1)[3://3 tS_(1) dt

B+l
_ B+1 _ ’
- [i5-(e- [} /ﬁ (1S_ (1)) $-(1) di.

When 8 <t < 8+ 1 we have

(tS_(1)) =—filt =) ==(B+ D fi(B+ (-1
and so
B+l
BS_(B)(B—1) =/ﬁ B+ 1) fu(B+ Ddi = B+ 1) fu(B+1).

Moreover

BS-(B) = B(f+(B) = f~(B)) = (B+ D) fo(B+ 1) = Bf-(B).
Hence

Bf-(B) = (B=2)(B+ 1) fe(B+1).
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By (1.51). (21.53) and 21.54),
() > f-(B) (s> p).
Hence, by (21.56) it is clear that the optimal choice of 3 is
p=2

which we assume hitherto.
We are finally concerned with evaluating (8 + 1) fi (B8+ 1) = 3f.(3). Let

s+1
V(s) = s (s) + / 6.(0) dir.

Then v'(s) =0 (s > 0) and v(s) = lim,_, v(¢) = 1, and so
3
26, (2 di=1.
¢u+£¢m:
By 21.63)
3
3&6m4$=—/.amm0+nm
2
3
=/z&m¢mm
2

3
= 5000 - [ 15.0) 00 .

Hence, as (tf.(#))" = 0 when ¢ < 3 we have
3 3
25,(2)94(2) = - / (Lfo(t) + 11-(0)) Bar) di +2 / 6.(0) dt
2 2

3
—— [ R Do dra2(1-20,02),

Thus

_ 33£.(3)

r@ =400 =- [ o0 +2-40.0)
3

=340 [ Ddr+2-40,02).

Therefore
3f+(3)¢+(2) = 3f+(3)(¢+(2) - ¢+(1)) +2

and so

3f:(3)¢4(1) = 2.
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When s > 0, we have (s¢+(s))" = ¢4 (s) — ¢+(s+ 1) and so
¢+ (1) = SILI& (¢+(s) - (S¢+(S))/)

© Yl—e™
= lim s exp ( logx — sx — / dy) dx.
s—0+ Jgo 0 y

By (C.11) we have

Co=-T'(1) = - / (logy)e™ dy.
0

Splitting the integral at x, writing it as

- / (logy) d(1— ™) + / (logy) d(e™)
0 x

and integrating each integral by parts, we obtain

X1 _ey © L=y
C():—logx+/ ¢ dy—/ e—dy.
0 y x y

(o8]

X 1 _ oy
lim sexp(logx — 85X — / ¢ dy) dx
0

Hence

s—0+ Jo y
. (o) (o) e—y

= lim sexp(—sx—Co—/ —dy)dx

s—0+ Jo X y
(e8] (o8] e—y

= lim exp(—t—Co—/ —dy)dt
s—0+ Jo t/s Y

=e C0,

Therefore 3 f,(3) = 2¢<0.

21.2.3 Exercises
1. Suppose that 0 < k < l andthat 1 < 8 < 1+« whenO < « < %andthat
1+Q2k-1)?<pB< 1+Kwhen% <k <1,andlet

p(s) = ks (s+1)<! / kt“ Nt = 1) K~ max(Bo1=2) gy
N

Prove that

sup p(s) < 1.
s>B

2. Suppose that k = 5, that (21.41), (21.42), (21.43), that

fi(s)=1+0(e™%) ass — oo,
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and that f_(s) =0 when s < B. Let
Si(s) = fa(s) + [~ (5) =2, Si(s) = f(s) = f=(s)

(a) Prove thatif s > 3, then

(s'28.(5))" = i%s‘”zsi(s - 1)

and

SL(s) = 1S 1S 1

sSL(s) = ) +(8) = ) (s —1).
(b) Prove that when s > 0 the equations

(5029 = 362(5) % 30-(s+ 1)

are satisfied by

¢+(s)=/0mexp(—sx—%/0x l_j_u) du)dx

and ¢_(s) = 1 respectively and that ¢, (s) ~ % as s — oo,
(c) Suppose that s > . Let

L) =55:0)6:9) % 5 [ 5000+ .

Prove that 7. (s) = 0.
(d) Prove that

Bf-(B) = (B+ D2 f(B+1)(B- 1)

and that the optimal choice of Sis 8 = 1.
(e) Now assume that 8 = 1 and let

s+1
V(s) = 564(5) + / S04y di.

Show that v(s) = 1, that

s

S(A0)+ £+ [
and that

2
fi(1) = o)

S0 W)t 1 dr =

257

2,
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(f) Prove that
¢+ (1) = e"C210(1)2),

and that
fi(s) = s71/22(ec"/7r)l/2 (s <2).

21.3 The linear sieve

‘We can now state the linear sieve.

Theorem 21.9  Suppose that 21.3) and (21.26) hold with k = 1. Then there
is a positive constant 6§ such that when s = (log y)/log z) we have

XV (2) (f_(s) +0(e *(log y)-‘f)) R < S(A,P,2)

< XV(2) (f+(s) +0(e™* (log y)_é)) +R

where R* is given by Z1.19). Moreover f.(s) is differentiable for s > 0 and f-
is differentiable for s > 0, # 2, and

fils) =207 (0 <5 <3), (21.64)
f(s)=0 (0<s<2), (21.65)
fo(s) =257 og(s — 1) (2<s<4), (21.66)
(sfo(®)) =f(s=1) (s>2), (21.67)
(sfo(9)) = fils = 1) (s> 1). (21.68)
We also have
fe(s)=1+0(e™®)ass — . (21.69)

We remark that it is easily seen by integration that (21.66) holds, and then
that f. is differentiable at s = 3. In addition

fu(s) = 26%-1(1 +/ log(u =2) du) (3<s<5) (21.70)
3 u— 1
and
Co S — —
F(s) =2 (log(s —1 +/ logu=3) ), 5=1 du)
s 4 u—2 u-—1

(4<s<6). (2L71)

There are some applications where we would like to have an asymptotic
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result rather than just upper and lower bounds. In the next section we will see
that this is not possible when s is small, and that indeed the above theorem
is best possible. However when s is large does permit an asymptotic
conclusion.

Corollary 21.10  Suppose that 21.3) and 21.26) hold with « = 1, and that
Z IR(m)| < XV(z)e™™.

m<y

Let s = ;23 and suppose that for some positive number 6 we have s > 2 + 6.
Then

S(4,P,2) = XV(z)(1+0(e™))

21.3.1 Exercises

1. (Vaughan, 1976, |Iwaniecl |1978b))
Leta€ZandneN,n>1,X 22, P=[],.xp,

a+h a+h
T(h,n) = Z 1, S(hX)= Z 1.

m=a+1 m=a+1

(m,n)=1 (m,P)=1

(a) Prove that
S(h,X) <T(h,n)+wn)(h/X +1)
(b) Asin §7.3, let g(n) denote the least integer so that amongst any g(n)

consecutive integers a + 1,...,a + g(n) there is at least one coprime
with n. Prove that g(n) < w(n)?(log 2w(n))4.

2. Let p be an odd prime and let G(p) denote the least positive primitive root
modulo p. Prove that if the generalised Riemann Hypothesis holds, then

G(p) < (logp)®*=.

21.4 The Selberg examples

Selberg showed that the inequalities in Theorem are best possible, by the
presentation of a pair of extremal examples.

Theorem 21.11 Let X > 2,

) 1¥A(n), n<X,
ai. n)=
0, otherwise,
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P be the set of all primes, and
Ti(X’ Z) = S("Qlt’ @’ Z)’

where A is the Liouville function of §1.3. Suppose that

exp ((log X)*3) < z < og X'

Then
log X
logz

T.(X,2) = XV(D) o (1m ) + O (X (log ) )

where
v =] ]a-1/p)
p<z

and the f. are as in Theorem
We have
T (X7 Z) + T+(X’ Z) = 2¢(Xa Z)’ T—(Xa Z) - T+(X7 Z) = ZE(Xa Z)
where
BE(X,z) = Z A(n).
n<X
(n,P(z))=1

As discussed in §7.2, ®(x, y) is the number of integers < x composed entirely
of primes p > y. Its asymptotics are described by Buchstab’s function w(u)
where u = (logx) /log y. We could just appeal to Theorem 7.11 when llzgg f <1,
but here we push things a bit further. The function E(X, z) satisfies Buchstab’s
identity, Lemma and consequently the Dickman function p(u), which
arose in §7.1 to determine the asymptotices of ¢ (x, y), is relevant. Both w(u)

and p(u) are determined by differential-delay equations.

Note that by (21.55) we have

fi(loix) =1 +O(exp(

log X
log z B I(Z)ggz))

and so the upper and lower sieve bounds are anyway asymptotic when
z < exp ((log X)*73).

When s > 2 + ¢, we have f_(s) =< 1, and likewise for f;(s) when s > 1 so the
above give asymptotic formule in those ranges.

This theorem illustrates one facet of the parity problem, namely that sieve
methods generally cannot distinguish between numbers with an odd and an
even number of prime factors.
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Theorem shows that essentially the linear sieve, as annunciated in
Theorem is best possible. To see this, let

y = Xexp (- (loglog X)*)

and
R(m)= ) as(n) = Xp(m)
n<X
mn
with
1
p(m) =—.
m

Then form <y

PRI <y+ Y| Y aw),

m<y m<y [<X/m
and by Exercise 6.2.11 check ex no
OK
Z A1) < Xm~exp (- c(log(X/m))"/?)
1<X/m

< XmVexp (— c(loglog X)*/?).

Thus
Z IR(m)| < X(log X) 3. (21.72)
m<y
Moreover
_ 4 (logX 172
12(9) = fo(Jog 2 ) +O(og 0717,

Thus Theorem would give

XV(z)f_(llc())ig}Z()(l +0((log X)~°)) + 0(X (log X)~*?)

< Ti(X’ Z)

< XV(z)f+(11(;gf)(1 +0((log X)%)) + O (X (log X) /?).

Theorem [21.11| shows that the functions f_ and f; cannot be replaced by
anything larger or smaller respectively.

Proof To prove the theorem we use an inductive argument. When

X% <z < X/logX (21.73)
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we have
T.(X,2) =15 A1) + Z (17 A(p)). (21.74)
z<p<X
Thus
X X
LX) =g +0((1ogX)2)
B c, logz X
= (1 DXV(@eD 2 +0((1ogX)2)’
and so
_ log X X
T.(X,2) —XV(z)fi(logZ) 0((1ogx)2) (21.75)
where

vy =[[a-1/p).

<z
Now the proof of Lemma is readily adapted to show thatif 2 < z < w,
then

T.(X,z) = T (X, w) + Z T:(X/p,p). (21.76)

ZSp<w

The plan now is to show that for a suitable positive constant C, when k € N,
we have for every pair X, z satisfying X > X, 3 < k < (logX)'? + 1 and
Xk < 7 < XV/(k=1) the inequality

log X
log z

CXk?loglog X
(log X)?

T.(X,2) - XV(2) fi( Big)| < 21.77)
The relationship in the inductive proof is that if X!/ < 7 < p < XUk,
then (X/p)'/* < p < (X/p)"/*=1) and the deduction will be routine when
k > 3, but when k = 2 we have only established the necessary hypothesis when

X'/2 < 7 < X/log X. That is, we have a problem when
X/p
log(X/p)

We resolve this minor lacuna by a separate argument to establish the desired
conclusion when

<p<X/p.

12
( X ) <z< X2
log X

Then T.(X,z) differs from the sum (21.74) considered previously in case
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(21.73) by just having an additional contribution

X
Z (1F1) <« Z DlogX

P1.p2 z<p<X\/2
2<p1<p2<X/pi P

Xloglog X
(log X)?
and we can argue much as before.
Consequentially we need only treat the case corresponding to k = 2 above
when X'/3 < z < (X/log X)'/2.
In let w = (X/logX)"/? and X'® < z < w.Whenz < p < w we
have
X' <p< (L)I/Z
log(X/p)
and so
X/p
log(X/p)”
Thus we may appeal to the initial case (with X replaced by X/p and z
by p). Then we have to deal with

k(e + Y X Vs 1)

Z<p<w

(X/p)'? <p

(Xloglog X

oo TP ). @178)

We require an asymptotic version of Lemma [21.6]

Lemma 21.12  Suppose that 2 < z < w < X'/? and

V(u) = ]_[(1—117).

p<u

Then

VooL(iEs)+ 3 v (e - 1)

Z<p<w
- V(z)f+(10gX)(1 + O(L)).

Proof The sum above is

> (v (=

ZEp<w

v (logX log X
e [ (X e )
p logu ulog”u
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Then on interchanging the order of summation and integration and applying
the identity (21.24), this is

log X
og 1)

V@ =VO)f{iog,

du.

log X 1) log X

+ / " (v - v £

By Meertens’ Theorem 2.7(e),

logu ulog u?

V(w) =

e 1+ 0liogz))

Hence the above is
Vo (10 ))( (- a2 ) (o - 1)
w
R G el

. _ log
By the change of variables = 1

log X

Tog 2 log z
-1 ) (6 - 1) dt
e (1 Tigg )G =D

logw

and then by integration by parts, (21.67) and (21.68) the above is

vio(1+o() / "
=V @1+ 0 T2 ) - e e
Hence
VoL (iE) + >, Vo (22 -1)
z<p<
=V >f+(1‘§,if)(1+0(lolgz)) (g iogar )
and the lemma follows from the monotonicity of s f.(s). O

The lemma applied to (21.78) completes the proof of when k = 3.
Now suppose that (21.77) holds for some k with 3 < k < (logX)'/® and
suppose that X'/ (&1 < 7 < X1k Let w = X'/ and consider (21.77). As we
observed above, when z < p < w we have (X/p)'/k < p < (X/p)"/*-D,
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Hence we may insert (21.77)) with x, z replaced by X, w or X/p, p into (21.76).
Thus

e -won () 2 Dol

ZEp<w
3 3

< CXk lc;glogX N Z CXk 120g10gX.

log X z§p<w plog (X/p)

Now we apply the lemma and obtain

noxa - xv ()|

logz
- CXk3loglog X . C1X(k+1)? . C1k’ loglog X (1 Lk )
- log® X log® X (k—1)2(log X)2\k logX

for an absolute constant C;. Since k < (log X)l/ 3_ it follows that for a suitable

positive constant C we have (21.77) with k replaced by &k + 1.
To complete the proof of the theorem, suppose

exp ((log X)*3) < z < g X’

so that (log z)*/® > (log X)'%/° and choose k so that k — 1 < ll‘c”if

k < (log X)'/? + 1. Hence, by (21.77)), we obtain the theorem with an error
term

< k, whence

X
3 (log X) loglog X < X ,
(logz)? (log 2)*/3

as required. O

21.4.1 Exercises

1. Let ax, S(A+, P, z), T.(X,z), V() be as Theorem [21.11] Let k € N and
define

a (= Y au(m)---as(n,

ny Ny
ny-ng=n
a0 = )" al (n),
nez
X, = X*,

T (X, 2) = S(A, 2, 2).
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(a) Let p, be the multiplicative function with

I-(1-1/p)* (r=1),

px(p") = {0 > ).

Prove that
Z pe(p)logp = xlogz+0(1),

Pz

and that there is a positive constant C, such that whenever 2 < w < z

we have
[T (1-pcm)" < (11§ggvzv)K<1 " 10(;Kw)’

wsp<z

ie. holds.
(b) Prove that

T (Xe,2) = $(As, P, 2)° = Ta(Z,2)".

(c) Suppose further that

exp ((log X)*3) < z <

log X’
and the £ (s) are the functions f; (s) satisfying (21.64)—(21.68). Prove
that
K (1) lOgXK « -k-1/3
TH(Xe,2) = XeVie(2) £ (—) +0(X,(log 2)™<"113)
klogz
where
Ve@ =[] (1= pup)).
p<z

(d) Let

AL (m) =" al ().

n
mln

Prove that if k > 1 and m is squarefree, then
AL my =37 %" umAL )AL (m/u)
ulmv|m/u
and

pem)= D7 > w()p1(uv)pe-i(m/u).

ulmvim/u
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(e) Let
Re(m) = >~ al (n) = Xupi(m).
n<X
m|n

Prove that if k > 1 and m is squarefree, then

Re(m)| < 3" (IR (@) IRt (m/u)]

uvlm

+ Ry (uv)| Xe—1px—1(m/u) + X1 p1 (uv)|Re—1 (m/u))).

(f) Let
y = Xexp (- (loglog X)?).

Prove that there is a positive constant c, such that

D7 um)? IR, (m)] < Xicexp (- ci(loglog X)*/2),

m<y

so that X, p,(m) does indeed correspond to

Z af_rk)(n).

n<X
mln

The bound (21.72) is useful here.

(g) Conclude that functions f. = i('() that satisfy inequalities of the kind

(2T:8) when the dimension is x € N must of necessity satisfy

9 () < £ (s/0%, f7 (/0% < £9(s)
when s > «. In particular,

F®(s)=0, (s<2«),

s’(er(K)(s) > 2KeCok kK (k < 5 < 3k)

where in the first inequality we have also used the fact that if w > z,
then S(2%), 2, w) < S(a), P, 7).

Thus the upper bound given by the Selberg sieve or by Lemma [19.12]
as in Exercise[19.2.Tpxer:19.2.8, and likewise the range for which lower
bound sieves are non-trivial, cannot be much improved in general, even
for large dimension «.

there is no
Theorem
19.12; as-
sumed you
meant lemma
don’t  know
which ex no
you  meant;
assumed this
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21.5 Some applications of sieve theory

Almost primes. Lower bound sieves are by themselves usually unable to es-
tablish primality, yet for a number of problems we have theorems that tell us
that at any rate there are a plentiful supply of numbers of a particular kind which
have a bounded number of prime factors. Such numbers are frequently called
almost primes. More precisely the notation Py is sometimes used to denote a
typical number having at most k prime factors.

Particular examples of this are the twin prime and Goldbach binary problems.
Thus the lower bound sieve can be adapted readily without further ado to show
that there are infinitely many primes p such that p — 2 has at most four prime
factors, and there is a very simple wrinkle using the Selberg sieve that shows that
the four can be replaced by three. There are more sophisticated combinations
of weights and upper and lower bounds that can give more substantial lower
bounds for the number of primes p < x for which p — 2 has a most three prime
factors. This in combination with a clever idea of Chen can reduce the three to
two. All of these results have analogues for the Goldbach binary problem. We
start by establishing the following simple lower bound.

Theorem 21.13  Suppose that & is a small positive number, x > x¢(g), a(n) =
1 when n + 2 is a prime p < x and 0 otherwise, &P is the set of odd primes and
A > 0 is a constant. Let

y = xl/Z(logx)—A—4

and suppose that

2 <z <yl@e),

Then there is a positive number § such that

ce €0 f_(s) +0( X )

S(4,P,z) =X
( 2) log z (logz)1+9

logy

where X =1i(x), s = Togz’

and c is the twin prime constant

plp-1)
_21_[ — 1)2 (21.79)

Proof For a given odd squarefree number m we have

p>2

A(m) =n(x,m,?2).
Let
li(x)
p(m)’

R(m) = A(m) -
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Then, by the Bombieri—Vinogradov theorem in the form|20.24| we have

R = > |R(m)| < x(logx)™2.
ms<y
m|P(z)

Also, by Meretens’ theorem in the form Theorem 2.7(e) we have

v =2 [| B2 [ a-up)

2<p<z p<z
-Co

= Toaz +0((logz2)™?).

The theorem now follows from Theorem O

When we take 7 to satisfy x!/> < z we see that the n remaining after sieving

will have a most four prime factors. In particular when we take z = y'/(>*) it
follows from that the number N4(x) of primes p < x such that p — 2
has at most four primes factors all > z satisfies

2cxlog(l+¢)
(logx)?
There are various sophisticated ways of reducing the four to three and even,

as we shall see, to two. However there is a very simple way of deducing the
following

Ny(x) > O (x(logx)~*7°) (21.80)

Corollary 21.14 The number N3(x) of primes p < x such that p — 2 has at
most three prime factors satisfies

N3(x) > ——
3(x) o gx)2
It suffices to bound the number N} (x) of primes p counted by N4(x) above

such that

X

pP1p2p3 '

We can do this quite easily via the Selberg sieve. Suppose we are given p», p3,
pawith z < pp < p3 < psg < . Then the number of choices of p < x

X
p2p3
with pap3pslp — 2, and pzppzm [z, p2] and prime, is equal to the number of
primes [ such that z < I < py and Ipop3ps+2 < x is a prime. This is bounded

by

p—2=pipp3psandz < p; < pr < p3 < pg <

S(B, P, w)

where B = {b(n)} and b(n) is the number of integers [ with z < [ <
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min (pa, (x = 2)/(pap3pa)), L(Ipap3psa +2) = n, w = x'/° and P is the
set of all primes.
Let pp(p) denote the number of solutions of
[(Ip2p3ps+2) =0 (mod p).

Since w < pp < p3 < p4, when 2 < p < w we have p(2) = 1/2 and
p(p)=2/pfor p >2.Let
X= Zb(n)

and

R(m) = B(m) — Xp(m).
Then |[R(m)| < d(m). Now let
l_l p(p)
o L P(P)
Then X < x/(p2p3pa) and by Theorem [21.1| we have

x/( ) - _
S(B, P, w Zp‘imm +0(xp3'p3'pi (logx)™'9).
g n

nsw
n|P(w)

As in the proof of Theorem 3.10,
Z g(n) > (logx)>.

nw
n|P(w)
Hence
SBPw) <« —
p2p3p4(logx)

We now obtain an upper bound for Ny * (x) by summing over the primes p;,
p3 and py4, which, crudely, satisfy z < p; < xz~3. Hence each sum over p jis
bounded by

1 -3
Z p! Slog%+0((logz)_l) < log(1 +4¢).
z

z<pj<xz~3

Therefore

83)6

(logx)?
Choosing & small enough and comparing with (21.80) gives the desired con-
clusion.

N;(x) <
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Chen’s Theorem. Let N,(x) denote the number of primes p < x such that
p — 2 has at most two prime factors.

made
Theorem 21.15 (Chenl [1973)  For every large x cite
Nz(x) > o
3log’x
where c is the twin prime constant (21.79).
Proof Let
z=x10 =713

and consider

M= Y - X 5 X 5
p<x Z<pIsw P1p2p3=p=2
(p-2,P(z))=1 pilp-2 ZEPISWEPrSp3

The number My(x) of primes p < x such that p — 2 is divisible by the square
of a prime p; with z < p; < w satisfies

My(x) < Z — <Xz -1
z<p1<w 71

If p — 2 has at least two distinct prime factors p; with z < p; < w, then the

general term is non-positive. Also if p — 2 has exactly one prime factor with

7z < p1 < w, then it can have at most three prime factors in total, and if it has

exactly three in total then again the general term is non-positive and at least

one of those prime factors cannot exceed w. Hence

Na(x) = N*(x) = M; (x) = Ma(x) — M3(x) + O(xz7"). (21.81)
where
M= L
pP<x
(p-2,P(z))=1
Ma(x) = Z Z
z<p1<w
(p- 2P(z)) 1 pilp-2
and

M3(x) = Z

pP=<x
(p-2,P(2))=1
1

SUM  pypyps=p-2 E .
ZEPISWEPp2sp3

proper
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We can read off a lower bound for M| (x) at once from Theorem [21.13] Thus

M (x) > 10ce™ € f_(5)
and hence, by ZL.71),

Mi(x) 2 ——— (1 )2 810g2+/ /u 31°g(1”) dtdu)

Toe? Ol

+0(—5). 21.82
(10g x)2+6 ( )
A similar argument can be applied to M;(x). We have
1
Mo (x) = Z Z 5
ZSpI<w pP<Xx
p=2 (mod py)
(p-2,P(z2))=I
Now we have
Z 1 =n(x;pim,-2).
P<x
p=2 (mod pym)
Let
li(x)
R() =n(x;1,-2) - —=.
e(l)
Then we may apply the Bombieri—Vinogradov theorem as before to obtain
> S Reim) <
(10gx)2+5

ZEp1sw mel/zpl’l(logx)*A

for suitable positive A and 6. Thus

_CO

Sce™%x 1 S5logx — 10log py
M < —
2(x) < (log x)? Z p1—1 +( log x )

ZSpI<w

X
o(—5)-
(lOg x)2+6
Mertens’ Theorem 2.7(d), partial summation and a change of variables gives

M;(x)

S5ce=Cox " (Slogx—10logu\ du X
< —F o
~ (logx)? /Z f+( log x )ulogu * ((logx)2+5)

S5ceCox 10 10\ dt X
< — o|————).
<Toa 25T T l)




21.5 Some applications of sieve theory 273

Hence by (21.64) and (21.70),
cx 40 “=3 log(1 +1)
M < —|6log2 dtd
2 < (logx)z( o8 +./3 u(5—u)/0 2+ u)
x
o\————=).
((logx)2+5)

Therefore, by 21.82),
M (x) — M(x) >

2cx 4 2u-5 “=3 Jog(1 +1) X
— [ log2 - drd ol———).
(log x)2 ( o8 ,/3 u(5-u) Jo 2+t u) * ((1ogx)2+5)

The double integral here is

1 4
1
/—Og(1+t)dt/ (_1 _l)du
0 2+t 3 \S—u u

_ /1 log(1+1) log (2-1)(t+3)
0

dt < 0.029772694.

2+t 4
Hence
cx X
Mi(x) — Ma(x) > 1.3267489 +0 ) 21.83
1(x) = Ma(x) Toga)? ( Tog (21.83)
We now turn our attention to M3. We have
1
M;(x) < ES(ﬂ,g’,y) +0(x/z) (21.84)

where

- 1 n=pipop3+2<x+2withz<p; <w < ps < p3,
a(n) =
0 otherwise,

P is the set of odd primes, and
y= x1/2(10gx)73.

Here we have used the estimates

Z 1< xz7!

wEprSp3Sz-

Z 1«1

pj=z
X=2<p1p2p3<x

(in case p; = z) and

(because x is tidier than x — 2).



274 Sieves Il

Now we sieve the n for primeness. In order to apply the upper bound sieve
effectively we need to deal with
Z a(mn)

n

when m|P(y), and so we need a variant of the Bombieri—Vinogradov theorem
for triples of primes. In this situation the result is rather more straightforward,
not requiring any identity similar to that used in the proof of the Bombieri—
Vinogradov theorem, since now the underlying bilinear form is already a good
Type II form.

As is usual we need to input information about

Z a(mn) = Z 1

n Z<p1<W<p2<p3<x/(p1p2)
p1p2p3=—2 (mod m)

when m|P(y) and m < y. Since we automatically have (m, pipap3) = 1 it
follows that

Za(mn): Z % Z x(p1p2p3)
Z<p1<w

n x (mod m) <p2<p3s o>

pP1pP2
* x(=2)
- Z Z “o(m) Z x(p1p2p3).
almy (mod q) ¥ Z<pISWEpr<p3< i
(p1p2p3,m)=1
Let
R(m) = ) a(mn) - 2 (21.85)
" @(m) ‘
where
X= 2 1=>"a(n) (21.86)
Z<P1§W§P2£P3Sﬁ n
Then
E
R(m) = R*(m) — ™) (21.87)
@(m)
where

R (m)= ) Z*% D x(p1p2p3),

I<g|m xy mod g I=PISWEPISp3S 5
(p1p2p3.m)=1
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and

E(m) = Z 1.

<WE<pr<p3< ==
I<PISW=Ep2=p3= )

(p1p2p3.m)>1

When m <y, the contribution from the p; dividing m is
X X

<
w<pr<(x/z)\2 p2zlogx zlogx

<

and from the p; or p3 dividing m is

X X
< <
Z piw logx wlogx’

Z<p1<w
Thus
[EGm]
. 21.88
,;y O (21.88)

We also have

R ml< > 3" w( )

I<g|m y mod g

Z x(p1p2p3)|;

Z<PISWSprsp3<
(p1p2p3.m)=1

PIVZ

and so

DR (m)] <

m<y
Z Z @D Z Z x(P1p2p3)
l<q<yi<y Yy mod g =pISWEpISp3S o
(P1p2p3,1)=1
1
Z— Z Z Z X(P1p2p3)|.
e(1) so(q)
I<y l<g<y/l xmodg ' z<piSwSpr<p3s< s
(p1p2p3,0)=1
Hence
. logy *
O R ml < max >, 28 > x(p1p2p3)|
m<y =Y 1<g<y ¥l xmodgq'z<p<w<pry<p3<

_I’1P2
(p1p2p3,0)=1

The summation conditions imply that p, < (x/p;)'/“andsopip2 < p, 212 <

x*3. Consequently, when g < (log x)“ for a given constant A the Siegel-Walfisz

12
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theorem in the form of Corollary 11.18 applied to the sum over p3 gives

1 *
mx Y oS D

=y I1<g<(logx)4 x mod g

Z x(p1p2p3)|-

Z<p1<W<pr<p3< 1>1XP2
(p1p2p3.1)=1

< x(logx)~10.

Let a(u) be 1 when u is a prime p; with z < p; < w and p; { [, and
0 otherwise, and let b(v) = 1 when v = pyp3 with w < pr < p3 and
(p2p3,1) =1, and 0 otherwise. Then

>, x(pipeps)= Y. Y. awb)x(uy).

z<p1§w§p2§p3sp1xp2 Z<USW w<v<x/u

(p1p2p3,0)=1

By (19:34) and a division of the sum over  into dyadic intervals we have

> % DU D awbx ()

1<g<Q x mod g ' z<usw w<v<x/u

< (logx)?(x + 0x"7?° + 0%x1/?)

and so, by partial summation, for a suitable choice of A we have

1 «
max 3 ES DU YL X ah(xm)

(logx)A<g<y xmod g ' z<u<w w<v<x/u

< x(logx)~1°,

Therefore

Z |R*(m)| < x(logx)~1°

m<y

and so, by (21.87)) and (21.83)),
Z IR(m)| < x(logx)™'°

m<y

Thus, by (21.84) and (21.83)), and a by now familiar application of Theorem
we have

2X
Ms(x) < 225 4 O (X (logx)™"~% + x(logx)~'7).
log x
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By (21.86) and multiple applications of Theorem 6.9 we have
xl/3 (x/u)]/z 2
2X :/ / x dv du +0(x(logx)~?)
o Sy (logv)vlog(x/uv) ulogu
X /1/3 log(2 - 3w)
/

~logx Jyo w(l-w)

< 0.98199041 —— + O (x(logx)"*2).
log x

dw + O (x(log x)~>/2)

Therefore, by (21.81) and (21.83)) for all large x

cx
N > —. O
*x) 3(log x)?

Conjecture J of Hardy & Littlewood| (1922). Let
R(n) =card{p,x,y: p+x>+y*=n,x € Z,y € Z, p prime} (21.89)

with p a prime and x, y € Z. Then Conjecture J states that

mn

R(n) ~ S(n) (21.90)
where for z € Z \ {0}

S(z) =

(-1)(p-D/2 p(=1)P-D/2
(10 G T et ) @

p>2 plz
p>2

By the way, it is readily checked that

&) = Z 3 S(‘Z‘Z(“)(")d—az/q)

= a=1
(aq)l

where
q

S(g.a) = ) e(ax?/q).
x=1
Moreover 7n is the volume of the region {a, 8 € R : a®+ > < n}. Thus one can
see how Hardy and Littlewood read off the conjecture from their assumption
that the major arcs for this question would dominate.
Following work of Hooley, Linnik gave a proof of Conjecture J which was
later simplified via the Bombieri—Vinogradov theorem. For n € N, let

r(n) =card{x,y : x> +y* =n,x € Z,y € Z}. (21.92)
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and let
(-D" 24m,
m) = 21.93
x (m) {0 2m, ( )
Then, in view of the formula
r(n) =4 x(m) (neN) (21.94)
mln

(see, for example, (16.9.1) and Theorem 278 of Hardy & Wright, [2008)), one
might hope to imitate the method used to prove Theorem However now
the main term is a factor of logn smaller. Whilst this is not a problem for
the divisors m not near vy, those near yn require a more delicate treatment
than a crude application of the Brun—Titchmarsh Theorem. In particular some
use needs to be made of possible cancelation arising from changes of sign of
x(m). Hooley’s idea to overcome this is, when this range occurs, to replace
the primes by a larger set which, whilst including the primes, now satisfies
the asymptotics of (ZI.10) and so the resulting main terms are cancelling. The
delicacy of the situation is such that this idea also needs to be combined with
a careful accounting of the primes p for which n — p has slightly more than its
normally expected number of prime factors.

Theorem 21.16 (Hooley-Linnik) Letr R(n) be as in 21.89) and S(n) be as
in @I91). Then for any number v with 1 < v < 3 — % =1.028957 - - - we
have

R(n) = %6(”)+0((10gn)v)

asn — oo,

We initiate the proof by eliminating the easy parts. Let B be a constant at our
disposal to be fixed later and define

M =n'?(ogn)"B, N =n"?(ogn)®. (21.95)
By 21.94)
R(n) = 4X(0, M) +4X(M,N) +4X(N,n) + O(1) (21.96)
where
X(U,V) = Z Z x(m). (21.97)
p<nU<m<sV
m|(n-p)

Note that if n should be prime then there is a contribution to the error term of
r(0) = 1.
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If p < n,m|(n—p) and (m,n) > 1, then p|n and there can be at most < log n
such primes p. Moreover, then m/p divides n/p — 1. Thus

X(0, M) = Z x(m) Z 1+0(n).

m<M p<n
(m,n)=1 p=n (mod m)

Hence, by (21.93) and the form of the Bombieri—Vinogradov Theorem stated
in Corollary [20.3] we have

X(0,M) =li(n) >’ XE ;+0(n(10gn)3 By,
(it

By a simple elementary argument we show that the main term here gives the
main term of our theorem.

Lemma 21.17 Let y be the quadratic character modulo 4, as given in 21.93),
and let (n) be the singular series given in (21.91). Then

5 2t v,
(m,n)=1

Proof We note that

Thus the subject of interest is

x(Du(D)? x (k) .
— u(j)
(llsz)l;{l le(D) k<ZM:/l ](Zk]n)

x(Du()? u(J)X(J) X(m)
-2 o X 2 T

m<M|/lj
(l,n)=1 1<M/z

By an explicit version of the alternating series test we have
x(m)
m

m<M|/lj

= L(1,x) +O(lj/M) = % +O(j/M).

Thus the multiple sum becomes

Ty Hn) XD o 4 10g M),

jln l<M/] ! (l)
J<M (L,n)=1
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We then complete in turn each sum, which gives

o w(Nx() < x(Du()?
) J ;: lp(D)
(I,n)=1

+0(d(n)M ™" log M).
Jjln
The main term here is
ﬂ(l—[( X(P)))l_[( x(p) )
z -2 1+ 22 )
A\ P o p(p—1)
and the Euler products here match (21.91). ]
We now turn to X (N, n). In the inner sum in (ZI.97) we replace m by “7£
so that
X(N’n) = X(N,I’l, 1) _X(Nan’_l)

where

X(N,n,il)zz Z 1= Z Z 1.

p<n I|(n-p) l<n/N p<n-IN
I<(n-p)/N p=n¥Fl (mod 41)
(n—p)/l=x1 (mod 4)
Should d = (n ¥ 1,41) be > 1, then p = 2 or p|l|n and so

X(N,nx1)= > > 1+0@®).

I<n/N p<n-IN
(n¥1,41)=1 p=n¥l (mod 41)

Thus on applying Corollary [20.3| we find that

li(n — IN
X(N,n,£1) = Z M+O(n(logn)3_3).
I<n/N ¢(4l)

(n¥l,41)=1

Now (n ¥ 1,4l) = 1 if and only if (n ¥ /,2[) = 1 and this holds in turn if and
only if (n +1,2[) = 1. Thus the main terms are independent of the sign of +/,
and so cancel giving the bound

X(N,n) < n(logn)*5.
We now come to the more delicate part of the argument: the treatment of
X(M,N).

As with X (N, n) we expect this to contribute something which is smaller than
the main term, but unfortunately our knowledge of the distribution of primes
in this case lacks the desired precision. There are two features of the situation
which come to our aid. The divisors m of n—p are now in a very restricted range,
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M < m < N, and their occurrence is likely to be relatively infrequent. The
heuristic here is that the normal number of divisors of n— p is about (log 1)'°¢2.
Thus of the approximately log z intervals [eX~!, ¥) with 1 < k < logn only a
proportion (log7)'°¢2~! can be expected to contain a divisor of n— p, and so the
probability that (M, N] contains such a divisor is about (log n)'°2%~! log log n.
Thus the sum over the primes p can be expected to be bounded by something
like n(log )'°¢2=2 log log n. The second feature is that we can embed the primes
in a somewhat larger set for which we can establish a suitable distribution into
residue classes for the appropriate modulus 7. Moreover we can separate and
enable these two features by the usual process in analytic number theory when
we cannot think of anything better to do, namely apply the Cauchy—Schwarz

inequality. Let
A(k) = Z 1,

mlk
M<m<N
and
Bk = > x(m).
m|k
M<n|1£N
Then
X(M,N) = Z E(n-p) <Y(M,N)'?Z(M,N)'? (21.98)
A(;f—<nn)>0
where
Y(M,N) = Z 1, Z(M,N)= Z E(n-p)> (21.99)
p<n p<n
A(n-p)>0

To manage Y (M, N) we divide the sum into two parts dependent on the
number of prime factors of n — p. To mark the division we introduce a real
number a which satisfies

l<acx< % (21.100)
and is otherwise at our disposal. Thus
Y(M,N) =Y,(M,N) +Y>(M,N)
where
Yi(M,N) = Z A(n—p), Y»(M,N)= Z 1.

p<n p<n
Q(p-n)<aloglogn Q(n-p)>aloglogn
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The sum Y; (M, N) is bounded by the number of pairs p and m with p < n,
M < m < N, m|(p—n) and Q(n — p) < aloglogn, or equivalently triples
p,l.m with

p<nlm=n-p, M <m<N, Q(n-p)<aloglogn

We have | < n/M = N and the number of such triples with m < N and
I < M(logn)=2 is < n(logn)~2. Thus, when M(logn)~2 < [ we certainly
have

M(logn)™2 <1 < Nand M(logn)™> <m < N.
We also have

1
min (Q(m), Q1)) < za'log log n.

Hence
Yy (M, N) < Y3(M,N) + — (21.101)
(logn)?
where
Y3(M,N) =
card{m,p: <m<N,p<nm|(n-p),Q(m) < gloglogn}.
logn 2

By the Brun-Titchmarsh theorem, Theorem 3.9, we have

n
Y3(M,N) < Z -
M (logn)~2<m<N go(m) 10g "

Q(m)< % loglogn
Here and later we need some estimates concerning £2.
Lemma 21.18 For a real number 6 > 0 define y(0) = 6 — 6log 0

(1) Suppose that X is a real number with X > 1 and @ is a real number with
1/2 < @ < 7/4. Then

Z @M « X(log2X)® L.
m<X
(ii) Suppose that 1/2 < B < 1 and n > e®. Then

1
— < (logn)*®~1loglogn.
m

nl/z(logn)‘B‘2<m§nl/2(logn)B
Q(m)<pBloglogn
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(iii) Suppose that 1 < B < 3/2 and n > e°. Then

1
Z — < (logn)?®.
m
ms<n
Q(m)=ploglogn-—1

Proof (i) can be proved in the same way as Theorem 7.17. Here the Dirichlet
series generating function is {(s)“n(s) where n(s) is a series that converges
absolutely in a halfplane Re s > 1 — ¢ for some § > 0.
(ii) By (i) and partial summation when 1/2 < w < 1,
Q(m)

< (logn)@~'loglogn.

n'/2(logn)~B-2<m<n!/2(logn)B
For those terms with Q(m) < Bloglogn, since 0 < B < 1, we have
1 < (logn)Pleeh glm)

and the result follows on taking @ = .
(iii) follows from the bound

e

ms<n

Q(m)

< (logn)®@

by a concomitant argument. O

By (ZI.100) we have 1 < @ < 2. Hence, by (ii) of Lemma21.18|with 8 = /2
we have

logl 2
YoM, N) < oglogn)”
(log n)2_7(“’/2)
whence, as y(a/2) > 0, by ZI.10T),
n(loglogn)?

Y](M,N) < W

(21.102)

We now turn to Y»(M, N). We divide this sum into two further parts so that
Y>(M,N) < Y4(M,N) +Ys(M,N)
where
Y4(M,N) = card{m < n : Q(m) > 10loglogn},
Ys(M,N) =card{p < n: aloglogn < Q(n - p) < 10loglogn}.

By Lemma 2T.18{i),

Y4(M,N) < Z M2 (10g )5 < n(logn) Ve 0 <«

m<n

n
(logn)?’
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When p < n, Q(n — p) < 10loglogn and n — p has no prime factors ex-
ceeding exp ((logn)/(201loglogn)) we have n — p < +/n. Otherwise for p
counted by Y5 there exist numbers r and p’ so that n — p = rp’, p’ >
exp ((logn)/(20loglogn)) and Q(s) > @ loglogn—1. Moreover r < nexp (—
(logn)/(201oglogn)). Thus

Ys(M,N) < > > 14

r<nexp((logn)/20loglogn)) p,p’
Q(r)>aloglogn—1 p+rp’=n

Let N(n;r) denote the inner sum here. Then the bound

n* n(loglogn)3

o(nr)(log(n/r)? ~  r(logn)?

is trivial when (n,r) > 1 and when (n,r) = 1 follows by the methods of §3.4,

or from Theorem [19.13| or Corollary [21.10| by sifting out the y < n/r with
ply(n —yy) for p < (n/r)? for some 6 < 1/2. Thus

N(n;r) <

(logn)? = s
Q(r)>aloglogn—1

loglogn)? 1
Ys(M,N) < nl/2 4 M Z

By Lemma [2T.18{iii) this is
n(loglogn)3
(logn)2-v(@)"
Since y(a) > O this gives

n(loglogn)3

Y (M\N) «x ——.
2( ) (logn)z_?/(a)

Comparing this with (ZT.102)) we see that the optimal choice of @ occurs when
v(a/2) =y(a),ie. a =e/2. Thus

n(loglogn)3

Y(M,N) < (log n)2-e(og2)/2"

(21.103)

and

2~ e(log2)/2 = 1.057915 - - -

The final stage of the proof is the examination of Z(M, N), given by (21.99).
Let

z = exp ((logn)/(loglogn)?),

adjusted textto Multiplying out Z(M, N) would yield sums over p,my,m, with m;|(n — p).

avoid overfull



21.5 Some applications of sieve theory 285

We want to replace the primes by an essentially larger set of » < n such that
(r, P) = 1 for a suitable choice of P. Let

P={p<z PQ@)= np
pEP
and
N={r<n:(r,P(z)) =1}

Then the primes p < z contribute < n®/? to Z(M,N) and E(n — p) < n®/*.
Thus

Z(M,N) < Z\(M,N) + 0(n®) (21.104)
where
Z1(M,N) = Z E(n-r)?= Z x(mimy) Z 1.
res mi, my resN
M<mj<N my|(n—r), my|(n—-r)
If mym, and
m=[] » (21.105)
pln,p<z

were to have a prime factor in common, then it would divide r which we have
excluded, so such an inner sum would be empty. Thus

ZMNY= Y x(mmy) ] 1
(myma,ny)=1

res
M<m;<N my|(n=r), my|(n-r)

We have mi|(n — r) and my|(n — r) if and only if [m,my]|(n — r). Put
d = (mi,my) and k; =m;/d. Then

(k1,k2) =1,M < dkj < N,dkika|(n—r).

Now we split the sum according as to whether d < D or d > D where

D =n'8,
Thus
Z\(M,N)=Zy(M,N)+Z3(M,N) (21.106)
where
Zo(M,N) = D x(dkik) Y1

(k1,k2)=1,(dkikz,ny)=1 ref
M<dk;j<N,d>D dkiky|(n—r)



286 Sieves 11

and
> x(dkik) Y1 (21.107)

Z3(M,N) =
(ki,k2)=1,(dkky,n;)=1 res
M<dkjSN,dSD dkiky|(n—r)

In the sum Z,(M, N) we have
dkiks < N*d™' < n"3(logn)?B.

Given such d, k1, k, the r in the inner sum arise by removing the a witha = n
(mod dkik;) with a < n which have a prime factor that divides P(z). Thus we

can apply Corollary[21.10l For ¢ = dkk, with (¢,n;) =1 let
o ={a<n:a=n (modq)}.

Then
Z 1=S(d,P,7).

res
ql(n-r)

When m|P(z), in the notation of (Z1.3) we have

A(m) = Z 1= ]
a<n x=1 M

a=n (mod q) x=n (mod q)

x=0 (mod m)

a=0 (mod m)

Moreover, since m|P(z) and (g, n;) = 1 it follows that

q/(q,m) - {1 (m’q) =1

0 (m,q) >1.

y=1
ym=n (mod q)

Thus
A(m) =Xp(m)++0(1)

where
L when (m,q) =1,

m

n
X=-, m) =
q plm) {0 when (m, q) > 1.

. 1
Hence with z as above, y = n'/1® and s = lgi 2 we have

v =] ]a-1/p),

p<z
ptq
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and
Z [R(m)| < XV(z)e™
m<y
Moreover
[ =1/p) 7" =exp ((logn)z™") = 1+ 0((logn)™")
P2z
rlq
and
e < (logn)™ 10
Hence
! x(d?kik>) n
Z)(M,N)=n 1-= +0 '
: ) (117:[2 ( p)) (klzk;)zl ¢(dkik2) ((log n)5)

(dklléz,nl):l
M<dk;<N,d>D

‘We first consider the contribution from the d with d > M. In that case we have
kj < N/M. We also know that

@(dkika) < (dkiky) ™ loglogn
and

1_[ (1 - 117) < (logn)~'(loglogn)?.

p<z
Thus the total contribution from the terms with d > M is

(loglogn)3 2 (log_;logn)6
T

logn M<d<N k<N/M logn

Now consider the terms with d < M. In the multiple sum we replace

@(dkik2)™! by
1 p(m)?
@(dky)k V;:‘z @(m)

(m,dk;)=1
Then we replace k; by Im so that the contribution from k», and m becomes

X (dPkilm)u(m)?

(ki im)=1_(dkylm,n1)=1 ¢(dky)lmep(m)

M<dim<N,D<d<M
M<dk <N
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Next we replace the condition (I, kn;) = by
p(u)
ul(kiny,l)
and then write / = uv. Thus the multiple sum becomes
Z u(m)*x (m) Z Z x(d®ki)
m<N mg(m) D<d<M M/d<k <N/d e(dky)
(m,ny)=1 (d,n1)=1 (ky,np)=1

() () x)
2. 2. -

ulkin u M /(dmu)<v<N/(dmu)

Since (ky,n;) = 1 the sum over u can be rewritten as a sum over # = hj with
h|k; and j|n; and then k; can be replaced by hr. Thus we obtain

Z ,u(m)z)((m)zﬂ(j)x(j) Z Z w(h)x ()

=N me(m) i J D<d<M (h,n;)=1 h

(m,ny)=1 (d,ny)=1
x(d?hr) x(v)

M /(dh)<r<N/(dh) (’D(dhr) M /(dmhj)<v<N/(dmhj)
(r,np)=1

The contribution from the terms with dmhj > M is
1 1 1 1
< ot 2 Tl . 24 g
m<N mep(m) im! T he(h) M/ (mhj)<d<N|(mhj)

logl 1
oglogn — < (loglogn)®
M /(dh)<r<N/(dh) r M /(dmhj)<v<N/(dmhj)

and the contribution from those with dmhj < M is

1
<2 ms@(m)z Z’w(h) 2.

ms<N d<M/(mh])

loglogn x()
M/(dh)<r<N/(dh) r M/(dmhj)<v<N/[(dmhj)
Here the innermost sum is < dmhj /M. Thus the above is

< Z m¢(m) Z Z 0 Z —(loglogn)2

m<N d<M/(mhj)

< (loglogn)?.
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Thus it follows that

(loglog n)®

Z>(M,N) < n (21.108)

logn

It remains to consider Z3(M, N) given by (21.107). Here we replace the
condition (ky, k;) = 1 by the sum

u(l),
1] (k1,k2)

interchange he order of summation and replace & ; by /A ;. The dummy variable
[ plays a similar rdle to that of d in Z;(M, N). Thus

ZMN) = Y x(@Phhoud) Y
(dlh]hz,n1)=l res
M<dlhj<N,d<D di’h hy|n—r

We now again divide the summation according as to whether / < D or not. The
contrary case can be readily dismissed, since the total contribution from such

terms is
n n
< Z Z Z 1 < Z —(logn)® < 5.
[ (logn)
I>D M/l<dhj<N/l res [>D
di’hihy|n—r

We are left with

Z ZX(dzlz)#(l) Z X (hih2) Z 1.

d<Di<D M/di<h; <N/dl red,(r,P(z))=1
(hyhadI?,np)=1 di*hihy|(n—r)

The condition (hy,n1) = 1 is a nuisance and it is convenient to remove it by
the usual resort to the formula
> k)

v|(ha,n1)
so that, on writing s, = vw, our sum is

DD @By Y Y pmx ()

d<DI<D M /dl<hi <N /dlv|n

(h1dI?,ny)=1
Z x(w) Z L.

M /dlv<w<N /dlv red, (r,P(z))=1
di’hivw|n-r

Givend, I, hy, v, w, r let
n-r

diPhyvw’
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DD @By Y Y pmx ()

d<D <D M /di<h <N /dl v|n
(h1dI%,ny)=1

x(w) Z 1.

u M/dlv<w<N /dlv red, (r,P(z))=1
dI*hyvwu=n—r

n—r

Then for a given g we collect the terms with dI>hjvu = g. Thus w = and

the multiple sum becomes

> @Puuexty Y xS

wDtn, d v red. Pt 4
9= di*hvlg n7%3r<n7%
I<r<n
qln-r

where d, [, hy, v satisfy

M N
d<D,l < D,a <h < a,v|n1,Ndlv > q.
Let
X =max{0, [n — Ng/dlv] — 1},Y = max{0, [n — Mq/dIv] — 1},
sothat Y < r < X. We also have

q =< n4n, (logn).

Thus if
Yy - X<« "
(logn)””
then the innermost sum is
¥ ”_r) < 1” - (21.109)
ret, rPn=t 4 q(logn)

X<r<y

I<r<n

qln-r

and the total contribution from such terms is
n

<LK —.
(log n)?

Thus we may suppose that

Y-X> zﬂig;57.
The general term in the sum over r is =1 according as
n—r
q

= +1 (mod 4),
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that is

r=n¥gq (mod 4q)

and so is

2 1= 2t
X<r<Yy X<r<Y
(r,P(z))=1 (r,P(z))=1
r=n—q (mod 4q) r=n+q (mod 4q)

78, (log n)B, we have

[4q,m] Y- X
S (o)

X<a<Y x=1
ml|a x=n+q (mod 4q)
a=n+q (mod 4q) x=0 (mod m)

Given m|P(z) andm <y = n'/8, sothat mq < n

Moreover

[“i"] L @aminzg,
pow 0 (4g,m)ftn=tgq.
x=n+q (mod 4q)
x=0 (mod m)
Since m is squarefree we have (4q,m) = (2q,m) and so (4q,m)|n + g if and
only if (2¢, m)|n+gq if and only if (2¢, m)|n— q. Hence we may apply Corollary
[2T.10Jand the main term will be independent of the sign +. Thus the main terms
will cancel and we obtain (ZT.109) once more, and so we can conclude that

n
Z3(M,N _
3( ) < (logn)?

Hence, by (Z1.104), (21.106) and (ZT.108)

(loglog n)®
logn

Z(M,N) < n

Hence, by (Z1.98)) and (2T.103) we have

(loglog n)’

Y(M,N
( )< n (logn)?

where

A== -

= 1.028957 - - -
2

3 elog?2
4

and this completes the proof of the Hooley-Linnik theorem.
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21.5.1 Exercises

1. Let R(N) denote the number of solutions of p + P, = N with p prime and
P, a number having at most two prime factors. Prove that if N is even and
large, then

NG(N)
R(N) > ——=
(V) > 3(log N)2
where

_ p-1
s =c[] 2

PIN

p>2

and c is the twin prime constant.

2. (Vaughan, [1973) Prove that at least one of the following two statements is
valid.
(a) For infinitely many primes p, 3p + 2 is prime.
(b) For infinitely many n, d(n) = d(n +2).

3. (a) Let S(X) denote the number of n < X such that n> + 1 is prime. Prove
that there is a positive constant ¢ such that

5@33?X6+0u0%xr“ﬂ,

og X

where
(1— (D :
p2t (p= (=D )= 1)

(b) Prove that the number S4(X) of n < X such that n> + 1 has at most four
prime factors satisfies

S =

4
T

Sa(n) > g X'

4. (Halberstam & Richert, 1974, §9.5) Let a(n) be the number of solutions of
n=101%+1with 1 <[ < X and define for z = X'/*, w = X7/10,

W(a, P, z,w) = }: ¢um(1— }: %)

(n,P(2))=1 SRRy
(a) Show that

w(a, P, z,w) >

xvalr@- [

log(X/u)) du

-1-6
logz /2u logu)) +0(X(log X) )
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where V(z) =[] ,<, (1 - p(p)) and p(2) = 1 and

po(p) =1+ (=) (p>2).
(b) Show that

Ge 0
V(z) = +0((logz) ™
(2) oz 2 ((logz)™?)
where S is as in Exercise [21.5.11[3] check ex no

(c) Let S3(X) denote the number of n < X such that n” + 1 has at most three
prime factors. Prove that

26X (log3 O gy Z1-s
X)> = =2 - - X(log X
$3(X) = logX( 4 /1/4 8v(l —v) +0(X(log X) )

. &X
~ 8log X

log? +0(X(log X)~'79).

5. Let a be a given nonzero integer and
Nx = Y r(p+a)
O<p+a<x

where r is as in (21.92)) Prove that
nx

N(x) ~ S(a),

log x

where S(a) is as in Z1.91).

21.6 Almost primes in polynomial sequences

In exercises above we sieved a thin set, namely the sequence n” + 1 to limit the
number of prime factors. Thus there are n for which n? + 1 is an almost prime;
in this case a P4 or a P3. Suppose we have a sequence c(n) of positive integers,
increasing for large n, roughly of size n¢ where d € N, d > 1, and we want to
consider those c¢(n) with n < X which remain when those terms with a prime
factor p < w are removed. Except possibly in very special cases one cannot
expect sieving techniques to deal with prime factors p significantly larger than
X and the expectation is that one will need to restrict to the situation when
w = X? with # < 1. We can hope to cope with a 6 satisfying

d
<0<l (21.110)

but not with a larger 6. Thus the best we could conclude is that there are n so
that c(n) has at most d prime factors p with p > w. It remains to see what
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can be said for smaller prime factors. In Exercise with a suitable set check ex no
of weights and 8 = % it can be shown that some of these n have at most one

prime factor p < w and so there are infinitely many n such that n”> + 1 has at

most three prime factors. This argument is readily modified to deal with general
irreducible quadratic polynomials. For polynomials of higher degree, d > 2,

the requirement that (ZI.T10) holds becomes too demanding for the system

of weights to give a concomitant conclusion. We require more sophisticated

weights and to this end we use those introduced by [Richert| (1969)). These lead

to an elegant conclusion.

Theorem 21.19 Suppose thatd € N, d > 2 and g € Z[x] is irreducible over
Q and has positive leading coefficient. Let

Ne(X) ={m < X : Q(g(m)) < d+1and (g(m), P(x"*) = 1}.

If for every prime p there exist integers m such that (g(m), p) = 1, then

N (X) >, g X"

Let a(n) denote the number of m < X such that g(m) = n, let r(m) denote
the number of solutions of g(x) = 0 (mod m) and let p(m) = r(m)/m. Then

in the notation of §21.1| we have (21.3) and
[R(m)| < r(m).

Thus we need to understand the behaviour of r(m), certainly when m is square-
free. It is also useful to understand r(p?). A substantial part of the input here
is from algebraic number theory.

Theorem 21.20 Suppose that g € Z[x] is irreducible over Q and r is as
above.
(i) There is a positive constant cg such that whenever Y > 2 we have

D r(p) = 1Y) + Oy (¥ exp(—cg/log¥). @1111)

p<Y

(ii) Suppose that p does not divide the discriminant D4 of g. Then for every k
we have

r(p*) < d. (21.112)
(iii) Suppose that m is squarefree. Then

r(m) < d®™. (21.113)
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Proof We begin by dismissing the second and third statements. The function
r is multiplicative and since the polynomial g is irreducible it does not have a
fixed prime divisor. Hence, by Lagrange’s theorem r(p) < d and (iii) follows.
Moreover, when p ¥ D, and there is an x such that g(x) = 0 (mod p) we have
g’(x) £ 0 (mod p) so by Hensel’s lemma x lifts to a unique solution modulo
p?, and likewise modulo p? and so on. Thus (ii) holds.

To prove the first part we require a classical result on prime ideals.

Lemma 21.21 (Dedekind—Kummer) Let K be a number field of the form
K = Q(0) with 8 € Ok and suppose that f is the minimal polynomial of 6 over
Z|x]. For any prime p not dividing [Ok : Z[0]] consider the factorization in
Fp [x]

h(x) = hy(x)™ - hy ()%
where the hj(x) are monic irreducible polynomials and each d; € N. Then the
ideal (p) factors into prime ideals p
_.d dy.
(p) - pll "'pkk
and N(p;) = pleehi where N is the norm of K.

This can be hard to pin down in standard expositions of algebraic number
theory, but see [Neukirch| (1999), Chapter 1, Proposition 8.3 or |[Lang| (1970)
Chapter 1, Proposition 25.

We note also that

di degh1 +~-~+dkdeghk=d

andso k < d.
Let aj be the leading coefficient of g and let h(x) = a’/z‘lg(xalzl). Then
h € Z[x] is monic and irreducible over Q. Moreover when p 1 a; we have

r(p;g) =r(p;h).

Let 6 be aroot of 4 and let K = Q(6). Since f is monic we have § € Ok. Hence
by the lemma we have

N(p;) = pieehi

for each prime ideal p; factor of (p). Moreover r(p; h) is the number of /; in
the factorisation of & over F), which are linear, i.e. deg h; = 1. Hence

r(p;h) = Z 1.

pl(p)
N(p)=p
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Therefore if we choose Y, so that when p > Yy we have p t ar[Ok : Z[6]],

then
Dorm= Y, 1- > L
Yo<p<Y Yo<N (p)<Y pl(p)
Yo<N(p)=p"<Y
2<r<d
By our observations immediately after the lemma, the second sum on the right

1S

< Z d<y'?
prsY
r>2

The theorem then follows from the prime ideal theorem, Theorem 8.9. O

Proof of Theorem Let X be large and

(21.114)

1 log3
Z:X1/4,W:X1/V,ve(1,4),/le( o8 )

2’ log4
There is some flexibility in the choice of v and A and determining what values
are possible is quite instructive. Whilst we leave the exact values of v and A
open at the moment we will ultimately choose v close to 1 and then any A
satisfying the above will work. If we wish to maximise the lower bound in our

theorem then we should take A close to 1/2.
With a(n) as defined immediately after Theorem [21.19|we let

* Al
W(Xig)= ) a(n)(l— > M) (21.115)
logw
(n,P(z))=1 z§p|<w
pln

where Z* indicates that we exclude n with a repeated prime factor p in the
range z < p < w. Note that no n counted by W can have more than 4d prime
factors.

First we observe that the sum over n with the condition Z* can be replaced
by the sum over n without this condition with an error

<> > amd= ) > d

n z<p<w ZEp<w m<X
p*n g(m)=0 (mod p?)
Xr(p? 2
< d+ r(p-)d.
3, M,y
zSpS\/)? ‘/Y<p<w

Since p > z > Dg, by Theorem|21.20|(ii) the above is

< d*X77 '+ dPw.
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Hence

W(X;g)=5(,2,7)
Z Alog(w/p)

X(log X)7%) (21.11
og w S(4,, P,2)+0(X(logX)™?) ( 6)

ZEp<w

where & is the set of all primes. Now we have
A(m) = Xp(m) + R(m)

where

and
|[R(m)| < r(m).

Let
X 1

— 1+n

k)

say, so that
loglog X

0<np<
g log X

(21.117)

and assume that
v>1+n,

sothatw < y.
By the third part of Theorem 21.20]

> utm?Rem)| <<y [ ] (1+%2) < ytiogy)*

m<y p<y
and by the second and third parts
DD um?IR(pm)| < y(logy)®*!.
Z<p<w pm<y

Thus, by Theorem[21.9]

S(4,P,7) > XV(z)f_(loﬂ) +0(X(log X)~179). 21.118)

logz
Here

V(z) = ]_[ (1-p(p)) (21.119)

p<z
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and by (ZT.TTT) and partial summation this satisfies

1
V(z) >y, @. (21.120)
Note that as g has no fixed prime divisor we have r(p) < p. Similarly by
Theorem 21.9]
A1
> D g5, .2 <
ip<w OBV
Alog(w lo 1
XV(2) Z p(p)1 g( /p)f+( g(y/p)) +0(X(log X)779).
ogw logz

ZSp<w

By (2T.1T1), the properties of f; given in §21.3|and by partial summation we
have

Z r(p)dlog(w/p) (log(y/p))
plogw log z

=/W Alog(w/1) (log(y/t)

ZEp<w

log X)72).
t(logr)logw’ "\ logz )dt+0((og ™)

By the change of variable = X'/® we have

"o Alog(w/t) . (log(y/1)
/Z t(logt) logw +( log z )dt

4
Ala =) 4 4
= - —)da.
‘/‘, a? f+(1+n a) @
For a € [v, 4] we have

0<i—£si—l<3.
1+ a 1+n7g
Hence, by (21.64),
4 C 4
Aa—-v 4 4 2e%04 a—-v)(1+
[ (A, (@=n)(1+)
v

da

o? 1+ « 4 J, ala-1-nm)

The integrand here is

v v—1-ng
a a-1-n9g
so the integral is

4 _
vieg——(v-1 —n)log3—n.
v v—1-n
I'm not Now we advert to (ZI.T18). We have
against  un-
usual  words,
but will most
people  know
that  ‘advert’
means ‘refer’?
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logy _ 4
logz 1+7n°
Hence, by
3-7
Thus, by @1.116), T.118) and (21.117) we have established that

Co
W(X:g) > %XV(z)E +0(X(log X)~1-9)

where
4 3-
2 =log3 —/l(vlog— -(v-1 —n)log—n).
v v—1-n
We can choose v so that v — 1 — 77 is as small as we please, so the term

(v—l—n)log;r7
v—1-n

can be made as small as we please, and then, by ZI.117), v will also be close
to 1. Thus we can make E close to

log3 — Alog4,
which this will be positive as long as we choose the constant A to satisfy
log3
log 4
We now examine W from a different direction. Consider an n counted by

" for which the term
: : Alo

logw

< =0.7924--- .

Z<p<w
pln

is nonnegative. Let py, ..., p; be the primes counted in this sum and let k be
the number of prime factors g of n with ¢ > w. Then the expression above is

log(p1---pj)

1-2j+2
/ logw

> 0.

‘We also have

p1-pj < nw k< cxdwk

for some constant C > 2. Hence
log(CX9wF)

1-2j+4
/ logw



made autoref

check ex nos

chnaged to
autoref

changed to
autoref
changed to
autoref

changed

to autoref;
changed way
ex is ref’ed

chnaged to
autoref

300 Sieves 11

so that
vlegC
log X

1
Q(n)=j+ksz+vd+

By @2T.114) we have
log4 <

<2
log3 <

Since X is large the last term is negligible, and as v can be taken arbitrarily
close to 1 it follows that given any € > 0 we have

1
Q(n) < Z+d+s<d+2.
Thus
Q(n) <d+1,
and so, as b(n) < 1,

DU atmz DT amb(n) = W(Xig) > XV(2) >

(n,P(z))=1 (n,P(z))=1
Q(n)<d+l b(n)=0

log X

as required. O

21.7 Notes

Section 2T.1} For background on the Exercises ZT.I.IJTH3| see the notes to
Chapter[20] and for later work see Chapter 22]

Section [21.2] The argument of §2T.21]is readily extended to all dimensions
k. There are considerable complications of detail, although no new ideas of
principle are required. In some cases the analogues of ¢.. are most conveniently
represented by a contour integral. For the full details see the standard work on
the subject,|Friedlander & Iwaniec|(2010). It is not clear that questions requiring
dimension « > 1 are not better served by other methods. For example the core
method applied in Chapter 22ses a form of the Selberg idea.

Section 21.3] For the best bound for G(p) in Exercise and some
history, see Shoup|(1992).

Section[21.4} Exercise 2T.4.1][T} It seems quite possible that this is the extremal
example for sieves of arbitrary dimension « € N. This observation does not
seem to be in the extant literature. However it may not be extremal for sieves
which are not products of sieves of lower dimension.

Section 21.5] The account of Chen’s theorem, Theorem [21.13] is based on
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Ross| (1974). The weights are essentially those of |Kuhn| (1941} |1954). Hooley
(1957) established Theorem by assuming the Riemann Hypothesis for
Dirichlet L-functions formed from Dirichlet characters. This requirement was
removed by Linnik|(1963) using his dispersion method. Then it was observed by
Elliott & Halberstam|(1966) that this can be simplified by using the Bombieri—
Vinogradov theorem, Theorem See also Theorem 5 of |[Hooley| (1976).
Hooley’s use of the asymptotic sieve has never been superseded and is combin-
atorially quite intense, which in the interests of digestibility we have expanded
somewhat. Hooley’s paper was also the first appearance of a A function, which
is now usually written in the form

A(n) = maxcard{m|n : u < m < eu}. (21.121)
u

It appears in this modern form in |Erdos (1974), and then in Hooley| (1979),
about 20 years after Hooley’s work described here, and was developed then
either for its own interest or by Hooley for applications in additive number
theory. See also |Vaughan| (1986alb). This lead to a substantial body of work,
for which see [Hall & Tenenbaum! (2008), and is still of ongoing interest. See
the Wikipedia article on the Hooley Delta function.

Concerning Exercise[21.5.TExer:thin1, for some history of questions related
to the equation d(n) = d(n + 1) see|Erdds, Pomerance & Sarkozy| (1987).

Section The first part of Theorem [21.20]in many expositions of sieves is
rather airily said to follow from the prime ideal theorem, Theorem 8.9. However
as we show here, there is more to it than that. Some details were given by Erdds
(1952)). For other sources and background to Lemma [21.21] see
https://encyclopediaofmath.org/wiki/Kummer_theorem or
https://en.wikipedia.org/wiki/Dedekind-Kummer_theorem or
https://kconrad.math.uconn.edu/blurbs/gradnumthy/dedekindf.pdf.

Weights improving on Kuhn’s were first introduced by |Ankeny & Onishi
(1964) and developed further by [Richert (1969)) (see also [Buchstab |1967,
Halberstam & Richert, |1974|and |Greaves|, 2001)).

In the special case n” + 1 [Iwaniec| (1978a) has pushed things further and
shown that there are infinitely many » such that this polynomial has at most
two prime factors. This depends significantly on a deeper analysis of the error
term leading to an expression as a bilinear form where ideas can be
employed similar to those in Chapter[17}

We have only touched the surface of possible applications of sieves, even the
linear sieve and applications to almost primes. There is a long and complicated
history of such results going back to the 1920s. Let P, denote a number having
at most » prime factors. Then it can be shown that for each large x there are
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v (x) so that the interval (x — y,(x),x] contains a P,. In the case r = 2 the
current best result is due to|Wul(2010) where it is shown that

101

y2(x) = oEy)

is possible. A variant of this is to establish such a result just for almost all x.
Thus in Matomaki| (2022) it is shown that there exists a constant ¢ > 0 such
that the following holds. Suppose that x > 2 and 2 < i < X'/1%°_ Then

1>ch
x—hlogx<n<x
(n,P(X'%))=1
Q(n)<2
for all x € (X/2, X] apart from an exceptional set of s of measure <« X/h.
Another class of questions which has been studied is, given k e Nand/ € Z

with (1, k) = 1 to find exponents e, such that there are P, = [ (mod k) with
P, < k¢ . Thus in |Cai, Li & Zhang (2023) it is shown that e, = 1.8345 is
possible, improving on |[Iwaniec|(1982) who had e, = 1.845.
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22

Bounded Gaps Between Primes

22.1 The GPY sieve

An important réle is played in the most recent developments on gaps between
primes by suitable sets of prime k-tuples. Thus before proceeding with this
chapter the reader would be well advised to review the contents of Section
[I8.3] The principal idea is to use artifacts from sieve theory, especially the
Selberg sieve, not directly in the form of a sieve but as a means to increase the
likelihood that certainly constellations of k-tuples have relatively few prime
factors.

As apreliminary observation consider the starting point for the Selberg upper
bound sieve (see Section 3.2 or Theorem 21.1)) in the form

S (S @)

a€ad qg<R
qla

and from the argument above Theorem that one is planning to minimise
this under the assumptions that A(1) = 1 and that

A(d):Zl

a€eq
dla

can be approximated by an expression of the form
Xp(d)

where X is a good approximation to A(1) and p is multiplicative. The minim-
ising choice of A(q) is given by

_ o S(R.9) 1
M =15 | =

305
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where

(p)
S(R,q) = u(@? [ -2
. <ZR/ ’ lp_m[ -p(p)’

(r.q)=1

Typically we apply this when the sieve is of dimension k, i.e. when

lo
> p(p=E = klogy+0(1).
Py P

Under this kind of condition one might expect that

S(R,q) ~ Clog R/q)* [ | (1= p(p)),

rlg

and so A(q) could be replaced by

Aa) = (g >—l°f0g( 2D o)1 22

Indeed this is correct, and whilst we encounter some loss in precision in the final
conclusion, there is one significant advantage, namely that this choice of 1(q)
can be applied quite effectively to any sieving question where the dimension
is k.

Let 1% denote the characteristic function of the set of primes 9°. Then our
basic idea is to construct an expression of the form

> (le(n+h) 9)( > /l(q))2 22.1)

N<n<2N g<R
qlZ(n:h)
where Z = I—[f.‘zl(n + h;). Since our object is to construct a large number
of primes in a short interval, the k-tuples h that we consider will always be
admissible in the sense defined in A wrinkle introduced by |Goldston,
Pintz, & Yildirim|(2006) is to use a more general A(g) of the form

10gq)

) = 1@ (1o

where f is at our disposal. If one can show that the expression in (22.1)) is
positive, then it follows that there are n such that the number of primes amongst
the n+ h; is at least | o] + 1. Such a sieve application is now known as the GPY
sieve.

Following Maynard, (2015) we will use a more sophisticated version of
this. Let n + h denote the k-tuple (n + hy,...,n + hi) and let d denote
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the k-tuple (di,...,dr). We generally use the notation z to denote the k-
tuple (zy,...,2x). Moreover, given two k-tuples d and r of integers, we
define d|r to mean that d;|r; for all j. We also let [d,e] denote the k-
tuple (Ilem[dy, e],--- ,lcm[dg, ex]). Finally, whenever we name a k-tuple,
say a = (ay,as,...,ay), we are implicitly setting a = ajas - - - ag.

First of all we perform some initial sieving for small primes so as to simplify
some later expressions. A simple way to do this is to restrict our attention to a
given residue class a modulo g where

q= ]_[ p, O =logloglog N (22.2)

r<Q
and N is a large integer parameter. Since the k-tuple & is admissible, there exist
residue classes a (mod ¢) for which (a+hj,q) = 1for 1 < j < k. If we restrict
n to the arithmetic progression n = @ (mod ¢), and look for primes among
the k-tuples n + h, then the heuristic approach we used in would predict
that the frequency of k-tuples of primes encountered would be governed by the

singular series
k 1\k
e(h)=£[Q(1—1—7)(1—1—7) ~1

for large N.
Now we consider

k 2
Z ( lg(n+h]~)—g)( Z ﬂ(d)). (22.3)
=1

N<n<2N \j= d<R
n=a (mod q) d|n+h
(d.q)=1

In the first instance we ought to consider

A(d) = pu(d)g(d)

for some suitable g. However we shall be carrying out diagonalisation of quad-
ratic forms in the A and this leads to a natural representation of the A(d), when
d is squarefree with (d, ¢) = 1, in the form

p(r)* (logri  logrg
A(d) = u(d)d s . 22.4
(d) = u(d) Z w(r) f(logR logR) (224)
dir
(r.q)=1
We further suppose that
suppf =R ={x [0, 1% :x; +---+x; < 1}. (22.5)

There are two major tasks to be undertaken. The first is to obtain a good



308 Bounded Gaps Between Primes

approximation to (22.3) with (22.4)) for a wide class & of f. In practice this
means good approximations $*( f) and T*(f) to S(f) and T(f) where

k
S(f) =), 8;(f)
j=1

with

SiN=8= >, Lem+hp( Y /l(d))z, (22.6)

N<n<2N d<R
n=a (mod q) d|n+h
(d.q)=1

T(f)=T= Y (Z A(d))2. (22.7)

N<n<2N d<R
n=a (mod q) d|n+h
(d.q)=1

The second is then to maximise the ratio

S*(f)
T*(f)

over the class ¥ . The optimal solution to this latter task is not known, although
the former can be carried out for a very wide class, for example for f for which
the partial derivatives are continuous on &, and even this requirement can be
relaxed somewhat.

Since we have to deal with T'(f) as well as the S;(f), we are pretty much
forced to choose A(d) corresponding to a k-dimensional sieve, although in
S (f) since one of the variables is prescribed to be prime we would only need a
k — 1-dimensional sieve. On the other hand the normalisation we choose means
that the logarithmic powers are essentially the same, and since the prime factors
p of the d satisfy p > Q =logloglog N, any factors such as

pk _ kpk—l

b (P DF

will be close to 1, at least on average and so will not differ in any important
way from the k — 1 version.

A major input into the approximation for S;(f) will be the Bombieri—
Vinogradov theorem (Corollary or a variant thereof. We define the level
0 of distribution for the prime numbers to be the assumption that for every
sufficiently small positive ¢ and every A > 0 we have

_ li(y)
max sup |n(y;r,a) — ——=

<§5,A x(logx) _A.
A5 (@)= y<x @(r)
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The Bombieri—Vinogradov theorem asserts that 6 = % is permissible. However
it is useful to be able to see at once the consequence of the Elliott—Halberstam
conjecture (# = 1) or some intermediate improvement in the Bombieri—Vino-
gradov theorem.

Let %; denote the set of (k —1)-tuples (¢1,....t;j_1,¢j+1,...,t) witht € #
for some ;. We define & to be the class of functions f, not identically 0,

defined on & such that for each j,if £* = (¢1,...,¢j-1,¢j41,. .., 1) with#; > 0
and f{ + - +tj_1 +1tj4 + - + 1 < 1, then the function f;‘(tj) = f(¢) is
absolutely continuous on [0,1 —#; — -+ = ;1 = tj41 — -+ — tx]. Given an

f € F it is useful first to extend its definition to [0, 1]¥ by taking it to be 0
outside &% and then to presume that

k 1 (9f
F(f)=f§5|f(t)l+;t§££j/o |6—tj(t)|drj. (22.8)

is bounded.

Theorem 22.1 (Maynard) Let k > 2. Suppose that the primes have level of
distribution 8 where 0 < 6 < 1, let & be a sufficiently small positive number
and let N be a large positive integer. Put R = N%"S, define Q and q as in
(222) and f and R as in 22.3), and assume f € F. Let h be an admissible
set and choose a modulo q so that (a + hj, q) = 1 for each j. Let

1 2
I :/ (/ f(t)dtj) dty---dtj_ydtjy - diy,
[0,11%-1 \Jo

J= / f(6)3dt,
[0,1]%

and let S(f) and T (f) be as in 22.6) and 22.7). Then as N — oo,

_ 1+ 0(1))90(61)kN(10g R)k+1 k
S(f) = T log N le
Jj=1
and
T(f) = (1+ 0(1))¢61(I:1+)1kN(10g R)kJ'
In particular,

T +"(1))(§ -0)=5
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22.1.1 Exercises

1. (Graham, [1978; see alsoBarban & Vehov, |196&| and [Motohashi, |{1974) Let
P be the set of all primes, let X > 2 andlet o/ = {n:Y <n <Y+ X}.
Further suppose that z > 2,

P =]]»

peEP
Pz

and

Ak = {PORRES (k<.
0 (k > z).

(a) Prove that |[A(k)| < 1 for every k > 1, and that
Dl < loi
k<z g2
(b) Prove that, in the notation of Chapter [21]

Ak)A(D) 22
e O ((logz)Z) '

S(a,P,z) < XZ
k,l

(c) Prove thatif Q > 1 and A > 0, then

S B 0g 2 - L 00 (10220) ).
o n ¢(r)

(n,r)=1

(d) Prove that

A(k)A() pu(r)?
(log z)? = +0(1).
2w A

r<z

(e) Prove that

( X + 72 )
(logz)? /"
(f) Let P(z) =[], <, p- Conclude, in the notation of Section 3.1, that

S(4a,P,x) <
logz

S(X.Y,P(2)) < %(1 +0(10;X)),

and that

2X X
R(XHY) = n(1) < +0((10gx)2).

Compare with this with Theorem 3.3 and Corollary 3.4. Thus, although
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the A used here are not exactly optimal for the method, they yield the
same estimates.

2. Let & be the set of all odd primes, letx > 2, 4 = {p -2 : p < x} and
X =li(x). Further suppose that

3<z<x*(logx)~B

for a suitable positive constant B and P(z) and A are as in the preceding
Exercise. (Note that 2 is now omitted from ).

(a) Prove that, in the notation of Chapter 21}

A(k)A(0)

-2
T +0(X(logX)™").

M29)<XZ

(b) Prove thatif Q > 1, r|P(z) and A > 0, then

Y, g - ﬂ” +0(0-1/2(r) (10g 20) )
(n’:l;r?fl p>2

where
p(p—2)
=2[ (5=

is the twin prime constant
(c) Prove that

o ADAD o p)
(log2) kZJso([k,ID < 2igin oW

24r
where

a(n) = )" p(m)gp(n/m)

m|n
and so, for squarefree r,
e2(r) =r [ (1 =2/p).
plr
(d) Prove that

pu(r)* _logz

Lol e
24r

+0(1)
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(e) Prove that

4cx x(loglogx)
S(AP0) S G+ ( g’ )

(f) Conclude that the number N,(x) of primes p < x such that p — 2 is
prime satisfies

4ex x(loglogx)
Na(x) < (10gx)2+ ( (log x)3 )

Compare with Exercise Again, these 4 work quite nicely for
another sieving problem of dimension 1.

22.2 The Proof of Maynard’s Theorem

The proof of Theorem [22.1] is divided into several stages. Fortunately the
treatments of S(f) and T(f) are similar. Initially we do not assume ([22.4)
but suppose only that the A(d) are general real valued functions with support
satisfying dy---dx = d < R, (d,q) = 1 where g satisfies (22.2), and d
squarefree. Thus it can be supposed that (d;,d;) = 1 when i # j. We begin
with the normal diagonalisation process. To this end it is useful to define the
multiplicative function ¢, (n) by

a(n) = D" p(m)g(n/m),
m|n

so that

e(n) =" ea(m)

mln
and in particular ¢>(p) = p —2and ¢>(p’) = (p — 1)?p'~2 when t > 2. When
2 (n) appears below, n will be odd and squarefree.
Lemma22.2 Forj=1,...,klet
i A(d)

kj(r) = p(r)ga(r)
g ? 2¢w

rid

where Zj indicates that the summation variable is a k-tuple, say d, which is
restricted by d; = 1, and let

() = u(ryptr) Y 0
d

rid
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Then
j ki (r)
A(d) = u(d)p(d) (22.9)
Z @2(r)
d|r
and
k(r)
A(d) = u(d)d —. (22.10)
Z @(r)
d|r
Proof This is Mobius inversion. Consider
Zj Kj(r)
= oa(r)
dlr
On substituting the definition of «; this becomes
Jj i A(s) i A(s)
wu(r) — = — ) u(r).
Z Zs: @(s) zs: @(s) Z
djr rls dirls
The innermost sum is a sum over r1,...,7j_1,7 41, ...,k With d;|r;|s;, and

the general term is u(r) = u(ry) - u(rj—1)u(rjs1) - - u(ry). Thus the sum
over r; is p(d;) 2y, \5;/a;) H(t:) = O unless s; = d; in which case it is u(d;).
Thus d; = 1 and

Zj 40 #(a’)M

= () e(d)
d|r
which is equivalent to (22:9).
The inversion formula (22:10) follows in the same way. o

At this point we observe that if (22.4) were to hold, then it follows in the
same way that

logr; log ri
logR’" " logR

and then any bound for f predicated on (22.8) with f/ € & will hold for « also.

k(r)=f (22.11)

Lemma 22.3 Let
Kj = max|c;(r)l, K =max|k(r)|.
Then for any fixed A > 0,
Pyp— Zf K;(r)® (KJZ-SO(Q)k_ZN(log R)k-2
¢(q)log N 02 (1) 10

r
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and

3 Z K(r)2 (K2N(logR)k)

o) qQ '
Proof We set the pattern with ;. Not only do we need to substitute «; for A
in the main term but we need suitable bounds for the A(d) in any error terms

which arise. Moreover, we need to do so in terms of « and «; rather than A.
We square out and invert the order of summation. Thus

S;= D, Adale) . la(n+h)).

d.e N<n<2N
dj=e;=1 |d,e]|n+h
n=a mod g

We recall that for A1(d) # 0 we have d squarefree and (d, q) = 1. Therefore
(dy,dy) = 1 when u # v. Likewise for e. Also if p|n + h, and p|n + h,, then
plhy — hy, and this is impossible since p > logloglog N > max |k, — h,,|. Thus,
when u # v, ([dy, ey], [dyv,ey]) = 1, whence (dy,e,) = 1. Since d; =e; =1
we have [d},e;] = 1. Hence in the inner sum we are left with the system
of congruences n = —h; (mod [d;,e;]) i # j and n = a (mod ¢). Then the
innermost sum can be rewritten as

N+hj<p<2N+h;
p=hj—h; mod diei] (i#))
p=a+hj mod g

By construction (a + hj,q) = 1 and (h; — h;,de) = 1 wheni # j. Let

:'»

m=gq]| |[d;,ei] (22.12)

i=1
2N+h; dt
Ko [T
N+I’lj 10gt

Z |[A(d)A(e)] gnax sup

de m)=1 x<ON+H

and
li(x)
e(m)

E w(x;m,b) —

where 3" indicates the restrictions d; = e¢; = 1 and (dy, e,) = 1 when u # v,
and H = max; h;. Then

_y Z /l(d)/l(e) 0.
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By ([22.9), on taking the maximum over d with d; = 1 we have

* K 2 d * g
d%?,z(l M(d”Sdr,r:z?:lso(d)Z L(r)_ K;m 90() Z u(s) ’

@2(r) 4 o2(d) ¢2(s)
d|r (s, dq) 1
(d,q)=1
Thus
d 1 k-1
max |A(d)] < K; max ¢(d) (1+—) < K;(log R)<1 .
d.dj= v2(d) -2
O<p<R
ptd

A concomitant argument shows that
max |A(d)| < K(log R)*. (22.13)

Now consider the number of ways that the modulus m /g can arise in E. By
this is squarefree and so a prime p dividing m /g can divide exactly one
of the [d;, e;]. Since then i # j, there are k — 1 choices of i and for any one
choice there are three possibilities, p|(d;, e;); pld; and p { e;; p 1 e; and ple;.
Thus there are at most (3(k — 1))w(m/q) < (3k)«(™ possible d, e which give
rise to m. Therefore

li(x)
p(m)|’

E <« Kf(logR)Qk Z ,u(m)2(3k)‘”(m)(bmax sup

m)=1 x<ON

n(x;m,b) —

m<qR?

Crudely we have

li(x)
e(m)

< D0 pumpPBRX MW Nm! < N(logN) PR,
m<qR?

m(x;m,b) —

Z w(m)?(3k)2em) (brnax sup

,m)=1
m<gR? )=l x<ON

Thus, by Cauchy’s inequality and the form of the Bombieri—Vinogradov The-
orem for 7(x; m, b) given by Corollary[20.3] we have

E < K;N(logN)™*.

It remains to deal with the main term for §; and it is desirable to rid ourselves
of the condition that (d,, e,) = 1 when u # v. That this is possible without
undue effect on the main term is due to the prior sieving resulting from the
choice of the residue class a modulo g. Thus any primes p which can potentially
divide (d,, e,) satisfy p > Q.
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We have
1 _ ¢((di, ei))
e(ldisei])  e(die(e;)’

and ¢(m) = ¢(q) [1;4; ¢(ld;, e;:]). Hence

e((dive)) = D, eam),

nild;,nile;

! 1
) = P @ 2

n|d,nle
‘We substitute this in the main term and invert the order of summation to obtain
* /l(d)/l(e)
Z e2(n)
o(q) . e(d)p(e)”

nld,nle

We now take the first step in dealing with the condition (d,,, e,) = 1 for u # v.
We replace it by

H(Suy) -

Suv |dussuv ey
There are various observations we can make with regard to the s,,,. We have
nyl|d,. Thus (d,,n,) = 1. Hence (s,,,n,) = 1. Likewise (s,,,n,) = 1. Also,
when w # v, s, |e, and (e,,e,) = 1. Hence (syy,suw) = 1. Likewise,
(Suv> Swy) = 1 when w # u, and so in summary
(suv, nu) = 1’ (suv, nv) = l, (suw suw) = 1, (suv’ swv) =1. (2214)
Thus
* /l(d)/l(e)
X e 3 e
o de pla)e
nld,nle

F A(d)  A(e)
IR O Pyt Pyt

Suv u#v
u#v n|d nle

Suv |du Suv |ev

where Y7 indicates that (22.14) holds. We now substitute the ;, defined in
Lemma[22.2] for the A. Thus the above becomes

;1 (Suv)
Zn:’ ¢2(n) Z:‘VT (I—[ “(s V)z) kj(a)x;(b)
u#v

where a = (ay,...,ar), b = (by,...,by) and

au:nullsuw bv:nv||suv~
v u

VFEU u#v
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In particular a = b = ns where s = [],,.,, S,v. Thus the main term is

T ou(s)
¢(q) Z (,Dz(n) Z gDz(s)z'ﬁ(a)'q(b).

Suv
u#v

Since nj = 1 the terms with s > 1 contribute

- KiN Z di_1 (n)u(n)? 5 dk(k—l)(s)él(s)z
@(q) log N @2(n) e @2(s)
(n q) 1 (s,q)=1

The inner sum is

k(k-1) 1
< -1+ 1_[ (1+ (p—2)2) < 010z0’

p>0
and the sum over n is
< l_[ (1+(k=1)/(p-2)) < (¢(q)(logR)/q)*".
O<p<R
Thus the total contribution from the terms with s > 1 is
K>p(q)**N(log R)*?
q*10 '

For the remaining terms we have a = b = n. Thus they give

X Zj Kj(")2
¢(q) &4 ¢a(n)
2N+h; dt N N
N I T
N+h; logr logN (log N)

K2
J kj(n)? Kj ( 1 )k-l

1+ ——

<p(q) Z o) " elg) QllR p=2

K3 (¢(q) *(log B!

J
< = .
This completes the proof of the approximation for §;.
The proof of the approximation for 7 is essentially the same, except that we

do not use Bombieri’s theorem and we do not have the restriction that d; =

‘We recall that

Moreover
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to contend with. Thus on the initial application of the Chinese Remainder

Theorem the main term is
N

bl

m
and the error term is O (1). By (22.13)) we see that the total contribution arising
from this error is

< K?R?*(log R)*~2,

which is acceptable. Then just as the function ¢ now plays the role that ¢, played
earlier, so the «; is replaced by its understudy «. Then the process of replacing
A by « is identical, as is the elimination of the restriction (d,,, e,) = 1. O

The functions «; and « introduced in Lemma@]are clearly related to each
other, as can be seen explicitly by (22.9) and (22.10). Thus when we insert the
(22.9) into the definition of «; and invert the order of summation we obtain
(whenr; =1)

G = ) Y 5 K Z’ o

"|S rld\s

Write e; = d;/r; and t; = s;/r;. Then the inner sum is

u(r)r Z ple)e _ p(ru(t/t;) _ruls/s;)
¢(e)

@(r) 7 e(Ne(t/t;) — e(s/sj)
elt
ej=1
On using the notation rt for (rty,..., rrtx) we find that
i (r) = roa(r) Z () (t)so(t,)ﬂ(t,).

@(r)?

The terms with ¢ > ¢; contribute

e(1)?

—x p(1)? 3 D 10 p(n)?
i <R (1)) n>1 (n)2
(1.9)=1 (n.q)=1
we have
PRY
Z K1) <<( 1—[ p1)<<MlogR,
ok @(t5) osp<r P~ q
(Z/ q)=1
and

(—1+ ]_[ (1+—(;__11)2)) <o
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Since also
2
O 1 o01/0)
o(r)
it follows that, when r; = 1,
! K log R
Kj(r):zm.,.o(M) (22.15)
= e(t)) qQ
where r' = (r1,...,Fj1,8j, js1, ..., Tk).

Having come this far, we should take stock. The ultimate aim is to maximise
the ratio

k J Kj(r)2
; Z @2(r)

k(r)?
Z @(r)

r

We henceforward make the assumption that 22.11)) holds with f € & which,
by (ZZT0). gives 23).
The final step of the proof of Theorem [22.1]is to obtain smooth approxima-
tions to the main terms in Lemma[22.2] We have standard methods of carrying
this out when k = 1, i.e. r = r;. We adopt the simple expedient of establishing
a suitable one-dimensional approximation and then applying it k times.
Suppose that g : [0,1] — R. Then we say that g is [-piecewise absolutely
continuous on [0, 1] when, associated with g, there is a partition ag = 0 < @} < added some

---<a;=10f[0,1] such that for 1 < j <. text o split
math

L. gi(aj-1) = limy—4, ,+ g(x) and g_(a;) = limy—,4;- g(x) both exist, and
2. gisabsolutely continuous on [a;_1, a;] when we replace g(a;_1) and g(a;)
by g+(aj-1) and g_(a;) respectively.

We define € (I, G) to be the class of I-piecewise absolutely continuous func-
tions g on [0, 1] such that

1
M’MM+/IMMMSG.
vel0,1] 0

We observe in passing that in practice it suffices for our application that g’
is continuous except for at most one x in [0, 1] where g and g’ have jump
discontinuities.

Lemma 22.4 Suppose that n : N — R is multiplicative with its support on
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the squarefree numbers, that 0 < n(p) < 2, and that there is a constant C such
that whenever p > C we have

<

p*

Suppose also that g € (1, G) and m € N. Then

> ne(iy)

_ 6(m)'/olg(v)dvlogx+0(lG(l +Z loip) 1_[ (1 + %))

)n(p) - %‘ <

(n,m)=1

where
(m) 1
(m = £ ,Lml (en)(1--).

We also have

S(m) < M
m

In order to make a comparison with the main term, which is of size

1
= Mlogx‘/ g(v)dv,
m 0

it is useful to observe that the error term is

p(m)

<G (loglog 3m)*.

Proof We begin with the case when g is identically 1. Also we may suppose
that 7(p) = 0 when p|m. Let p be the multiplicative function with p(p) =

n(p) = 1/p, p(p*) = -n(p)/p. p(p') =0 (t = 3) and let v = 0 or 1. Then
Z pnfu) _ n(n)
u

uln
and
Y V,u(rst)z w(s) cew)
;(logZI) ()| < Z (log2rst)” =5 5-C ZT
<y rst <y ult

rlm,(st,m)=1

< (1+Zloip)n(l+%).

plm plm
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Also

1
D el < @Z(logmmm.

x<I<y

Therefore

onm = 3= 3 00 1og7 +001)

n<x V<X
uvs<x

- cOmtogx+of (143 E2) [T 1471,

plm

Now we apply this to general g € E(I,G). Let

E(x) = Z n(n) — &(m)logx

n<x

and choose a; as provided by the definition of &(/, G). When x%-' < n < x%

we have
logn 7,
¢(ie) =g-(ap— [, gMdv
ogx logn

log x

a

except possibly when n = x% in which case the two sides differ by < G.
We multiply by n(n), sum over the n € (x%-1,x%], interchange the order of
summation and integration and apply the formula for E to obtain

(S(m)(logx)(a; —aj-1) + E(x¥) — E(x*"))g-(a;)

—/ ! (S(m)(logx)(v—aj_1) + E(x") = E(x“1))g'(v)dv + O(G).

aj-1

We integrate the main term by parts to obtain

aj
/ S(m)(logx)g(v) dv
aj-1

which on summing over j gives the desired main term. We insert the bound for
E given by the first part of the proof and sum over j. This completes the proof
of the lemma. O

We are now in a position to complete the proof of Theorem [22.1] We make
the choice (22.T1) for some f in &. To simplify some of the formulae we then
extend the definition of f to [0, 1]¥ by taking f to be 0 outside Z%. Again
we concentrate on S; rather than 7. We recall that «;(r) = O unless r; = 1,
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(r,q) = 1 and r is squarefree, in which case, by (22.15)) and (22.11)), we have

kj(r) =

,Ll(tj)Z (logl”l logrj_l logtj logrj+1 logrk)

o) \log k> TogR "TogR TogR " logR
F log R
+0( ¢(q) log )

qQ

where r’ = (ri,...,rj_1tj,7js1,..., 7). Thus
K; <<F90(q) logR.

Moreover, by Lemma[22.4] with n(p) = 1/p and m = gr we have

where

1
logr1 logrj_l log T+l 10g rk)
(r) = e JUj, s duj.
1) /o f(IOgR logR """ TlogR logR ) "

This holds whenr; = 1, (r, g) = 1 and r is squarefree, and otherwise x; (r) = 0
Thus, by Lemma[22.3]

¢(q)N(logR)? 1#(")290(”)2 F?¢(q)*N(log R)*
r,q)=

Sj=

The general arithmetical factor in the main term in the sum can be rewritten as

1—[ ﬂ(rt)z (rl)2
i=1 Soz(rl)r

provided that the sum over r is restricted to r with (r,,r,)=1 when u # v.
However if (r,,r,) > 1, then there is a prime p > Q such that p|r, and p|r,.
Therefore when we remove the condition (r,,, r,) = 1 the total error in so doing
is

- F2¢p(q)N(log R)* Z e(p)* ( Z ﬂ(n)zso(n)z)

g*logN L oa(p)’p*\ Hh pa(m)n?
(n,q)=1

F? kn(1 Rk

< ¢(q)"N(logR)

k+lQ
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Thus the sum in the main term can be replaced by

S T M) e(ri)?
(r% ]fj( " 1:[ @2(ri )r .

Here we apply Lemma to each variable r; in turn, i.e. kK — 1 times, with

VR S S S
") = e T r R -2

and m = ¢q. In each case we have
S(q) =1+0(1/Q).
Thus
F?¢(q)*N(log R)*
qk”Q

where I; is as in Theorem [22.1} This gives the first part of that theorem. The
second part follows in the same way.

¢(q)*N(log R)**!
qk+1 logN

Sj= Ij+0

22.2.1 Exercises

1. Prove (22.10).
2. Prove 22.13).

3. Prove the last part of Lemma[22.3] made autoref

22.3 Consequences of Maynard’s Theorem

Theorem 22.5 (Maynard) Suppose that when k > 2, we take f € & and then
1; =1;(f) and J = J(f) are as in Theorem|22.1| Let

k:1 I J (f )
¢=sup ————.
ez J()
Then for k sufficiently large,
¢ >logk —loglogk — 1.
Corollary 22.6 (Zhang) There are bounded gaps in the sequence of primes.
Corollary 22.7 (Maynard, Tao) For each m € N we have

liminf (ppam — pn) < m2e*™.
n—oo
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Corollary 22.8 (Maynard) Letm € Nand let G ={g1,...,81} be a set of |
distinct nonnegative integers. Let M(m, [, &) be the number of admissible m-
tuples contained in G and let N(m, 1, &) be the number of admissible m-tuples
h contained in € such that there are infinitely many n for which each member
of the m-tuple n + h is prime. Then for [ > lo(m)

I"m>M(m,1,8) >, I"

and
N(m,1,%)

1.
M Lg) "

de Polignac’s conjecture (1849) asserts that every even integer is the differ-
ence of infinitely many pairs of primes. That the conjecture holds for a positive
proportion of all even integers follows on taking m = 2 and g; = 2j — 2 in the
previous corollary, for then the number of solutions of g;, — g, = 2d is at most
[ and so there must be > 12/ = 1 different differences g j, — &j, arising from
the admissible pairs counted by N(2,1,%).

Corollary 22.9 There is an infinite subset D of N with positive lower asymp-
totic density such that for each d € D there are infinitely many pairs of primes
P1, p2 such that p, — p; =d.

Proof of Theorem[22.5] We have to construct a suitable f. For simplicity of
construction we will take f to be essentially a product of single variable func-
tions. That is, we separate the variables. In part this is motivated by putting
most of the mass of f near the axes. This has the effect of minimising the
importance of the boundary condition #{ + - - - + #; < 1. It also means that f is
symmetric, which one might suspect would be true for an extremal f.

The function

v:(l,0] > R:v(a)=a/loga
has its minimum at @ = e and is increasing for @ > e. Thus for k£ > 2 we have

k
log k

>e

and

_ k/logk
= log(k/log k) (22.16)

satisfies x > e > 1. Hence we can define £ to be the positive solution to

1 +éx=e?. (22.17)
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Then
v(e?) > x = v(k/logk)
and so by monotonicity
logk —loglogk < &.
Also for large k
& =logé +logx +log(l+1/(x£)) ~logé +logk —2loglog k
and so

& <logk.
Let g : [0, 0) — R be defined by

1
ey = ey Osysx
0 x <y.

We need to compute various integrals which we denote by «, 83, v, T as follows.

a'=/ gly)dy =1, (22.18)
0
© 1 1
= Zdy =~ - —, 22.19
A= &0 dyv=g-2 (22.19)
(T yeyay = Lo L L
7—/0 yg(y)“dy = =R (22.20)
_/mz()zd_i_EJri_L (22.21)
T T TETETE T Fer ‘
We now take
[ gkty) teR,
f) =
£ {O tgR.
Since f is symmetric we have I;(f) = Ix(f) for every j < k. Thus
kI (f)
> 22.22
7(7) 2229

and we now proceed to estimate I (/) and J( f). Since we are concerned with
only a lower bound for p, lower and upper bounds for I ( f) and J respectively
will suffice. An upper bound for J( f) is easy. We have

k
J(f) s/ l_[g(kti)zdtz Kk gk, (22.23)
[0.00)%



326 Bounded Gaps Between Primes

Thus we can concentrate on I;(f). Let & denote the set of (k — 1)-tuples
(y1,..-»Yk—1) withy; > 0and y; +--- + yx—1 < k —x. Then we have

k=1 [ 2
kI (f) = k/@ (ng(kti)z)(‘/o g(kty) dtk) dty - dty_q

i=1

k-1
> k‘kazfgl_[g(yi)zdy
i=1

and so
kIc(f) > k*a?B* ' - E (22.24)
where
k-1
E=k""’ /§ [ [t dy
i=1
and
S§* = [O, 0o)k—l \S
Let
B s I . 1
O-_Y/'B_T_I_E-FH' (22.25)

The condition y € §* is equivalent to y; + - -+ + yx—1 > k — x and this in turn
is equivalent to

Vit + Vi1 >k—x—o-(k—l)_(1—0')(k—1)—)c+1
k=1 7 k-1 k=1 '

For k sufficiently large we have

(I-0)(k-1)—x+1>0

and
X -1 -2
1—0'—k_]=§ +0(§ )
so that
£ = (1 - %)_1 = £+0(1). (22.26)

In particular if y € &, then

()’1 +}€"_+1yk—l _ 0_)2{2
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Hence

k-1
- Vit Vi 2

E<k ka,2{2 o )kl(T_U) l—lg(yi)2d)’-
»00) 5T i=1

We now square out the expression

()’1+"'+)’k71 _0)2
k-1

1 = 2 200 =
§ 2 E E 2
- ‘4 Y — — 4+ O
(k-1)? i=1 . (k—1)? e k-1 i=1 g ’

1<i<j<k-1

and evaluate the various integrals with reference to the integrals evaluated
above. Thus

1 k-2
) k-2 2 k=3 _ k=2 |, 2 k-1
E<k a{(—k_l‘r,B + VBT =20y w0 )
By the definition of o, (22.23)),

< kko2r2pk2 T )
@ B 1

k3TB—7¥*
k-1

Thus, by (22:22). (22.23)) and (22.24),

g>ﬁ%1_£i_)

E <k *a?2%8

Bk-1)
By (22.16) and (22.17)),
logk —loglogk < & =logk —loglogk + O(1),
by 22.19)
Bl =£+0(k Nogk),
by 22.26)
F=£+00),
by @221)

T=x£2+0(67%),

and we have
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Thus
g o £+0(1)
—_— = 1))xk™ =
Bl - €O = G Togtk Tog
1 1
~ logk 0((1ogk)2)'
Hence
log k 1 2
c>¢&|1+0 P (gl—@+0((logk) )| > logk —loglogk — 1
(22.27)
if k is sufficiently large. O

Proof of Corollary 22.6 By Theorem [18.17] for every large k there exist ad-

missible k-tuples. Then by 22.6)), (22.7) and Theorems[22.1] 22.5] we have

k 2
( 1@(n+h,)—g)( > /l(q)) >0
N<n<2N \ j=1 g<R
q|Z(nh)
where
6
o= (5 - 6) I (22.28)

and ¢ is arbitrarily small, 8 is the level of distribution of the primes in arithmetic
progressions , and ¢ is as in Theorem Since we know that 6 > %, and ¢
is large for large k, it follows that for sufficiently large k there are admissible
k-tuples h for which there are arbitrarily large N such that for some n with
N < n < 2N the k-tuple n + h contains at least two primes. This establishes

the first corollary. O

Proof of Corollary 22.7 Let C be a constant chosen so that for every m € N
we have

Cme™™

> e2+4m )

4m +logm +log C
Hence for k > max(3, Cme*™) we have

k > 62+4m
log k

and so
logk —loglogk —1>4m+1.

Thus if k is large enough, then

1 1
(Z—E)(logk—loglogk— 1)>m.
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Taking the level of distribution 6 to be § and choosing § = ¢ we see by
and (22.28) that

p>m’

and so every admissible k-tuple h has the property that there are infinitely many
n such that the k-tuple n + h contains at least m primes. By Theorem [18.17
there is a an admissible k-tuple of diameter < k log k < m?e*™. O

Proof of Corollary 22.8 Let k = [max(3, Cme*™)] with C suitably large be
as in the proof of Corollary and let & be an admissible k-tuple. By
considering all possible m-tuples k' = (h/, ..., h),) that are subsets of h we
see that at least one has the property that there are infinitely many » such that
n+hy,...,n+hy, are simultaneously prime, i.e. the prime m-tuple conjecture
holds for this m-tuple.

Starting from & we construct a subset &’ by successively removing elements
from €. Given a prime p and a finite set & of integers we can construct a
subset as follows. Let Z(p;h) ={n € & : n = h (mod p)} and L(p; h) =
cardZ (p; h). Choose an h for which L(p;h) is minimal and take &’ = &\
Z(p; h). Thencard?’ > (1-1/p)cardZ. We apply this operation successively
to & for p < k giving a subset &’ that satisfies

/ _1
cardg’ > card?lg((l p) > 1.

Thus on taking / to be sufficiently large we have s = card €’ > k. Every subset
h of &’ of cardinality k is an admissible set since it omits a residue class
modulo p for every p < k. There are (,S() such h and, from above, each one
contains at least one m-tuple k" for which the prime m-tuples conjecture holds.
Subsets b of &’ of cardinality k that contain A" are exactly those in which the
k —m remaining elements of b are chosen at random from the s — m remaining

elements of &’. Thus there are precisely (iiﬁ) such b. Hence there are at least

s
(k) _(s=m+1)---(s—1)s
(s—m) S (k=m+1)---(k-1)k

lm

> s>,
k—m

admissible subsets of & of cardinality m that satisfy the prime m-tuple conjec-
ture. On the other hand there are (/) < /" subsets k of & of cardinality m, and
this completes the proof of Corollary O
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22.3.1 Exercises
1. Suppose that k > 2. Let #; c [0, 1]* be defined by % = {t : t; >

0,¢y+- -+t < 1},andletm e Nand f(¢) = (1 —¢#; —--- — tx)™. Given
(Il,...,lj_l,lj+1,...,tk) € [O,I]k_l Withl1+-"+tj_1+[j+1+~~~+lk <1
let A; denote the interval [0,1 —#; —--- —¢j_1 —tj41 —--- — t] (and take

it to be the empty set otherwise) and define

1 1 2
]j(f):A [; (/I;jf(t)dtj) dtl...dtj_ldtj+1...dlk

J(f) = /@ £ dt.

and

k k(2m +2)!
@) Provethat;g;lf<f? T amel+ ) mr )2
_ (Cm)!
(b) Prove that J(f) = —(2m ysTs

(c) Prove that
Zlelj(f)_ ( 1 )(1 2m+ 1 )
J(H U 2m+2) 2m+1+k)

do you want (d) (Goldston, Pintz, Yildirim) Prove that if the level 6 of distribution of the
to give a real primes satisfies @ > 1, then there are infinitely many bounded gaps in

ref for GPY or ; 2
is this just a the sequence of primes.
name?

2 Let &y beasabove. Fort € Ry letay (t) = ti+ - -+t and Bi (£) = 124+ - +17.

(a) Suppose that @ and a; are nonnegative integers. Prove, by induction on
k or otherwise, that

k
a!ﬂjzlaj!

k
[%k(l—ak(t)) Htj dt = (k+a+35 apt

(b) Suppose that a and b are nonnegative integers. Prove that

o alb! 5 (2b))!
/@ku—ak(m st dt= g o L5

b]+---+bk=b

(The multinomial theorem applied to ﬁz is useful here.)

real ref or just 3 (Maynard)
aname?
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(a) Let k = 5. In the notation of the preceding Exercise, when t € &5, let

F0) = (1= as(O)Bs(6) + 1o (1 ~as(O)>+ 1 ps(0 ~ = (1 ~as(0).
Prove that
() 1417255
J(f) 708216 °
(b) Prove that if the level of distribution 6 is 1, then

liminf pp41 — pn < 12
n—oo

22.4 Notes

Section 22.1] In the first couple of decades of the twenty first century there
have been a series of major advances. In a seminal paper |Goldston, Pintz, &
Y1ldirim| (2009) proved that

liminf 221 =P _ ¢

n—oo log Pn

and |Goldston, Pintz, & Yildirim| (2010} showed that

Pns — P < (log p)'?(loglog p,)* (22.29)

for infinitely many n. They also showed that if the level of distribution exceeds
%, then there are infinitely many bounded gaps between primes. Indeed, if the
level of distribution can be taken to be 1 (as in Conjecture 20.2), they were
able to show that infinitely often p,.; — p, < 16. All subsequent work is
based on their method. There have been two sensational developments. [Zhang
(2014) proved a version of the Bombieri-Vinogradov theorem in which the
moduli of the arithmetic progressions are restricted to being numbers with only
relatively small prime factors but, crucially, the level of distribution exceeds
% by a small amount. Then, although the moduli are restricted, nevertheless
the modified Bombieri—Vinogradov theorem contains enough information to
enable an adaptation of the Goldston, Pintz, Yildirim machinery to work. Thus
Zhang showed that

liminf pps1 — pu < 70,000,000 (22.30)
n—oo

Then|Maynard|(2015)), by returning to an earlier version of the GPY method that
predates their 2009 paper and which had been aborted as unsuccessful, was able
to adapt their method to establish that infinitely many bounded gaps between
the primes exist even if one only assumes a positive level of distribution for
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the primes. In particular, by using the Bombieri—Vinogradov theorem Maynard
showed that

Hminf ppy; — pn < 600. (22.31)

These most recent methods involve quite heavy computations to obtain the
sharpest bounds. For example, in the notation of Exercise 22.3.1]2] Maynard
considers Theorem with

d

£ty =" ai(l - ax () Bi(8)"

i=1
and finds that (cf. Exercise[22.3.1]12)

Zle I](f) _ a’ Ma
J(f)  a'Wa
where the d X d positive definite matrices ., .,/ depend on the exponents b;,
c;. He shows that this ratio is maximised when a is an eigenvector of .Z ./ ~!
corresponding to the largest eigenvalue. He then takes k = 105 and considers
all choices of b;, c; with b; + 2¢; < 11, so that d = 42. It transpires that the
largest eigenvalue is

4.0020697 . ..

and so an appeal to Theorem [22.T|establishes that for any admissible 105-tuple
h there are infinitely many n such that n + h contains at least two primes.
He then displays a known admissible 105-tuple of diameter 600 discovered
by T. Engelsma to establish (22.31). Maynard also found that if the level of
distribution of primes is 1, then

liminf ppst — pn < 12, (22.32)
n—oo

for which see Exercise [22.3.1I[3]

The |Polymath| (2014) project was led by Tao to combine all the methods,
especially those of Maynard and Zhang, and this established unconditionally
that

liminf p,41 — pn < 246. (22.33)
n—oo

The methods described here are very flexible, and offer many potential
applications. One is to a conjecture made by |Dickson| (1904) which that states
that if the g;, h; are integers and ]_[f.‘zl(gin + h;) has no fixed prime divisor,
then there are infinitely many n such that the g;n + h; are simultaneously
prime. Pintz|(2016) has investigated questions involving consecutive primes in
arithmetic progressions. In yet another application,|Goldston, Graham, Pintz, &
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Yildirim|(2011)) have considered n for which d(n) = d(n+1), w(n) = w(n+1)
and Q(n) = Q(n + 1) simultaneously. There are also applications to cognate
problems in algebraic number fields.

In the opposite direction Maynard|(2016)) has developed the GPY sieve so as
to show that there are exceptionally large gaps in the primes. In Theorem 7.15
we established Rankin’s estimate

lim sup Prtl = Pn >c
H—soo ( (log pn)(loglog p,)(loglogloglog p,) ) -
(logloglog p,)?

for a suitable positive constant ¢, and in the Notes to §7.3 described the state of
play as of 2007. Maynard showed that ¢ can be made arbitrarily large, thereby
winning the Erd6s prize of $10,000 described in the Notes loc. cit.. This was
also established independently by a different method by|Ford, Green, Konyagin,
Tao| (2016). |Ford, Green, Konyagin, Maynard, Tao|(2018)) then showed that

lim sup P+l — Pn >c
n—s00 ((log pn)(loglog p,)(loglogloglog p,) Big) -
logloglog p,

for some positive constant c. In the spirit of Erdds, Tao has offered $10,000 for
a proof that this ¢ may be taken arbitrarily large.
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Appendix E

Topics In Harmonic Analysis II

E.1 Uniform approximation of continuous functions

Let C(T) denote the set of continuous functions with period 1. Our object in
this section is to show that if f € C(T) and & > 0, then there is a trigonometric
polynomial 7'(x) such that | f (x) =T (x)| < & for all x. This is elegantly achieved
by using the Cesaro partial sums of the Fourier series of f, namely

N
on @) =on(fox)= D (1= Inl/N)F(n)e(n). (E.1)
n=—N

Here e(x) = e?™* = cos 27x +i sin 27x is the complex exponential with period
1, and the numbers f(n) are the Fourier coefficents of f, which are defined to
be

. 1
Fn) = /0 F)e(-nx) dx

for integers n. The functions e (nx) form an orthonormal system, and the integral
. . 1 —
above is an inner product where / f, g) = /0 f(x)g(x) dx.
From the formula for the sum of a geometric progression we see that

N-l 1 —e(Nx) e(Nx/2) — e(-Nx/2)
D e R AL Ty ey
= e((N = 1)x/2) S0,
Sin tx

Hence

| NZ_ZI e(nx)|2 _ (sin aNx )2.

sin 7rx
n=0

335
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On the other hand, the left hand side above is

N-1N-
m

N
2, 2 eltm=nx)= )7 (N~ |ne(n).
n=-N

=0 n=0 ==

We divide through by N and set

i 2
sin an) (E.2)

N
1
An(x) = 1 - |nl/N - —(
N () n;v< Inl/N)e(nx) = (==
This is the Fejér kernel. (‘Fejér’ is pronounced fay-air, because he was Hun-
garian, not French.) We note that if f € L'(T), then

N

1 1
/ F@WANG -1 du=S" (1= [nl/N) / Fu)e(n(x - u)) du
0 4 0

n=—

N —
— Z (1 =|n|/N)f(n)e(nx) = oy (x).

n=—N

Since /01 An(x)dx = 1 and Ay (x) > O for all x, it follows that on (x) is a
weighted average of the values of f. Also, max Ay (x) = Axy(0) = N. Let
[[x|| = min,cz |x — n| be the distance from x to the nearest integer. (This is
the natural distance function, when working modulo 1.) As | sin x| > 2||x||, it
follows that

1
0 < An(x) < mi (N—) E3
w0 < min (N, g E3)

It is useful to note that the pointwise estimate above implies thatif 0 < § < 1/2,

then
1-6 172 1 12 4
[s AN(u)dMZZ‘/(s An(u) du < ﬁL ﬁdu
1 “ 1 1
— [ Zdu=—. E.4
< 2N/5 2T aNs EDH

Theorem E.1 If f is a continuous function with period 1 and on(f,x) is
defined as above, then on (f,x) — f(x) uniformly in x, as N — oo.
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Proof We note that
1
f@)—aNu>=A:ANu—uxfu>—fwndu

1
=/ An ) (f () = f(x = u)) du

0
B 1-6
= +/ =11+ 1,
-6 )

say. Hence by the triangle inequality, | f(x) — on (x)| < |I1| + |I2]. Since f is
continuous, it follows by compactness that f is uniformly continuous, which is
to say that for any £ > O there is a § > 0 such that | f(x) — f(y)| < & whenever
|lx — y|| < é. By the triangle inequality it follows that

5 5
[11] S/_é An(w)|f(x) = f(x —u)| du <8/_ An (1) du < e.

5

Since f is continuous, it also follows by compactness that f is bounded, say
|f(x)] < M for all x. Hence |f(x) — f(x —w)| < |f(x)|+|f(x —u)| < 2M.
Thus from (E-4) we deduce that

1-6 M
|12| < ZML AN(I/[) du < %

This quantity is < € if N > M /(5¢). Then | f(x) — on(x)| < 2¢ for all x, as
desired. O

E.2 Quantitative trigonometric approximation

For f € L'(R), we let f(z) denote its Fourier transform,

f(f)=/Rf(x)e(—tx)dx.

Let I = [a,p] be an interval of R with y, its characteristic function, and
suppose that § > 0 is given. Our object is to construct functions S, (x) and
S_(x) such that

:S';(t) =0 when [f]| > 6,
S_(x) < x,;(x) < S4(x) forall x,

and such that the integrals

[sw-xgwa [ ow-s-wa
R R
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are small. We do not attempt to determine exactly the extreme values of these
integrals, but the functions we construct are elegant and close to optimal. With
S; and S_ in hand, we use the Poisson summation formula to derive correspond-
ing trigonometric polynomials 7. that approximate closely the characteristic
function of an arc of T = R/Z. These T are useful in a number of connections.
We employ them in discussing the large sieve (in §19.1)), in discussing quant-
itative measures of uniform distribution (in §F.2)), and in proving Kronecker’s

Theorem (in §F.3).
We begin by defining Beurling’s function,

whose basic properties are as follows.

Theorem E.2  The function B(z) above is an entire function such that

(a) B(n) =1 forall integers n > 0, B(n) = —1 for all integers n < 0;
(b) B’(n) =0 for all integers n # 0, B’ (0) = 2;

(¢) B(x) = sgn(x) for all real x;

(d) B(x) —sgn(x) < min(1,x72) for all real x;

(e) B'(x) < min(1,x~2) for all real x;

(f) B(z) —sgn(x) < |z| 2> where 7 = x +iy;

(2) f_o; B(x) —sgn(x) dx = 1.

An entire function f(z) belongs to the class E¢ of functions of exponential
type o if for every constant € > 0 the inequality |f(z)] < exp((o + €)|z])
holds for all z with |z| large. Thus we see that B(x) € E2”. Other examples of
functions of exponential type are provided by observing thatif f € L!([-c, c]),
then its Fourier transform

7= [ raei du

is an entire function of the class E27¢. In the case of B(z), we note that
B ¢ L'(R), and also that there is no f € L'(R) of which B(z) is the Fourier
transform (since B(x) /4 0 as x — o). Nevertheless, the estimate (f) above
may be thought of as asserting that supp BcC [-1,1].

Proof We first establish further formule for B(z). We recall the partial fraction

formula
T2 = 1
(sinﬂz) _n:Zoo (z—n)?
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-3 -2 -1 0 1 2 3
-0.51 X

T

Figure E.1 Graph of Beurling’s function B(x) for -3 < x < 3.

(This may be proved by noting that the difference between the two sides is a
bounded entire function that tends to 0 as z — ico.) On combining this with

(E.5) we find that

B =142 (L Z =) €6)

Suppose that z ¢ (—oco,0]. The integral test suggests that the sum above is

/ (u+2)"2du = l
0

Z

approximately

Hence the second factor on the right hand side is the difference between this
approximation and the sum. To express this quantity more explicitly, we observe
that if f has continuous first derivative on an interval [, 8], then

B B
/ Fu)du = F(B)(B - a) - / F/) (1 — @) du

by integration by parts. By taking @ = n—1, 8 = n, f(u) = (u+2z)~2, it follows
that
n n
/ (u+2)2du=(z+n)"2+2 (z+u)>{u} du
n—-1 n—-1
provided that z ¢ [-n,—n + 1]. If z ¢ (—o0,0], then we may sum over n =
1,2, ..., and thus we deduce from (E.2)) that

(E.7)

B(z) =1 +4(Sin”)2 i Tt

(u+2z)3
Similarly from (E-I) and (E-Z) we find that

B(z)=-1+ 2(Si“ﬂ”z)2(% +§ E _1n)2), (E.8)

made autoref
here and
below, thrice;
check OK
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and that if z ¢ [0, o), then

B(z) = -1 +4(Si“i)2 it U S (E.9)
0

n (u—2z)3 """

The assertions (a) and (b) are immediate from the definition (E-5) of B(z). For
x > 0the inequality (c) and the estimate (d) follow from (E.7), since the value of
the integral lies between 0 and %x‘z. For x < 0 these assertions follow similarly
from (EJ9). Since B(x) is continuous, these relations therefore hold also when
x = 0. To obtain the estimate (e) it suffices to differentiate the formulae (E.7),
(E.9), and then estimate the quantities that arise. As for (f), we note that
(sin7z)? < €27Vl and thatif Re z > 0, then |u+z| > max(u, |z]) > (u+|z])/2,
SO

ﬁdu < / L < |z]72.
o (u+z2)3 o (u+z])?

Thus we obtain (f) from when Re z > 0, and similarly from (E9) when
Rez < 0. As for (g), let

V(o) = (sinﬂz)z(g . i sgn(n) )’ (E.10)

n (z—n)?

n=—oo

sothat B(z) = V(z)+(sin 7z)?/(z)>. Since V (x) and sgn(x) are odd functions,
we know that

X
/ V(x) —sgn(x)dx =0
-X

for any X. Hence
oo X
/ B(x) —sgn(x) dx = }}im / B(x) —sgn(x) dx
—oo —oo J_x

X
= )}520 /_X V(x) — sgn(x) + (sin7x)?/(7x)? dx
X

. sin 7tx \2
= lim ( ) dx
X—o J_x X

:[:(Sixx)zdle.

The final definite integral can be evaluated by means of the calculus of residues.
O

Although the proof is now complete, it is instructive to note that (c) can be
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derived from (E.6) and (E-8)) by appealing to the integral test. For example, if

x > 0, then
i 1 </'°° du 1
g (x +n)? o (x+u)? x’

We now use the function B(z) to construct approximations to the character-
istic function y, of an interval [a, S].

Theorem E.3 Let I = [«, B8] be a finite interval, and suppose that § > 0 is
given. Then there exist entire functions S+(z) and S_(z) such that

(@) S+(x) <ap,6 min(1,x2) for real x;
() S-(x) < x,;(x) < S4(x) for real x;
(©) ff:oSt(x)dxzﬁ—aJ_r 1/6;

(d) S.(t) =0 when |t] > 6;

(e) S+(x) is of bounded variation on R.
(f) |§J_,(t)| <B-a+1/forallrealt.

0.51

Figure E.2 Selberg’s functions S, (x) and x, (x) for / = [-1, 1] and 6 = 5.

Proof We take
$4(2) = 3B(5(z = a)) + 3 BG( - 2).

5.2 = - 3B(5(a - 2)) -~ 3B(6(< - A);

these are the Selberg functions. Then the assertion (a) follows immediately
from Theorem [E.2[d). To obtain the inequalities (b) we note that

$4(0) 2 3 sen(5(x — a)) + 3 sen(6(8 - )

by Theorem [E.2{c). Here the right hand side is x, (x) unless x = @ or x = f.
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If @ < B, then we may conclude that S, (@) > 1, S;(B8) > 1, because S, is
continuous. If @ = 3, then S, (@) = 1 because B(0) = 1. Similarly we see that
S_(x) < x, (x) for all x. As for (c), we note that

[OOS+(x) dx=/_:)(,(x) dx+[oos+(x)_xl(x) dx

o) 0o

:ﬁ—a+%[oo8(6(x—a)) —sgn(6(x — @)) dx

0

b3 [ BOW-0) - sen(o(p -0 ax

=B-a+1/s,

by Theorem d),(g), and similarly for S_. Since the functions S. are in
L'(R), we can define their Fourier transforms,

§i(t)=[ Si(x)e(—tx) dx.

Here S, (z)e 272 is an entire function, and if t > &, then by Theorem f)
we see that this function is <4 g, s |2/ in the lower half-plane Imz < 0. We
consider the integral above to be a contour integral in the complex plane, and
on replacing this path by a semicircle in the lower half-plane we conclude that
§+(t) =0ifr > §. Similarly S.(¢) = 0if r < -6, so we have (d). Also, from
Theorem [E.2fe) we see that B(x) is of bounded variation on R, and hence the
same is true of S.. Finally, S, (f) = X, (1) + (S+(t) X, (1)), so by the triangle
inequality

|§¢(t)| < P, (0] + \gi(f) X O] < e + 1S = x o @)
=B-a+6 L. o

We now derive analogous results for approximations in T = R/Z by trigono-
metric polynomials.

Theorem E.4 Forany arc I = [a, 8] in T with length 8 — a < 1, and for any
positive integer N, there are trigonometric polynomials

N

T, (x) = Z T, (k)e(kx) (E.11)

k=—N

of degree at most N such that:

(@) T-(x) < x,(x) < Ti(x) for all real x;
®) f Te(x)dv=B—a=1/(N+1).

(¢) |ﬁ(k)| <B-a+ ﬁfor all integers k.
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Proof Take § = N + 1, and let S.,. be the functions described in Theorem [E.3]
Put

To(x) = ) Se(x+n).

From Theorem [E3|a) we see that this series is uniformly convergent for x in
a compact set, so that 7. (x) is continuous. The inequalities (a) follow from
Theorem @b). From Theorem ma),(e) we see that the Poisson summation
formula, in the form given in Theorem D.3, applies to S.. Thus

K
To(x) = lim > Si(ke(ky).
k=-K

But S, (k) = 0 for |k| > 6 = N+1, and 7% (k) = S. (k) for all k, so we find that
T, is a trigonometric polynomial, as in (E-IT). Also, the integral in (b) is

00

T.(0) = 5.(0) = / S.(x) dx,

—00

and the stated result follows from Theorem [E:3|¢c). The final assertion follows
from Theorem [E3[f). o

Mool A

Avavy !

0.5 5

(@ (b)

Figure E.3 (a) Graph of x, (x) and T.(x) for I = [1/3,2/3] with K = 11; (b)
1=1[3/8,5/8],K =5.

Majorants and minorants constructed as above are optimal if and only if
(K + 1)|1] is an integer. Hence the estimates in (a) are optimal, while those in
(b) are not.

In the above situation, the interval 7 is short, ¢ is large, T, (x) has period 1,
and the . + (k) become Fourier coefficients. With an alternative application of
the Poisson Summation Formula we reverse this, so that [ is long, ¢ is small,
3’; has period 1, and the S are Fourier coeflicients.
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Theorem E.5 Let M and N be integers, N > 1. Suppose that 0 < § < 1/2.
There exist functions W.(x) with period 1 and absolutely convergent Fourier
expansions W.(x) = Y., wi(n)e(nx) such that

(@) w_(n) < X[ M1 MeN] (n) < wy(n) for all integers n;
() Welx) =0if x|l > 6;
(©) Spwaln) =Wa(0)=N—1+1/6,

Proof Let S.(u) be the Selberg functions for the interval I = [M +1, M + N],
and set w. (1) = S+ (u). Thus we have (a). We apply the Poisson Summation
Formula to f(«) = S+ (u)e(ux). Hence by Theorem D.3 we see that

Z wi(n)e(nx) = Z §i(k -Xx),
n=—oo k=—0c0
and then properties (b) and (c) are immediate. ]

E.2.1 Exercises

1. Suppose that I = [, 8] is an interval on the real line, put K = (8 — )0,
and suppose that K is a positive integer. Suppose that f € L!(R), that f is
continuous, that f(x) > x, (x) for all x, that f has bounded variation on R,

and that f(t) =0 when |t]| > 6.

(a) Show that

D, fn/5+x) =57(0)

n=—oo

for all x.
(b) Show that x can be chosen so that n/6 + x € I for K + 1 values of n.

(c) Deduce that
/oof(u)du >B-a+1/6.

That is, the function S, described in Theorem is optimal when
(B — @)d is an integer.
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2. Prove the following identities:

sin 7tx \2 !
(a) () = [ et ar
X -1
: 2 1
(b) Ginme)” _ / sin 2ntx dr;
X 0
N cos (2N + 1)t
() Z sgn(n)e(—nt) = —icotnt + [ —————;
et sin ¢
2 <1 .
(d) sgn(x) = —/ — sin2ntx dt.
mJo 1

3. Let V(z) be Vaaler’s function as defined in (E.10), and put

Vi (2) = (SiI:TITZ)Z(g +§\; sgn(n) )

(z—n)?

(a) Using the identities in the previous exercise, or otherwise, show that ~ changed  to
‘previous
exercise’

1
Vi (x) = 2/ ((1 —1)cotnt + 1/x) sin 2ntx dt
0

1
2N + 1)t
—2/ oSN+ D 4 G2t dr.
0 sin 7t

(b) By using the Riemann—Lebesgue lemma, show that

1
1
V(x) = 2/ ((1=1)cotnt + ;) sin 2mtx dt.
0

(c) Let
1 ifr =0,
d(t) ={x(1 = |t])rcotme +|t] ifO <] <1, (E.12)
0 if ] > 1.
Show that

1
V'(x) = 2[1 o (t)e(xt) dt.

(d) Show that ¢(¢) is nonnegative, continuously differentiable on R and that
is is strictly decreasing on [0, 1].
(e) Show that V(z) is an odd entire function, and that

sinzrz\2 % {u}(1 —{u})
V(z)=1—6( = ) AR Pt

provided that z ¢ (—co, 0].
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(f) Show that V(n) = sgn(n) for all integers n, that V’(n) = 0 for all integers
n # 0, that V/(0) = 2, and that 0 < V(x) < 1 forx > 0.

(g) Show that if x > 0, then

V(x) — 1 < min(1,x73),

V’(x) < min(1,x73).

(h) Show that all zeros of V’(z) lie on the real axis.
(i) Show that

$() -1
it

T

V(x) —sgn(x) = [w e(tx) dt.

0.5

Figure E.4 Graph of Vaaler’s function V(x) for -2 < x < 2.

Figure E.5 Graph of ¢(¢) for -1 <t < 1.
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4. Let

0

DT VK + D) (n+x)),

n=—oo

K+1

P(x) = >

00 =1 3 V(K+1)(n+) ~sen(n +).

n=-oco
R(x) = Q(x) - {x}+1/2.
(a) Show that P(x) is a trigonometric polynomial of degree K, with coeffi-
cients P(k) = ¢(k/(K + 1)) where ¢(¢) is defined as in (E12).
(b) Show that Q(x) has Fourier coefficients

S d(g) -1
k)= —]/—"7"—

Q) 2rik

for k # 0, and that Q(0) = 0.
(c) Show that R(x) is a trigonometric polynomial of degree K with coeffi-
cients
(57
2rik
for k # 0, R(0) = 0, and that R’ (x) = P(x) — 1.
(d) Show that for all x,
Agy1(x) <
2(K+1)
5. Let P(x) and Q(x) be as above. Suppose that f is of bounded variation on
T.

(a) Show that if f is continuous at x, then

R(k) =

1/2 = {x} SR(x)+AK+—1(x)

R(x) - 20K+1)

1 1
f(x):‘/0 f(x+u)P(u)du+/0 O(u) df (x + u).

(b) Suppose that f is a real-valued function of bounded variation on T.
Show that

! Ags1(x —u) :
- [ A g < g - [Pt da
! Ags1(x —u)
S/O S )

for all x.
(c) Show that /01 f(x+u)P(u) du is a trigonometric polynomial of degree

at most K with coefficients ¢(k /(K + 1))f(k).
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(d) Show that fol Ag+1(x — u) |df (u)] is a trigonometric polynomial of
degree at most K with coefficients

[k| 1

T K+l
3K+1) Jy e(—ku) |df (u)].

(e) Let
1 1
A X—u
= [ seropwdrs [ 2508 g
Show that 7. is a trigonometric polynomial of degree at most K such
that 7_(x) < f(x) < T, (x) for all x, and that

! ! Varr(f)

(f) Show that if f = Xlap)’ then the 7. above are the same as in The-
orem[E.4] and hence that the trigonometric polynomials in that theorem

have coeflicients

_ k sinzk(B— 1- AL
CNIEELTE NS

Xe(—k(ﬁ+a)/2)
forO < [k| <K, To(0)=B—a+1/(K+1).

6. (a) Suppose that T(x) is a trigonometric polynomial of degree at most K,
and that N > K. Show that for any real a,

1 & 1
N;T(a+n/N):/0 T(x) dx.

(b) Suppose that I = [a, 8] is an arc of T, and that (8 — @)N is an integer
< N. Show that if a function T € L'(T) has the property that T(x) >
X, (x) for all x € T, then

N
ZT(ax+n/N)2(ﬁ—a)N+l.

n=1
(c) Suppose that T'(x) is a trigonometric polynomial of degree at most K,
that (8 — @)(K + 1) is an integer < K + 1, and that T'(x) > X{ap] (x)

for all x € T. Show that [ T(x) dx > B—a + 1/(K +1).
(d) Suppose that T'(x) is a trigonometric polynomial of degree at most K,
that (8 — @)(K + 1) is an integer < K + 1, and that T'(x) < X{ap] (x)

for all x € T. Show that f} T(x) dx < B—a — 1/(K +1).
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7. (Barton et al 2000) Let B(x) be the Beurling function, as defined in (E.5)).
Suppose that M is a positive integer, and that a and 8 are real numbers such
that 8 — @ = M. Show that B(x — @) + B(8 — x) > 0 for all real x.

E.3 An additional trigonometric majorant

Let s(x) denote the sawtooth function

{x}-1/2 (x¢72Z),
= E.13
$(x) {0 (x €2Z). ( )
In Lemma D.1 we showed that
_ e(kx) . 1
ww=- 3 G +olmn(lgr)) @9

0<|k| <K

In Exercise we find sharp trigonometric majorants and minorants for
s(x). These, as well as the estimate (E.I4) apply equally to s(x), to {x} — 1/2,
and to —{—x} + 1/2, since these functions differ only only in the value taken at
0, which is either 0, —1/2, or 1/2, while our approximants are continuous. To
estimate expressions of the sort

Z ars(xk)

k

the majorants and minorants are applicable if the a; are real and of one sign,
but are useless if the a; are complex or of indeterminate sign. From Lemma

[[6.4] we see that
K

1
> e(kx) < min (K —) (E.15)
£ I
Thus we encounter the same expression, but now divided by K, in the current
context. Let

1
fie (%) =min(1,—). (E.16)
Kllx]l
When fk (x) occurs in an expression (perhaps repeatedly with various values
of x), one may derive an estimate by expanding f in its Fourier Series, and
then estimating the contribution of each Fourier coefficient. We now show that
it suffices to consider the contribution of the Fourier coefficients fx (k) for

-K <k <K.

add barton et
al 2000 to refs
and autocite

check ex no.
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Theorem E.6 Let K be a given integer, K > 2, let fx(x) be defined as in
(E.16), and put

K
gk (x) = Y fx(k)(1 = [k|/K)e(kx),

k=K

Then
3K

|kl +1
uniformly for |k| < K, and fx (x) < gk (x) uniformly in x and K.

- 1
fx (k) < X log

From this we see that the error term in (E.14) can be replaced by gk (x), and
that the right hand side of can be replaced by Kgg (x). The advantage
here is not so much that we expect to obtain stronger results, but rather that we
need not consider the contribution of f (k) for larger k.

0.2

—0.4 —0.2 0 0.2 0.4

Figure E.6 Graphs of fio(x) and gjo(x) for —1/2 < x < 1/2.

Proof Clearly ﬁg (0) < (logK)/K.Since fk is real-valued and even, we know
that fx (—k) = fx (k), soit suffices to estimate | fx (k)| for k > 0.If0 < k < K,

then
1/2 k
/ e(kx) dx)
1/k X

By integration by parts we see that the second integral above is

21 2 1 [
:[e(]fx) + — / e(kx)dx<<1+—/ —dx < 1.
2rikx ik 2mik 1/k x2 k 1/k x2

- 1 1/k 1
fi (k) < E(l +/ —dx +
1

/K X

Thus we have the stated bound for |f} (k)]. In establishing the second assertion,
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we may suppose that 0 < x < 1/2 since fx and gk are even functions with
period 1. Let

K

Ak (x) = Z (1_ |k|)e(kx):%(sinn1(x)2

K in
Py sin 7rx

be the Fejér kernel. Then

1
k() = (f % Ag)(x) = /0 Ak (W) fi (= wydu.  (E1T)

Since Ak (x) is decreasing for 0 < x < 1/K, it follows that
1/(2K) Ak (1/(2K 1 2
/ Ay du s SEALCRD L2
0 2K 2K?sin’/(2K) T«
because sind < ¢ for 6 > 0. Since fx and Ak are nonnegative and fx is
(weakly) decreasing in [—1/K, 1/2], if follows from (EI7) that
1/(2K)

1
gk (x) = /O Ak () fic (6 — ) du > /0 A () i (x = u) du

1/(2K)
> f () /0 Ak () du > fi (x). .

E.3.1 Exercise
1. Suppose that K > 2, and that fx (x) is defined as in (E-T6).
(a) Show that

fx (0) = %(1 +10g§).

Write
. 1/K 2 1/2 Ik
fx(k)=2 cos 2mkx dx + — de:Tl + T,
0 K 1/K X
say.
(b) Suppose that k # 0. Show that
T, - sin27rk/K’
nk
. sin2nk/K 1 /1/2 sin27kx
=- X.
2 rk kK Jiyxk X2

(c) Deduce that if k # 0, then

1 112 sin 2mkx

fK(k)z kK 1/K x2

changed to ex
E3.1
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(d) Conclude that fx (k) < K/k> for k > K.

(e) Show that if (8 — @) is not an integer, then S, (x) > y, (x), and hence
that S, is not optimal, because there is a ¢ < 1 such that ¢S, (x) > x, (x)
for all x.

E.4 Maximal inequalities

Sometimes we may have an estimate for the size of a sum, say | > f:’:l cn| < My,
but it would be convenient to have a similar upper bound for the maximum size
of its subsums, max, <y | 2 cn| < My, hopefully with M}, not much larger
than M. Such an upper bound M3, is known as a maximal inequality.

E.4.1 Elementary estimates

As in Appendix D, if f € L'(T), then its Fourier coefficients are f(n) =
fT f(x)e(—nx) dx, the partial sums of its Fourier series are

N
sn() = Y Flme(n),
n=—N

and the Dirichlet kernel is
K

Di(x) = Z e(kx) =

n=-—K

sin(2K + 1)nx
sin x ’

Thus sk (x) = (f * Dg)(x) = [rf(u)DK(x — u) du. Unfortunately, |D g (x)|
decays only like an inverse first power, with the result that /T |Dg (x)| dx =<
log2N. Let

Ex(x) = min(2K + 1, 1/||x])). (E.18)

(Note that this is a totally different function than the one with the same name
discussed in Appendix D.) The letter ‘E’ is suggested here because Ek (x)
provides an envelope of Dk (x): |Dk(x)| £ Ek(x) and Eg is monotonically
decreasing for 0 < x < 1/2. Thus

15k (0] < /T ()| Ex (x — ) dt,

Put

sg(x) =  max sk (x)]. (E.19)
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Since Ex(x) < Ex(x) if 1 < k < K, it follows that

sk(x) < /T |f(u)|Eg (x — u) du. (E.20)

Hence

max sk (x) < || f|l log 2K, (E.21)
X

which is best possible, since it might happen that f(x) = sgn Dk (x), in which
case sk (0) = [E |Dg (x)| dx < log 2K. By Cauchy’s inequality we see that

2
| [rwiece-na) < [1r@PEc - [ Eet-wa
T T T
< / |f (u)*Exg (x — u) dulog 2K
T
By integrating this with respect to x we find that

‘/s;}(x)2 dx < (logZK)z/lf(u)Izdu. (E.22)
T T

Finally, it is also evident from (E.20) that
/s};(x) dx < (log2K) / |f ()| du. (E.23)
T T

We turn now to additive characters. Let f be an arithmetic function with
period g. Our convention is to define the Discrete Fourier Transform by setting

q
T =2 D FeCnk/a).
n=1

This yields the discrete Fourier expansion

q
Fny =" Fkyelkn/q),
k=1

as in (4.3). Hence if 0 < N < ¢, then

q

D= Fk) D e(kn/q).

0<n<N k=1 0<n<N

Here f(O) is the mean value of f, so

DL ) = NFO) = ) fl) D) ekn/g).

0<n<N O<k<gq 0O<n<N
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It is easy to write the sum on the right over n in closed form, but it suffices to
observe that it is < min (N, ||k/¢||~!), by (T6.4). Thus the above is
< > |ft)min (N, l1k/q] 7).
O<k<g

We note that this estimate is much more sensitive to the size of f(k) when £ is
near a multiple of g (i. e, 0 or ¢) than otherwise. In any case,

>, )= NFO)| < (qlog2q) max |F(k)|.
0O<n<N <r=q

max
0<N<g

Suppose that f(n) = y(n) where y is a nonprincipal character modulo g.
Then f (k) can be expressed in terms of Gauss sums, and from Theorems
9.7 and 9.10 we see that f(k) < ¢~'/2, and then the above is the Pélya—
Vinogradov inequality, as found in Theorem 9.18. The reasoning above is just
a generalization of the proof we gave of that theorem. In Exercise |[E.4.5|2]it is
shown that if y is a primitive character modulo ¢, then

q
Z ‘ Z )((n)| > q3/2.
N=1 0<n<N

Thus the bound provided by the Pdlya—Vinogradov inequality is never more
that a factor log g larger than the truth.

Let
N
D(s) = Z apn™s . (E.24)
n=1

In a manner analogous to the above arguments, we now bound the maximal
partial sum of D(0) by an integral involving | D (iu)|. We begin by noting that

U : U :
‘5, SIN QU cos Su sinau
ehu du = ——du
-U u -U u

1 /U sin(a + B)u + sin(a — B)u
== du

2 U u
la+B|U
=sgn(a + fB) / Sl
0 u
la-BIU
+sgn(a — B) /0 SIZ “ du. (E.25)

We recall that fooo % du = /2, and that the sine integral si(x) is defined to

be
si(x) = —/ il
. U
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Thus the expression (E.25) is
sen(a+§)(5 +silla+BIU)) +sen( - ) (5 +silla - BIV) ).

Let y, denote the characteristic function of the interval / = [~a, @], and note
that si(x) < min(1, 1/x) for x > 0, as was recorded already in (5.6). Thus the
above is

= nx,(B) +0(min (1, Ula;—ﬁl)) + (min (1, Ul%ﬂg')) .

For integers K, 0 < K < N, we take @ = log(K + 1/2), B = —logn, multiply
by a,, and sum over n. Thus we find that

K v sin au
Zan = / D(iu) du
n=1 -U u

N
* O(Z |an] min (1’ Ul logn/(lK+ 1/z)|)) :

n=1

Now (sin au)/u < min(|a|, 1/|u|), and |logn/(K + 1/2)| > 1/N. Hence

U
< / |D (iu)| min(log N, 1/|u]) du
-U

N
N
+U;|an|-

—it

max‘ E an
y<N
n<y

(E.26)

Here we can replace a, by a,n™" and integrate with respect to ¢, with or
without squaring, depending on the objective. The above is used in §19.4]

E.4.2 The Hardy-Littlewood maximal inequality
Suppose that f € L'(T). The Hardy-Littlewood maximal function of f is

1 X+y
Mg(x) = sup —/ |f(u| du. (E.27)
o<|yl<1/2 Y Jx

Thus M (x) is the maximum of two suprema, namely
1 X 1 X+y
sop < [ i@l s S [ e
0<y<1/2Y Jx-y O<y<1/2Y Jx

At first sight, it would seem remarkable that we consider such a non-linear
operator, but its value is immediately apparent when we consider

changed layout
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The Hardy-Littlewood Maximal Theorem Suppose that f € L'(T) and
that My is defined as above. If r > 1, and fT | f(x)|" dx < oo, then

/TMf(x)’dx < r(ri l)r/]rlf(x)lrdx.

To exhibit how this theorem is useful, recall from the Cesaro partial
sums o (f, x) of a Fourier series, given in (E.I)), are obtained by convolving
f with the Fejér kernel (E.2)). Let

. 1
FN()C) = min (l, W)

Then (E-3) asserts that
0<An(x) < Fy(x).
Here Fy (x) is even and monotonically decreasing for 0 < x < 1/2, so
1/2 1/2
oy (x) <</ |f(x —u)|Fn(u) < Mg(x) Fn(u) du < My(x).

-1/2 -1/2
Hence supy |on (x)| < My¢(x). Thusifr > land f € L' (T), then || supy lon| |- (1) <7
| £1lzr ¢ry- This line of reasoning succeeds when we have an even envelope that

decreases on [0, 1/2], and has a finite integral. Abelian weights give rise to
the Poisson kernel, which is monotonic, so there is no need to construct an

envelope. See Exercise

E.4.3 The Rademacher-Menchov device

We now seek to bound the quantity

v
max |Z Cn
1<v<N

n=1

by breaking the sum into short subsums. Let R = [(log N)/(log 2)]. Numbers of
the form Z%N form an arithmetic progression with common difference N /2R <
1, so each interval of the form [n,n + 1) contains at least one number of this
form. Let 2 denote the set of all dyadic rationals of the form x = Zf:l &r(x)277
where &, (x) = 0 or 1. Hence

v
max |ch
1<v<N

n=1

Forxe L and1 <r <R+1wesetd, =d,(x) = Y . &(x)275. Then

Tasd Y

1<xN r=1 Nd,<n<Nd,

= rnax| E Cnl-
ex
* 1<n<xN
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By Cauchy’s inequality,

) R
|ch SRZ

1<xN r=1

2

Y wl.

Nd<n<Ndyy

Here d, is of the form s/2" !, and either d,4; = d, or dy+1 = d, + 1/2". Here
s depends on x, but since we do not know its value, so we sum over all 2r-1
possible values of s. It is somewhat astounding that this can lead to anything
useful. In any case,

v ) R 2711 2
max ‘ch <kRY Y > (E.28)
1<v<N N Ns N

n=1 r=1 s=0 Zr_él <"§2r:1+27

For fixed r, n runs through intervals Iy = (N2'™"s, N2!7" (s + 1/2)]. These
intervals I are disjoint, their union is a subset of (0, N], and the sum of their
lengths is N/2.
To see how the above might be applied, replace ¢, by ¢, e(nx), and integrate.
It is immediate that
! N 2 2 S 2
/0 lganN ‘ ; cne(nx)| < (logN) Z lenl”.

n=1

Here the e(nx) are orthonormal, but other families of functions for which we
have a Bessel-like or bilinear form inequality can be introduced. The bounds
obtained in this way are typically weaker than optimal by a factor of R?. See
([E37).

While (E.28) is interesting and useful, it does not reveal the potential of the
Rademacher—-Menchov device. We now consider an application in which the
power of the approach is fully realized.

Theorem E.7 (Montgomery & Vaughan, [1979) For Dirichlet characters y
modulo q, let M(y) = maxi<y<q |ZnN:1 )((n)’. Then

> M <k p(g)q".
XZX,,

for any positive real k.

Thus M(y) < ¢'/* for most y mod g, in the sense that if C is large, then
M(x) < Vq'/? with the exception of < ¢(g)/V?¥ characters y.

Proof By Holder’s inequality we see that the assertion becomes stronger as
k increases through real values. Hence it suffices to prove the assertion for a

now
cite

proper
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sequence of k tending to infinity. We consider integral & > 2. In the proof we
allow implicit constants to depend on k. We shall show that for ¢ > 1 we have

D M* < p(a)g". (E29)
X

To deduce the Theorem from this, let y be a character modulo ¢, let y*, modulo
r, be the primitive character that induces y, and let s = ¢/r. Then

D MO0 < Y (g Y Moo*

XEX) rld x modr
r>1
< > d(g/r)*rre(r) < g e(q) Y d(s)*/s*
rlq slq
< q"¢(q).

Let
.szf:{aZ_R : an,OSa<2R}

where R is an integer to be chosen later. For @ € & we write @ = Zle &27"
with &, = &.(a) =0or 1. Let v{ =0 and for r > 1 let

r—1

vy = v (a)=2" Z g2 ™.

m=1
Then v, < 2" and the interval (0, ] is a disjoint union of intervals (v,27", (v, +
&)27"] for 1 <r < R. Choose N = N(y) so that N < g and |ZnN:1)((n)| =
M(x). Then there is an @ = a(y) € o such that N < ag < N + g2~ %. Hence

M(y) < ’ > )((n)| +q2 R (E.30)
1<n<aq
We take R = | (log q)/(21og2)]. Thus to prove (E:29) it suffices to show that
* 2k .
Y x| <o E3D)
X I<n<aq

(where of course, @ = a(y), as above). By Holder’s inequality

| > [ - |i S x|

1<n<aq r=1v,27"g<n<(v,+&:)27"q
R R 2%k

< (ZriZk/(Zk*l))(Zer‘ Z )((n)| ) (E.32)
r=1 r=1 V2 Tg<n<(vy+&-)277gq

In our discussion of the Pélya—Vinogradov inequality in §9.4 (note, esp. pages
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309-311), we showed that if y is a primitive character modulo ¢, g > 1, then
for real u and v with u < v we have

S oxm=rn Y w64 g ogg).

2rih
ug<n<vq 0<|h|<H

Thus
Yo k< Y x(Wehv,/2)alh)
V2T g<n< (vet+er)27"q O<h<H
1/2 - r
+q' Y FWehv,/2)a(h)|
O<h<H
+1+gH 'logg
where
a(h) =a(h,r) = e(h/z% < min (277, h71). (E.33)
Thus by (E.32),
* 2k £ 2k Kk r 2k
DR G EEDY Zr | Y xthethv/2)a(h)
X nsaq x r=1 O<h<H

R

*
+Z Zer (1+ (qH "logg)™).
X =l

Here the second sum over y is

< (q)R**! (1+ (qu‘1 log q)Zk).

This is acceptable provided that H < ¢'/?(log ¢)>.

In order to obviate the dependence of v, on y, we sum over all possible v.
We make no further use of y being primitive, so we also permit y to run over
all characters modulo g. Therefore, to establish (E-31) it suffices to show that

Zﬁ‘fi} er) > )((h)e(hv2_r)a(h)|2k < ¢(q). (E.34)
x r=1 v=0 O<h<H

‘We now write

S xmew2Nam) = ) xmbn. (B39

O<h<H O<h<Hk

where by (E33),
b(h) = b (h;r,v) < dg(h)min (275", h71). (E.36)
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In Exercise 4.2.1.2 we used the orthogonality property (4.15) to show that

Z|ch)((n) = ¢(g) Z jel?

=1

(niq)=1
for arbitrary complex numbers c,,. Hence
M+N q 2
Z) S e =e@) Y | Y el
n=M+1 h 1 n=h (mod q)
(h.q)=1

SO

SIS xwwam|
X O<h<Hk

< () Z ( Z dy (h +mg) min (27 (h + mq)_l))z.

h=1 m=0

For m < g* we have dy(h +mgq) < g%. On considering separately the cases

m = 0 and m > 0 we obtain

Z) > X(h)b(h))2 < (,o(q)Zq:dk(h)zmin(Z_zkr,h_z)
X O<h<Hk h=1

+(g) Z (47 Z 1/m)

< <p(q)2‘k’rk Ty q

since
D di(5)* < x(log 20)F 1,

S<x

We have assumed that k£ > 2 and we have chosen R so that 28 < ¢'/2. Thus

the left hand side of is

x

r —kr k*- & &
< Y ()27 4 7)< plg) + 4*2R < p(g)

r=1

as required.

E.4.4 The Carleson-Hunt Theorem

The most memorable form of the theorem states that if p > 1 and f € LP(T),
then the Fourier series of f converges to f almost everywhere. However, this

check ex no.
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is in fact a corollary of a much more fundamental result, namely that if p > 1,
f € LP(T) and

K
> Fthyetin),
k=—K

s*(x) = sup
K2l

then

/T |s* (0| dx <, /T Lf (x)]? dx.

We note in particular that the case p = 2 implies that there is an absolute
constant Cy such that

v 2 N
/TILI}/ELXN|Zane(nx)| dx < CHZ|an|2 (E.37)
= sl n=1

for any choice of the complex numbers a,,. In Chapter [T9]this is used to derive
maximal versions of the large sieve.

E.4.5 Exercises

1. Let Ex(x) and sk (x) be defined as in and (E.I9). Suppose that p
and ¢ are real numbers with 1 < p < coand 1/p + 1/g = 1. Use Holder’s

inequality to show that
sk llze (1) < (og 2K) || fll1p (1)-

2. Suppose that y is a primitive character modulo g > 1. Then }'(-1) = 7(y),
so |¥(~1)| = ¢'/2.

(a) Let s(u) = X g<n<u X (n). By Riemann-Stieltjes integration by parts, or
otherwise, show that

~ 2ni (4
x(-1) = g/} s(u)e(u/q) du.
(b) Deduce that

1 q 1/2
—/ Is(u)| du > L—.
q Jo 271'

(c) Let M(y) be defined as in Theorem Conclude that M(y) >
q'/?/(2r) for all primitive characters modulo g.

3. Let f be an arithmetic function with period g.
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(a) Suppose that M and N are integers, with 0 < N < g. Explain why

M+N q M+N
D Fmelanfq) =Y F(k) D e(n(a+k)/q).
n=M+1 k=1 n=M+1

(b) Show that the above is

q
< > 1F )l min (N, 1/]l(a + k) /qll).
k=1

(c) Deduce that

M+N

q
max Z f(n)e(cm/q)|<<Z|f(k)|min (g.1/1l(a +k)/qll).
I=N<g n=M+l k=1
(E.38)
(d) Show that
M+N _
 [nax Z f(n)e(an/q)| < q(10g2q)mkaXIf(k)I~ (E.39)
1<N<gq n=M+1
1<a<q

Note that by taking M = 0, N = ¢, and a suitably, the left hand side can
be made as large as ¢ max | f(k)|, so the above is within a factor log 2¢
of being best possible.

(e) Show that

q M+N a

D, 1, | D rmetan/g)| < qllog29) )" 171 (E.40)
< k=1

1<M
a=1 1<N<q n=M+1

(f) Show that

q
D IF U min (g, 1/l (a +k)/qll)
k=1

q - /2
< (q1og29)( 1) P min (g 1/l (a + k) /gl )
k=1

(g) Deduce that

M+N

q
O max | D Fmetanjg)| < (g10g2g) Z|f(k>|2 (E41)

N;q n=M+1

Note that if M = 0 and N = g, then the left hand side is ¢ 3 | £ (k)|2,
so the upper bound is never larger than the truth by more than a factor
of (log2q)?.
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. Let 3 be a real number, and set f(x) = ||x|| =" (= log ||x]|)Z.
(a) Show that f € L'(T) if 8 < —1.
(b) Define M¢(x) as in (E.27). Show that if 8 # —1, then

M (x) =g llxlI ™" (= Tog llxID .

(¢) Conclude thatif =2 < 8 < —1, then f € L'(T), but that M, ¢ L'(T).

. For 0 < r < 1, the Poisson kernel is
P.(x) = Z rMle(kx) =1+2 Z rk cos 2mkx. (E.42)
k=—oc0 k=1
In this context, r — 1! corresponds to K — oo for a discretely indexed
kernel.

(a) Letr be fixed, 0 < r < 1. Show that the series defining P, is absolutely
and uniformly convergent, that P, (x) is a continuous function of x, and
that P, (k) = r'*! for all integers k.

(b) Show that

Pr() L=
x) = )
" 1 — 2r cos 2nx + r2
(c) Show that
1= 2
Pr(x)z 4

(1-r)2+4rsin®nx

(d) Show that )’ P, (x) dx = 1.
(e) Show that P, (x) > O for all x.
(f) Show thatif 1/2 < r < 1, then

1+r 1-r
Pr < i s 5 |
) mm(l_r sin27rx)
(g) Show that if f € L'(T), then

(f+P)(x) = > r¥F(ke(kx).
k=—co
(h) Show that if f is continuous and has period 1, then (f * P,.)(x) — f(x)
uniformly as r — 17.
(i) Show that for fixed r, the function P, (x) is decreasing for 0 < x < 1/2.
() Suppose that f € L'(T), and let M s be defined as in (E-27). Show that
[(Pr * f)(x)| < Ms(x) for all x.
(k) Show that if f € L"(T) with » > 1, then || sup, . [(P, * Ol (1) <
£ 1z (-
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6. (a) Show that

M+N 2 N-1 M+N
2|2 | <e@(14]|==]) X tenP
X n=M+1 4 n=M+1

(n,q)=1

where the y run over characters modulo g and the ¢, are arbitrary complex
numbers.

(b) Show that for any integers M, N > 1, g > 1, and complex numbers ¢,

S max
I<v<N
X

M+v M+N

2
> cax(m)| < (p(@)(logN)* + NlogN) D leul
M+1 n=M+1
(n.q)=1

E.5 Notes

added auto- Section[E.I] The notation e(x) was introduced by the Russian number theorist

crossref I. M. Vinogradov. It is particularly useful in analytic number theory where x is
often a complicated expression with superscripts and subscripts, which become
scriptscript size in e2** but are larger in e(x).

As the nineteenth century drew to a close, it was already clear that many
functions in L!(T) have Fourier series that fail to converge, and the prospects
for the future of Fourier analysis looked bleak. But there was a Hungarian teen-
ager, Lip6t Fejér, studying in Berlin, who submitted a manuscript in December,
1899. The Cesaro partial sums o (x) have all the lovely properties that one
wishes the unweighted partial sums sy (x) would have (but generally do not).
For example:

LIf f € L'(T), then || f (x) = on (f,x)|li = Oas N — co.
2.1f f € L(T), then on (f,x) — f(x) a.e. (a theorem of |Lebesgue1905).

Additional useful kernels were invented, and the entire subject was reborn.
See |Kahane| (1981)).
added  auto Section In the late 1930’s, Arne Beurling showed that if F € E%7,
cross; - check p(x) > sgn(x) for all real x, then

OK
/F(x) —sgn(x)dx > 1,
R

and that equality is attained only when F(z) = B(z) as defined in (E.5). He
also showed that if G € E,,, then

/|G(x) —sgn(x)| dx > 1/2
R
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with equality if and only if

_sin2nz - n 1 1
G(z) = . (10g4+n;w(—1) sgn(n)(;+22_n)).
This function gives a better approximation in the L' norm, but does not lend
itself to one-sided approximations. Beurling never published his work on this
subject, and thus Selberg rediscovered Beurling’s function B(z) in the early
1970’s; see |Selberg| (1991} p. 226). For full proofs of Beurling’s theorems see
Vaaler| (1985)).

Beurling’s work has since been extended to find optimal L' majorants and
minorants for various weights, often with applications to inequalities occurring
in analytic number theory. Let A be a positive real number, and put E (4, x) =
e forx > 0, and E(A,x) = 0 for x < 0.|Graham & Vaaler| (1981 found the
unique L' majorants and minorants (whose Fourier transforms are supported
on [—1,1]) for E(A,x), sgn(x)e !, and e~4*!, and derived a precise form
of the Wiener—lkehara tauberian theorem, which improves on a less precise
version of |Heilbronn & Landau| (1933alb)). [Holt & Vaaler| (1996)) generalized
Beurling’s analysis by finding bandlimited functions S* such that §™(x) <
sgn(x) < S*(x) and f_o;(SJ'(x) — 57 (x))|x|?**! dx is minimized. Here v is a
real parameter, v > —1. They also used de Brange’s theory of Hilbert spaces
of entire functions to construct approximations to the characteristic function
of a ball in Euclidean space. (Carneiro & Vaaler, 2010alb)) give best possible
bounds for some hermitian forms, and they determine the unique trigonometric
polynomial u (x) of degree N and period 1 such thatlog |e(x)—1| < uy (x) for
all x with fT up (x) dx as small as possible. The least such value is (log 2) /(N +
1). Suppose that F(z) is a monic polynomial of degree N whose roots lie
on the unit circle. Then max,;|; log |Fy(z)| is small if the roots of Fy are
approximately equally-spaced. An upper bound for this maximum is given with
sharp constants, in terms of the power sums of the zeros. This situation is
the harmonic conjugate of discrepancy as discussed in [F.2] Carneiro & Vaaler
(2010b) determine best possible L' (R) approximations to a wide class of even
functions by entire functions of exponential type. Corresponding results are
then derived for functions with period 1; in particular the best approximation
in L' (T) by a trigonometric polynomial of degree at most N to the function
log |1 — e(x)]. |Carneiro & Chandee| (2011) used extremal approximations to
refine work of Littlewood concerning the size of the zeta function, assuming
RH. |Chandee & Soundararajan| (2011) give an improved estimate for |£(1/2 +
it)| assuming RH. |Carneiro, Littmann, Vaaler| (2013)) find extremal functions
for majorizing, minorizing, and approximating the function o7 Ax by entire
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functions of exponential type, and provide numerous applications. |(Carneiro,
Chandee, Milinovich| (2015)) give two proofs that the estimate |S(¢)] < (1/4 +
o(1))(logt)/(loglogt) follows from RH. [Carneiro & Finder| (2015) extend
bounds for the zeta function to a wide class of L-functions, assuming the
relevant Riemann Hypothesis. [Carneiro, Chandee, Milinovich| (2015) give a
new and simple proof of the best known bound for |S(¢)| assuming RH, and give
generalizations to L-functions. |(Carneiro & Chirre (2018)) give sharp bounds
for S,,(¢) assuming RH.

Suppose that F. € L'(R) are functions such that F_(x) < x

-5.41

< F.(x) for all real x, and supp F. C [-6,6]. Then

max-[R)([_L/z’L/z](x)—F_(x)dsz—é_lf_(LcS),

min/RF+(x) ~X(_pjpp ) dx =L+ 57 £ (L6)

for some functions f. whose values we would like to know. Selberg’s con-
struction using Beurling’s function demonstrates that 0 < f_(x) < 1 and
0 < fi(x) <1 for all x, that they are both equal to 1 when x is a positive
integer, and that they are less than 1 when x is not an integer. Logan| (1977)
announced that he had identified the function f, but he never published his
proof. Donoho & Logan|(1992) settled the issue when O < Lé < 1; they showed
that

. 2 sinwLd\~!
max/R)([_L/z,L/z](x)dxzo, mm/RF+(x)dx—g(1+ _ ) .

Littmann| (2013) has identified the extremal F., and has shown that

/RF+(X) ~ F_(x) dx = %(1 +‘Z_Z;s )-1

when Lé > 1, but it seems to be difficult to derive useful formule for the f.
from his analysis.

Section|[E.4] The proof of the Hardy—Littlewood maximal inequality involves
considering the equidistributed rearrangement of a given function. While we
speak of the Hardy—Littlewood maximal inequality, in fact it is a family of
seven theorems, three for an interval [a, b], three for T, and one for the real
line. (Zygmund, |1968|, pp. 29-33) gives detailed proofs of all of them.

The Rademacher—Menchov device has its origins in Rademacher| (1922} and
Menchov| (1923). Theorem originates in Montgomery & Vaughan|(1979)
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where it is also shown that

for all real numbers k > 0.
The papers of (Carleson| (1966) and Hunt| (1068)) are quite difficult to read.
Lacey| (2004) has given a more accessible account of the I? case.
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Appendix F

Uniform Distribution

In this appendix we consider the uniform distribution of various quantities, the
simplest being that of a sequence of real numbers considered modulo 1. We
find that the distribution modulo 1 of a sequence {u, } can be described in terms
of the asymptotic size of the associated exponential sums Z,I:’:l e(ku,). Here
k runs over integral values, and e(6) = ¢>"%? is the complex exponential with
period 1. This motivates us to develop (in Chapter [I6) methods for estimating
exponential sums.

F.1 Uniform distribution (mod 1)

Let uy,us, ... be a sequence of real numbers, and for 0 < a < 1 let Z(N, a)
denote the number of n, 1 < n < N, such that 0 < u,, < @ (mod 1). We say
that the sequence {u, } is uniformly distributed (mod 1) if

1
lim —Z(N,a) = F.1
Jim ~Z(N.a)=a (E1)
for all @ € [0, 1]. To characterize uniformly distributed sequences we have
Theorem F.1 (Weyl’s Criterion) The following are equivalent:

(a) The sequence {uy} is uniformly distributed,
(b) For every integer k # 0,
| N
1\}13100 N Zl e(kuy) =0;
n=

(c) For each function f with period 1 that is properly Riemann-integrable on

369
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[0, 1],

1Y !
dm, 7 2 ) = /O Fx) dx. (F2)

Proof We note that (a) is equivalent to the assertion that (F.2)) holds whenever
f is the characteristic function y, of the interval I = [0, ] (mod 1) where
0 < a < 1. Similarly, (b) is equivalent to the assertion that (F.2) holds when
f(x) = e(kx) for all integers k (including k = 0, since (F2) holds trivially
when f = 1). Moreover, the relation (F.2)) is linear, so that if it holds for several
functions, then it holds for any linear combination of (finitely many of) them.
Hence (a) asserts that holds for step functions with period 1, and (b) asserts
that holds for trigonometric polynomials with period 1. We complete the
proof by showing that (c) = (b) = (a) = (c).

The implication (c) = (b) is trivial, since trigonometric polynomials are
Riemann-integrable.

To show that (b) implies (a), we appeal to Theorem Of course the
characteristic function of the arc [, 8] is not continuous, so we first construct
a continuous one-sided approximations to the characteristic function, whose
integrals are close to 8 — . Specifically, let L.(x) be the piecewise linear
function with period 1 whose graph has the vertices (0,1 + &), (o, 1 + &), (@ +
g,¢€),(1 —¢&,¢),(1,1 + ¢), and similarly let L_(x) be the piecewise linear
function with period 1 whose graph has the vertices (0, —¢), (g, 1-¢), (a—¢, 1—
€), (a,—¢), (1, —&). (We may suppose that 0 < @ < 1 and that ¢ is so small that
2e < @ < 1-2¢.) Then the L., are continuous, L_(x) +& < x,(x) < Ly(x)—&
for all x, and the L. are good approximations to y, in the L'-norm, since

/01 Li(x)dx =a +2¢. By Theoremthere exist trigonometric polynomials
T.(x) such that |L.(x) — T.(x)| < & for all x. Hence 7_(x) < x, (x) < T4 (x)

for all x, /01 T_(x)dx > a — 3e,and /01 T, (x) dx < a + 3¢. But then

N N
Z(N,@) = ) x, () < ) Tlun),
n=1 n=1

and by the hypothesis (b) we know that

N 1
.1
A}llnm I ;ﬂ(un) = ./o Ty (x) dx < a + 3¢,

so it follows that limsupy_,, Z(N, @)/N < @ + 3¢. By arguing similarly with
T_(x), we see that liminfy . Z(N,a)/N > a — 3¢. Since € may be taken
arbitrarily small, we have (a).

Finally we show that (a) implies (c); our method is the same as the one
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just completed. If f(x) is properly Riemann-integrable on [0, 1], then for any
& > 0 there exist step functions S.(x) such that S_(x) < f(x) < S;(x),
/01 f(x)=S_(x)dx < &,and fol S+(x) = f(x) dx < &. By proceeding as above,
but with y, replaced by f and T replaced by S.., we see that

N N
. 1 1
limsup ; flun) < Jim ; Sq(tty)

1 1
=‘/0 S+(x)dx<‘/0 f(x)dx +e,

and similarly for the lim inf. Hence we see that (a) implies (c), and the proof is
complete. O

When we consider a real number x (mod 1), or equivalently the fractional
part {x} of x, we are treating x as a representative of a member of the circle
group T = R/Z. Similarly, a function with period 1 may be thought of as
having domain T. Thus Weyl’s criterion can be considered to be a statement
concerning the distribution of points uy, us,...in T.

We find it fruitful to cast Weyl’s criterion in the language of measure theory.
We call a measure u on T a probability measure if both u(s§) > 0 for all
measureable sets & C T and also u(T) = 1. Let 6, the Dirac delta, denote the
probability measure that assigns unit mass to the point 0. Thus 6(&8) = 1 or
0 according as 0 € & or not. The measure ¢ and also Lebesgue measure A are
examples of probability measures on T. If uy, us, . . . is a sequence of points in
T, then for each N put

1 N
N () =+ >0~ uy). (E3)
n=1

Thus up is a probability measure that places mass 1/N at each of the points
ui,us, ..., un,and hence

1 N
[ =5 >,

In general, if i is a measure on T, then for integers k we define its Fourier
coefficient (k) to be

(k) =/Te(—kx) du. (F4)

Thus for the special measures uy we see that puy (k) = % ZnN=1 e(—kuy).
Hence Weyl’s criterion asserts that the following assertions are equivalent:
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(@ un([0,a]) > @as N — coforall @ € [0,1] (i.e., uy — A weakly);
(b) For each integer k # 0, iy (k) > 0as N — oo;
(c) If f is properly Riemann-integrable on T, then [H_ fduny — [11‘ fda as

N — oo,

Here the restriction to measures of the special shape (F3) may be dropped,
since it is easy to see that the proof of Theorem applies equally to any
sequence of probability measures yy, u, . . ..

As a first application of Weyl’s criterion we have

Theorem F.2 [f0 is irrational, then the numbers n6 are uniformly distributed
(mod 1).

We note that the converse of the above is obvious.

Proof From Lemma|[[6.4]we know that

N

. 1
Z e(na)| < min (N, —)
4 2llel

On taking a = k6 in the above, we see that

! i (knf) < !
— e(Kn .
N &~ |kO||N

Since @ is irrational, it follows that k6 is not an integer, so that the above
is < 1/N with an implicit constant that depends on k and on 6. Thus we
have Theorem [F.I[(b), and hence the sequence n6 is uniformly distributed (mod
1). m]

Suppose that 8 is irrational. Since the numbers nf are dense modulo 1, it
follows that they are dense. That is, for any real 8, and any € > 0, there exist n
(even infinitely many n) such that ||n6 + B|| < e.

F.1.1 Exercises

1. Suppose that {u,} is uniformly distributed (mod 1), and let ¢ be a real
number. Put v,, = u,, + c. Show that {v,,} is uniformly distributed.
2. (a) Suppose that f € L'(T). Show that for every & > 0 there is a trigono-
metric polynomial 7'(x) such that fﬂ. | f(x) =T(x)|dx < &.
(b) Suppose that f is real valued, has period 1, and that for every € > 0
there exist trigonometric polynomials 7, and 7- such that 7_(x) <
f(x) < Tu(x) for all x and [ Ty (x) — T_(x) dx < &. Show that f is
Riemann-integrable on [0, 1].
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3. Suppose that f has period 1 and that limy ¢ % Zﬁ:’zl f (uy,) exists whenever
{u,,} is uniformly distributed. Show that f is properly Riemann-integrable.
4. (a) Show that

1 e—ell?
limsup —card{n: 1 <n < N, {logn} € [0,1/2]} =
N —>c0 N -1
(b) Show that
el2 -1

o1
— 1 <n< =
lgn;ngcard{n 1 <n < N,{logn} € [0,1/2]} Py

(c) Show that

N 2rik
1 N log N
— E k1 = — 0( k| +1 )
anle( ogn) 2mik + 1 +O((kI+ 1) N

(d) Show that the sequence {logn} is not uniformly distributed
(mod 1).

5. Suppose that {u, } is a sequence such that lim,,,c Un+1 — U, = @. Show that
if « is irrational, then {u, } is uniformly distributed (mod 1).

6. Let I and 7 be arcs of T, and suppose that « is an irrational number. Put
u, = na. Show that for each nonnegative integer m the limit

1
dy = Igii)nwﬁcard{n €[1,N]:u,€l, up_,,, € £}
exists. Prove that

1
lim > dn = 1111.71.

F.2 Quantitative estimates

Suppose that a sequence {u,} is given, and let Z(N, @) be defined as in the
preceding section. For 0 < a < 1 put

D(N,a) = Z(N,a) — Na.
The discrepancy of the sequence {u, } is the quantity

D*(N) = sup |D(N,a)l.

0<ac<l

As a companion to (a)—(c) of Theorem consider the assertion

(d) D*(N) =0(N)as N — oo.
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On one hand, this is equivalent to asserting that (F:I) holds uniformly in a.
Hence (d) implies part (a) of Theorem To establish the converse, we first
observe that D(N, @) has a sort of one-sided Lipschitz property: If 0 < a <
B <1, then

D(N,B) - D(N;a) 2 -N(B - a)

because Z(N, @) is an increasing function of a. Hence if |D* (N, m/M)| < eN
form=0,1,2,...,M, then |D(N,a)| < (¢+1/M)N for all @ € [0, 1]. Thus
we see that if holds everywhere pointwise, then it holds uniformly, and
hence the assertion (d) above is equivalent to the assertions of Theorem [F.1

Since the discrepancy of a sequence provides a measure of the rate at which
the limit is attained, it is reasonable to ask for quantitative connections
between the size of the discrepancy and of the exponential sums considered in
part (b) of Theorem Such links can be established in both directions, but
since we shall shortly be developing methods for estimating exponential sums,
the most useful tool is a bound for the discrepancy in terms of exponential
sums.

Theorem F.3 (The Erd8s—Turédn inequality) Lefuy,us,...,un be N numbers
inT, let I = [a, B] be an arbitrary arc of T of length B — « < 1, and let K be
an arbitrary positive integer. Then

K

N I
|card{n & [LN] :uy € I} = (B~ a)N| < +3;E

N

2, elhkun)

n=1

By taking @ = 0 and allowing S to vary, we may make the left hand side
above as close as we like to D*(N), and hence this inequality provides the
desired bound for the discrepancy.

Proof We proceed in the same manner as in the proof of Theorem but
now we employ quantitative one-sided trigonometric approximations to x,
that are sharp in the L'-norm. Specifically, suppose that 7_(x) is chosen as in
Theorem [E.4l Then

N N
card{n € [1,N] :u, € I} = ZXI(”") > ZT_(un)
n=1 n=1

K _ N
= Z T_(k)Ze(kun).
k=-K n=1

By Theorem b) we know that 7_ (0) =B —a—-1/(K +1). To estimate the
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Fourier coeflicients f_(k) for k # 0, we recall that if f is in ! (T), then

7wl =] [ rmero ] < [1rlds=1s.

Since
7,0) = e(k(a+ )/2) B2 (k #0).
by taking f = x, — T— we see by Theorem b) that
e(- k(a+ﬁ)/2)w—f_(k)|s (k #0),
and hence that
7 (k)] < Kil +]S“‘”k(ﬂ "‘)] (k £0).

Thus

card{n € [I,N] :u, €I} > (B—a)N — %

K
—2;(1(1_1 )smnk(ﬁ a/) ‘Z (kuy)|.

But |sinu| < 1 and Z(ﬁ + #) < 2(% + 3Lk) < 3/k, so this gives the desired
lower bound. The corresponding upper bound is proved similarly, using the
T, (x) from Theorem O

(F.5)

The Erd&s—Turédn inequality provides a good estimate for the discrepancy in
terms of exponential sums, but for short intervals we can do better.

Theorem F.4 Let uy,u,,...,un be given, and suppose that K is an integer

such that
Z e (kuy)

Then any arc I = [a,B] of T of length B — a > 3/(K + 1) contains at least
%(ﬁ — a)N of the points u,,.

K

2

k=

< N/8.

Proof Since |sinu| < |ul, the lower bound in (E3)) is

1 3 K | N
> (B-a)N =3 (B-=a)N=3(B=a) )| > elhuy)|.
=1

k=1"'n

which gives the result. O
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F.2.1 Exercises

1. Let o« be a dense subset of [0, 1], and suppose that a sequence {u,,} is given.
Show that if the relation (EI)) holds for all @ € o/, then (EI)) holds for all «,
and hence {u, } is uniformly distributed (mod 1).

2. Let p be an odd prime, and put u,, = n*/p for 1 < n < p.

(a) Show that

L p ifk=0 (mod p),
Ze(kun) = )
] \Vp ifk#0 (mod p).

(b) Show that D*(p) < p'/?log p.
(c) This is a special case of what familiar inequality?

3. (a) Show that D*(N) > 1/2 for any sequence {u,} and any N > 1.

(b) Show that if N points uy, us,...,uy are equally spaced (mod 1), then
D*(N) < 1.

4. (a)Letuy,uy,...,upr and vy, va, ..., vy be two sequences with discrepan-
cies D*(M;u) and D*(N;v), respectively. Let wi, wa,...,wyn be the
concatenation of these two sequences (i.e., W, = u,, for 1 < m < M,
Wagen = vy for 1 < n < N), and let D*(M + N; w) be its discrepancy. Show
that D*(M + N;w) < D*(M;u) + D*(N;v).

(b) Show that if ||u, —v,|| < 6 for all n, then |[D*(N;u) — D*(N;v)| < 6N
forall N > 1.

(c) Suppose that u, = nf+ . Show thatif |0 —a/q| < A/q*>and (a,q) = 1,
then D*(q) < A+ 1.

(d) In the remaining parts of this exercise, let § denote the ‘golden ratio’,
6 = (1+V5)/2, and let F, denote the 2™ Fibonacci number. Show that
Fpf = Fyy1 + (=1)"167". Deduce that | — Fy41/Fp| < F} %

(e) Show also that (Fy,, Fjq) = 1.

(f) Deduce that if N = Fj, for some h and if uj,us,...,uy are any N
consecutive members of the sequence {nd}, then D*(N) < 2.

(g) Show that any positive integer N may be written in the form N =
Fp, + Fpy +---+ Fp, where by > hy > -+ > hpg.

(h) Show that if u,, = n@ where 6 is the golden ratio, then D*(N) < log N.

(i) Show that
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(j) Deduce that

L
= (logK)>.
;knkeu &

(k) Conclude that the Erd6s—Turdn inequality gives a bound weaker than in
(h), namely D*(N) < (log N)2.

5. Suppose that a sequence {u,,} is given, and let

D(N)= sup |card{ne[l,N]:a <u, <B (mod 1)} - (8- a)N|.

0<a<p<l

(a) Show that D(N) = supy<,<; D(N, @) —info<q<i D(N, @).
(b) Show that D*(N) < D(N) < 2D*(N).
(¢) Suppose that v,, = u,, + ¢ for all n. Show that D(N;u) = D(N;v).

6. Let 1 denote a probability measure on T. Show that if I = [«, 8] is an arc
of T, 0 < B — a < 1, then for any positive integer K

Il
k(e B) = (B- o)l < +3;;m<k>|

where [(k) is defined as in (F4).

In the next exercise we establish a quantitative version of the implication (d)
= (c) for a restricted — but important — class of functions.

7. Suppose that {u, } is a given sequence, and that f has bounded variation on
T. Show that

< D*(N) Varr(f).

N 1
;f(un) - /O ) dr

(Careful! The Riemann—Stieltjes integral / f(a) dD(N, @) does not exist if
f is has a jump discontinuity at any of the points u,,.)

Next we establish a quantitative version of the implication (d) = (b).

8. Let {u, } be a given sequence.
(a) Show that if k # 0, then
N

1
Ze(kun) = —27rik/ D(N,a)e(ka) da.
0

n=1
(b) Show that if k # 0, then
N

D elkun)

n=1

< 27k|D*(N).
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(c) Now show that the constant 27 in the above can be improved: Write
N e(kuyn) = pe(8) in polar coordinates, so that p = |Z,,N:1 e(kuy)| =

n=1

ZnN:1 cos 2r(ku, — ). Show that

N

2 elku)

n=1

1
= 27rk/ D(N,a)sin2n(ka — 0) da < 4|k|D*(N).
0

(d) Construct examples to show that the inequality above would be false if
the constant 4 were replaced by a number < 4. Suggestion: Consider
sequences of N terms where N is even, N > 4,1 < k < N/2, ¢
is sufficiently small, and the sequence starts with k repetitions of &,
followed by %, %,..., %—%,%+%,%+%,...,NT_2,NT_1,andthen
k entries of 1 — €.

9. (a) Suppose that the points u,, are distinct from 0 (mod 1) and from « (mod
1). Show that
N

D(N,@) = ) s(utn = @) = s(uy)

n=1

where s(x) is the ‘sawtooth function’ as in Lemma D.1, namely

. {{x}— 12 (x¢72), F6)

0 (x € 2).

(b) Show that

1 N 1
/0 D(N,a)da = ; 5~ {un}.

(c) By using Lemma D.1, or otherwise, show that if « is distinct (mod 1)
from the points u,,, then

1
D(N,a) = (25—{un})
n=1
N

o dm S (S etkun)etka

0<|k|<K © n=1
(d) Deduce that

! s 1 S R |
/ D(N,G,’) d(}’:(;z—{un}) +ﬁ;ﬁ

N

D elkun)

n=1

2

0



F.2 Quantitative estimates 379

10. (a) Suppose that ¢ is given. Show that if @ and @ + § are both distinct from
the u;,, (mod 1), then

D(N,a+6)—-D(N,a)
N

= im 3 l(Z (~kuun)) (e (ko) ~ De(ka).

2ni K
I S

b

(b) Deduce that
N

2 elku)

n=1

2

sin ok )2

1
_ 2 00
‘/0 (D(N,a+06) - D(N,a)) da Z(

k#0
(c) Show that

K | N 2
Z Ze(kun) < 272K2D*(N)2.
k=1"n=1
11. (a) Show that
Ik N 2 N N
Z (1—?) Ze(kun) = ZZAK(um—un) > NK
|k|<K n=1 m=1 n=1
where Ak (@) is Fejér’s kernel,
|k| 1 sinntKa\2
et~ 5 (1- Bk - L3225
k(@) Z ! K e(ka) K\ sinma
|k|<K
(b) Show that
N
1/2
1532)2(N ;e(ku”) > (N/2)"~.

12. Suppose that 0 < u; <up <...<uy =1,and puté, = u, —n/N.
(a) Show that

max D(N,a) =-N min §,.
0<a<l 1<n<N

(b) Show that

inf D(N,a)=-1- max 6.
<a<l 1<n<N

(c) Show that

1 N un
/ D(N,a)zda=2/ (n—-1-Na)?da
0 n=] YUn-1

where ug = 0.
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(d) Deduce that

ul 1! 1! 1
Zéﬁ:—‘/ D(N,a)zda+—/ D(N,a)da + —.
N Jo N Jo 6N

n=1

(e) Show thatif N > 1, then

N N
e(u) = Y (€(6,) = e(n/N).
n=1 n=1
(f) Deduce that
N N
Z e(up)| < 271'2 |67 ]
n=1 n=1

13. Take the u,, to be the Farey fractionsa/q € [0, 1) of order Q. Thus (a, g¢) =1,
g <Q,and

< 3
N=N@©Q) =) ¢lg)~ 50"

q=1

(a) By considering the contribution of the interval [1 — 1/Q, 1), show that

1 ) N2
L D(N,a/) dQZ@XQ.

(b) Use properties of Ramanujan’s sum c, (k) (as defined in §4.1) to show
that

Mo

q
> elak/q) =) dM(Q/d)

1 a=l d|k
(a,q)=1

Q
Il

where M(x) = )<, #(n) is the summatory function of the Mobius
function.

(c) Show that D*(N) = o(N) as N — oo.

(d) Show that for every Q > 1,

: M(Q)®
/OD(N,a)Zdaz PR

(e) Show thatif Q > 1, then
1
/ D(N, ) da

0
=t 2 ([Ta-p2)( 3 Smesesn).

r<Q plr s<Q/r
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(f) (Franel 1924) Show that the Riemann Hypothesis is equivalent to the
assertion that

1
/ D(N,a)? da <, Q'*®
0

for every € > 0.
(g) (Franel, |1924)) Let the numbers J,, be defined as in Exercise 12}
Show that the Riemann Hypothesis is equivalent to the estimate

N
Z 62 <, Q71+
n=1

(h) (Landau 1924) Show that the Riemann Hypothesis is equivalent to the
estimate

N
D 16al < Q11242
n=1

Let b be an integer > 1, and suppose that the representation of x in base b
isx = 0.ayaza;3 ... where 0 < a,, < b for all n. Suppose that c1,c2,...,ck
are integers such that 0 < ¢ < b for all k. We say that x is normal base b if

.1 1
A}linooﬁcard{n e[LN]tapk=cx (1 <k <K)} = a3
for each K > 1 and each of the X admissible choices of the cy.
(a) Show that x is normal base b if and only if the sequence {xb"} is
uniformly distributed (mod 1).
(b) Show that the numbers normal to base b form a set of first Baire category
(i.e., the set can be expressed as a countable union of nowhere dense

sets).
1
/

(c) Show that
. : N
(d) Let D*(N;u,) denote the discrepancy of the sequence {xb"},",. Show
that

N

Z e(xb™)

n=1

2
dx=N.

1

/ D*(N;uy)dx < N'?1ogN.

0

(e) Show that almost all real numbers x are normal base b, in the sense of
Lebesgue measure theory. This is interesting, since as a set of first Baire
category one might expect it to be small.

made proper
cite
check ex no

add autocite
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15. Grossencharaktere for Q(V-1), continued from Exercise 11.3.14. Show check ex no
that the number of pairs (a, b) of integers such that a® + b> < x, a*> + b? is
prime, and 0 < arg(a +ib) < 0 is

2?0 li(x) + O (x exp(—c+/logx))

uniformly for 0 < 0 < 2.

F.3 Kronecker’s Theorem

We now generalize Theorem[F.2]to m dimensions: We describe the distribution
of the points ({gr1},{gqr2}....,{grm}) in [0, 1)™. Since it is a nuisance to
have to take the fractional part of real numbers, we simply consider p, =
(gri,qra, ..., qry) modulo Z™, or, equivalently, we consider p 4 to represent
a member of the m-dimensional circle group T = (R/Z)™.
Forl <i <mletl; = [a;,B;] be an arc of T with 0 < B; —a; < 1, so
that B = I} X I X --- X I;; is a box in T". In the same way that we write a
Cartesian, as sum or product of numbers as 3" | a; or [[;, a;, we may sometimes write a
clsewhere Cartesian product of a sequence of sets as X!, S;. Thus & = X!, I;. For a
given sequence u 1, Uy, . . . of points in T™, let

Z(N,RB) =card{n € [I,N] : u, € $B}
and set
D(N. %) =Z(N.%B) - N [ | (Bi - as).
i=1

We say that the points u,, are uniformly distributed in T if D(N, 3B) = o(N)
as N — oo for every such box 9% C T". This is all in parallel with our treatment
of the case m = 1, and we can also define a discrepancy function,

D(N) = sup |[D(N,%)|
BCTm

where the supremum is over all boxes as described above. Weyl’s criterion
extends to this situation in an obvious manner:

Theorem F.5 Let uy,u,, ... be a given sequence of points in T™. Then the
following assertions are equivalent:

(a) The sequence {u,} is uniformly distributed in T™;
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(b) If k is a non-zero lattice point (i.e., k € Z™, k # 0), then

N

Ze(k-un):o(N) (N — o);

n=1

(¢) If f is properly Riemann-integrable on T™, then

ol
i st = [ oy
(d) D(N)=0(N)as N — oo.

Proof The arguments of §F.T|carry over to the present context without change,
except for the issue of constructing trigonometric majorants and minorants in
several dimensions. We consider the majorants first. For 1 < i < m suppose

that 7;(x) is a trigonometric polynomial such that y, (x) < T;(x) for all x, and

that 01 T;(x) dx < B; — a; + &. If we set

T.(x) = [ | Titx),
i=1

then y , (x) < T4 (x) and

/ T.(x)dx < lﬂl(ﬂi —a;+&) <vol(B)+ ((1+&)™ - 1).
Tm ]

i=1

This suffices as a majorant. As for minorants, we observe that /; and its com-
plement /7 partition T into two subsets. Hence the Cartesian products of the
I; and their complements partition T™ into 2™ boxes, say B, HBs, ..., Bom
where we take B = %. Thus

om

ngk(x) =1.
k=1

If ¥ (x) < Tic(x) for all x and Jom Ti(x) dx < vol(9By) + &, then

2m 2m
Xog®) = 1= xg(®) 2 1= ) Ti(x) =T-(x),
k=2 k=2

say, and [rm T_(x)dx > vol(%) — (2™ - 1)e. This suffices to construct the
required trigonometric minorant. O

We consider several forms of Kronecker’s theorem, the simplest being a
natural extension of Theorem[E2]
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Theorem F.6 Letry,ro, ..., 1y be real numbers. If the points

pq = (qu»qu,u-»qrm)
are dense in T, then 1,r1,12, ...,y are linearly independent over Q. Con-

versely, if 1,r1,ra, ...,y are linearly independent over Q, then the points p,
are not only dense in T" but are uniformly distributed in T™.

Proof We first show that if the numbers 1,71, ..., r, are linearly dependent,
then the points p , are not dense. Suppose that

uo+uiry +ugry 4+ Uty =0

where the u; are integers, not all 0. Clearly at least one of uj,us, ..., u, is
non-zero; without loss of generality, we may suppose that u,, # 0. If ||gr;|| < &
for 1 <i < m, then
m—1 m—1 m—1 m—1
lmarnll =|| Y wiard| < 3 lwigrill < " Willlarill < & Y luil.
i=1 i=1 i=1 i=1
Suppose that & is so small that this last quantity above is < |Su,,|~!. Then the

box
1

L” <
2up " " Sl

beill < & lbeall < & ] < 2 i =

contains no point p,, so the p, are not dense.
Suppose now that 1,7y, ra,. .., 7, are linearly independent over Q. Hence if
k €Z™ k # 0, then k - r is not an integer. Consequently by (16.4) it follows

that
o o
Dletk-py)|=|> elgk-r)

q=1 q=1

1
<———=0(])
2|k - r|

where the implicit constant depends on k and on r. This is 0(Q) as Q — oo,
so condition (b) of Theorem E] is satisfied, and hence the p, are uniformly
distributed in T"". |

Let x1,x», ... be a sequence of points in T". We may define a probability
measure uy by placing a mass 1/N at each of the points x,, for 1 < n < N,
and put

(k) = k-x)du(x) = 1 3 k F.7

i) = [ elokox o) =y ek ED
Then Theoremcould be formulated in terms of the uy, and indeed both the
theorem and its proof apply equally to any sequence of probability measures.
That is, the following assertions are equivalent:
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(a) If B = X, I; is a box in T™, then limy 0 iy (B) = vol B;

(b) If k € Z™, k # 0, then limy o, iy (k) = 0;
(c) If f is properly Riemann-integrable on T™, then

lim. /T @) du(x) = /T s

(d) limpy o0 SUpg |un (AB) —vol B| = 0 where the supremum is over all boxes
B = X:il I; ¢ T™.

In particular, if p(t) is the position vector of a continuous curve in T, then
we can define a probability measure

ur($8) = %meas{t € [0,T]: p(t) € S}.

Thus if f is Riemann-integrable over T™, then

T
[ r@aae=1 [ roma,

and hence we see that the curve p(¢) is uniformly distributed in T™ if and only
if

T
./0 e(k-p(@))dt=o(T) (T — o)

for every non-zero lattice point k € Z™. A situation of this kind arises in our
second formulation of Kronecker’s theorem.

Theorem F.7 Suppose that r,r, ..., 1, are real numbers and let
p(t) = (try,trp, ... try) € T"

where t is a real parameter. If the set P = {p(t) : t € R} is dense in T™, then
r1,72, ..., m are linearly independent over Q. Conversely, if ri,r2, ... ,m are
linearly independent over Q, then &P is not only dense in T" but also uniformly
distributed in the sense that

lim sup %meas{t € [0,T] : p(t) € B} —VOIQS” =0
17

T—o
where the supremum is taken over all boxes B = X2 I; C T™.

It is easy to demonstrate by elementary reasoning that Theorems and
are equivalent (see Exercise 1 below). Thus it is possible to present The-
orem[F.7]as a consequence of Theorem[F.6] but we find it instructive to derive
it independently.
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Proof Suppose that the r; are linearly dependent, say u - r = O where u € Z™
and u,, > 0. Hence if p = tr (mod Z™) for some ¢, then u - p = 0. Let %
denote the box of points x for which |x;| < efor 1 <i <, and |x,;, — 1/ (2u,,)| <
1/(5u,,). If x € &, then

m—1

1 m—1
lu-x —1/2] < |lumxm —1/2] + ; loix;| < §+8; lu;].

Fix £ > 0 so that the last term above is < 1/5. Thenu - x > 1/10,sou -x # 0.
Thus 98 contains no point of the curve tr, and so the curve is not dense in T™.

Now suppose that the r; are linearly independent over Q. On defining the
measure u7 as above, we see that if k € Z™, k # 0, then

N 1T 1 1—e(-k-Tr)
k)= —k-tr)ydt=— - —————= -0
#r (k) TA elk-mydi= — T
as T — oo. Hence the curve 76 is uniformly distributed in T™. O

Theorem provides useful information concerning the values taken by
exponential polynomials, as follows.

Corollary F.8 Suppose that f(t) = Zle are(A,t) where the A, are real
numbers. Suppose also that |ay| > |az| = -+ > |ag]|. If |a1| < Zf;z la,|, then
the values of f(t) for t € R lie in the disk |z| < Zle la,|. If |ay| > Zfzz la,|,
then the values of f (t) lie in the annulus |a; |—Zf:2 lar] < |z] < |aq |+Zf=2 la,].
If the A, are linearly independent over Q, then the values of f(t) are dense in
this disk ©r annulus).

Proof 1tis clear that the disk (or annulus) described is the set of points z that
can be written in the form z = Zle are(a,). If the A, are linearly independent
over Q, then for any & > 0 there exist real numbers ¢ such that ||4,7 — ;| < &
and hence |f(t) — z| < Ce whereC:Zan:l la,|. O

We have found that if the numbers r; are linearly independent over Q, then
the curve tr in T™ passes through any given box 98 infinitely many times. But
we can actually prove a little more, namely that the gaps between returns to
3B are uniformly bounded. This is critical to our discussion of almost-periodic
functions in the next section.

Corollary F.9 Suppose that the real numbers r,r, ..., ry are linearly in-
dependent over Q, and let € > 0 be given. Then there is a number H > 0,
depending only on & and the numbers ri,ry, ..., m, such that for any real
number T and any @ € T™ there is a real numbert, T <t < T + H, such that
l|tri —a]|| < eforl <i<m.
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In order to clarify the relation of this new result to our earlier ones, we
provide two proofs.

First Proof By Theorem|[F.7|we know that if H is sufficiently large, then
1
|E meas{t € [0,H] : tr € B} — vol B| < g™

for all boxes & in T™. Thus if vol B > &™, then thereisat, 0 <t < H, such
that tr € AB. Let By = [—¢, €]™; this is a box centred at 0 whose volume is
(2e)™ > &™. Then ¢ + A is a box of the same size, centred at ¢. By taking
B = ¢ + %By, we see that for every ¢ there is a 1, 0 < r < H such that
tr € ¢ + By, which is to say that ||tr; — c;|| < € for all i. Now take ¢; = a; —T'r;.
Then ||(t +T)r); — ;|| < eforalli,andT <T+t <T+H. O

Second Proof Let By = [—¢&, €]™ be a small box in T centred at 0, and let
T_(x) be a trigonometric polynomial in m variables such that

T-(%) < g, (%)

for all x, and

/ T_(x)dx > 0.
']I‘m

Then
T+H

T+H
/ X%O(tr —a)dt > / T_(tr —a)dt
T

T

- T+H
= ZT_(k)e(—k-a)/ e(tk - r)dt.
& T
Now if 6 # 0, then

T+H
/ e(10) dt' =
T

By hypothesis the r; are linearly independent over Q, which is to say that
k-r#0whenk € Z™, k # 0. Hence

T+H R A_ .
/T X%(tr—a)dtzT_(o)H_ZlnT (.)I.

k#0

e((T+H)0) - e(TH)‘ 3 )sinnHe‘ < 1
27if e 1T e’

Here the sum has finitely many summands because 7- is a trigonometric
polynomial. Since T (0) > 0, we see that if H is large enough, then the right
hand side above is positive, and so there is a t, T < t < T + H, such that
||tri —a;]| <eforl <i<m. o
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In the proof of Theorem|F.5] we constructed our minorant by rather inefficient
means, which would be quantitatively inferior in higher dimensions. When
quantitative precision is desired, the following construction may be useful.

let B be their Cartesian product. Suppose that S; (x) < x, (x) < S} (x) are
respectively minorants and majorants of the characteristic function of I;. Set

Theorem F.10 For 1 < i < m, let I; be intervals of R or arcs of T, and

x =(x1,x2,...,%n). Then
sT@) = [ st - D (st -s7e) [ ] s
i=1 i=1 1<j<m

J#i
is a minorant of the characteristic function of A.

Proof  Suppose first that there is a k such that §; (xx) < 0. Then

sT@) < [[stea) = (St -sin) [ St
i=1 lﬁjj;'im
Seo) [ St
lsjj;'im

<0

since the first factor is < 0 and all factors in the product are > 0. If x ¢ 93, then
there is a k such that xx ¢ I, so S; (xx) < 0, and hence $™ (x) < 0.

Suppose now that S (x;) > 0 for all i. Hence x; € [; for all i, so x € B. By
induction on m we show that in this case,

s(x) < [ ]S (E.8)
i=1
This is obvious when m = 1. We observe that
S) = ST [ [STea) = D0 (ST =57 a) [ [ S5,
i=2 i=2 j=1

J#

Since i > 2 in the second term, the factor ST (x1) always occurs in the second
product. If we replace ST (x1) by S} (x1), then the product is made smaller, and
the overall contribution larger. Hence the above is

< s;(m(]ﬂ[s:(xi) - i(S;'(xi)—Si_(xi))ﬁS;(xj)).
=2 =2 j=2

J#i
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By the inductive hypothesis, the quantity inside the large parentheses is

< ﬁ S; (xi),
i=2

so we have (E8). Since 0 < S7 (x;) < 1 for all , it follows from (E8) that
S7(x) < 1 = x,(x) so the proof is complete. O

F.3.1 Exercises

1. (a) Apply Theoremto the m+1 numbers 1, rq, ..., r,,. Deduce that there
exist real numbers ¢ such that ||t — co|| < &, ||tri —c¢i]| < eforl <i < m.
Take co = 0, and hence deduce that ¢ is near some integer, say g. Show that
the numbers ||gr; — ¢;|| are small, and hence deduce Theorem [F.6

(b) Suppose that r1,...,r, are given linearly independent numbers, and
choose a to be linearly independent of them. Thus 1, r /@, 12/, . . .,/ @
are linearly independent over Q. Apply Theorem to obtain The-
orem[F7|with 7 = g/a.

2. Extend Theorem|[F.6]to allow for the possibility of linear dependances among
1 and the r;, as follows: Let r,rp,...,r, and a1, ay, . . ., a,, be real num-
bers. Show that the following two assertions are equivalent:

(a) For every € > O there is an integer ¢ such that ||gr; — a;|| < & for
i=1,2,...,m.

m

(b) Letuy,us, ..., un beintegers. If 337" u;r; € Z, then 2.7 u;a; € Z.
3. Extend Theorem|[F.7]to allow for the possibility of linear dependances among

the r;, as follows: Let ry,r>,...,r, and @y, a, ..., @, be real numbers.
Show that the following two

(a) For every € > 0 there exists a real number ¢ such that ||tr; — o;|| < € for
i=1,2,...,m.
(b) If uy,us,...,u, are integers such that Z;’il u;r; = 0, then

m

Z uja; € Z.

i=1
4. Explain how we know that the numbers log p are linearly independent over
the field of rational numbers.
5.Let f(t) = Zle a, cos(A,t + 6,) where the a,, the A, and the 6, are

real numbers. Show that if the A, are linearly independent over Q, then
(-A,A) Crange f C [-A, A] where A = 3R |a,|.
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6. (Selberg) In this exercise we develop an alternative to the construction of proper
Theorem We suppose that 0 < A;(x) < 1 for all x, that P;(x) > 0 for Y&’

all x, and that A;(x) — P;(x) < 0 when x ¢ I;. (We think of A; as being an
approximation to the characteristic function of I;, and of P;(x) as a peak
function that compensates for the error in this approximation.) Put

§™(x) = ]ﬂ[A,«xi) - in(xi) [ 4.
i=1 i=1

1<j<m
J#i
(a) Show that S~ (x) < 1 for all x.
(b) Suppose that xj ¢ I. Show that

S7(x) < r[Ai(xi) - Pr(x) l_l Aj(xj)
i=1 1<j<m
J#k

= (Ak(xx) = Pr(xx)) ]_[ Aj(xj) 0.
1<j<m
j#k
(¢) Conclude that S~ (x) minorizes the characteristic function of the box
«% = XZLI Ik.

F.4 Almost periodicity

The definition of almost periodicity is governed by our desire to characterize
those functions f(x) of a real variable that can be uniformly approximated by
exponential polynomials, i.e., by finite sums of the form

M
P(x) = Z ame(Amx). (F.9)
m=1
To this end we call ¢ an & almost-period if |f(x +t) — f(x)| < & for all real
x. The appropriate definition of almost periodicity is a little elusive because
the mere existence of large almost-periods does not ensure that f(x) can be
uniformly approximated by exponential polynomials. The little bit more that is
required is suggested by Corollary [F.9]

Definition F.1 Suppose that f(x) is a continuous function of a real variable.
Then f(x) is almost periodic if for every € > 0 there exists a number H
(depending on f and &) such that every interval [T,T + H] contains an &
almost-period of f.

cite?
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We use Corollary [F.9] to show that an exponential polynomial of the form
(F9) is almost periodic.

Theorem F.11 Let P(x) be defined as in (E9). Then P(x) is an almost-
periodic function.

Proof Letty,T1],...,7g be a maximal linearly independent subset of the A,,,.
Thus there is an M X R matrix A with rational elements such that A = Ar.
Let g be the least common denominator of the elements of A. Put B = ¢gA,
0= Cli‘r. Then the 6, are linearly independent over Q, and A4 = B@, which is to
say that each 4, is an integral linear combination of the 6,.. That is, there is a
trigonometric polynomial

T(x) = Zc(k)e(k - X)
k

in R variables such that P(x) = T(x8). By Corollary [F.9 we know that for any
€ > 0 there is an H such that for any 7 thereisat, T <t < T + H, such that
|£6,]| < €. Then

[P(x+1) —P(x)|=|T((x+1)8) — T(x6)|

Z c(k)e(k - x0)(e(k - 1) — 1)’

k
R
<2r ) le(k)| [k - 16]] < 272 " [e (k)] > lk/|
k k r=1
=Ceg,
say. Thus ¢ is a Ce almost period of P. O

F.4.1 Exercises

1. Show that if f(x) is almost periodic, then f(x) is uniformly bounded.

2. (Bohl,|1906) Suppose that fi(x), f2(x), ..., fr(x) are periodic continuous made proper
functions. Show that f;(x) + f>(x) + - - - + fr(x) is almost-periodic. autocite

3. Let f(x) = Xor_; ame(Amx) where 3 |am,| < oo and the A, are distinct
real numbers.

(a) Show that f(x) is almost-periodic.
(b) Show that

1 r if A = A,,, for some m,
lim — / f(x)e(=Ax) dx = m m "
T—o T Jo 0 otherwise.
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(c) Show that
lim l‘/TIf()c)|2a')c: OOE lam|?
T—oo T 0 o mi-

4. Let a(s) = X" amn~* be a Dirichlet series with abscissa of absolute
convergence 0. Let o be fixed, oo > o, and put f(¢) = a(o +it).

(a) Show that the preceding exercise applies to f(t).
(b) Show that Z(f) = {7~ logn : a, # 0}.

5. (a) Suppose that f is an almost-periodic function, and that there isa 6 > 0
such that |f(x)| > ¢ for all real x. Show that 1/f(x) ia an almost-periodic
function.

(b) Let py, pa, ... denote the prime numbers in increasing order. Put

0 —it

NP
f6) = Z r(r+1)°

r=1

Show that there is no real ¢ such that f(¢) = 0, but that 1/f(z) is not
almost-periodic.

F.5 Notes

Section [F.1] Weyl’s Criterion originates inWeyl (1916).

For an extended discussion of uniform distribution, see [Kuipers & Nieder-
reiter] (1974). In Volume III, we shall discuss how a sequence of measures
defined on the real line may tend to a limiting measure, and how this is be
described in terms of their Fourier transforms.

Section Theorem with somewhat larger constants, was proved by
Erdds & Turan| (1948). Theorem is found in |Vaaler (1985, Corollary 21)
and Montgomery| (1994 p. 8).

Section Kronecker| (1884)) achieved his general theorem using only the
simplest algebraic and arithmetic tools. Many proofs of our Theorems[F.6]
have been published. For a survey of these proofs as well as a sharp quantitative
treatment, see Gonek & Montgomery|(2016b).

The quantities gry, gra, . . ., qry, of Theorem@]are linear forms in the single
variable g. Kronecker considered linear forms in n variables g1, g2, . .., gn, SO
his linear forms were 2;521 rijqjfori=1,2,..., m.Hisfull results are therefore
as follows:



E.5 Notes 393

Theorem A Let R = [r;;] be an m X n matrix with real entries, and suppose
that @ € R™. The following two assertions are equivalent:

1. For every € > O there is a t € R" such that

n
” Z rijti —a;
=

<é&

Jorl <i<m.

2. Ifuez™, and

m
Zui}’i]’ =0

i=1
for1 < j <n,then 3;2, u;a; € Z.

Theorem B Let R = [r;;] be an m X n matrix with real entries, and suppose
that @ € R™. The following two assertions are equivalent:

1. For every € > O there is a q¢ € Z" such that

n
[$ - <
j=1

forl <i<m.
2. Ifu € 2™, and

m
ZM[FUGZ
i=1

for1 < j <n,then 37, u;; € Z.

As was the case with our Theorems[F.6] [F7] it is easy to show that Theorems A
and B are equivalent. See|Koksma| (1936, pp. 83—86) for a review of Kronecker’s
Theorem up to 1936. (Cassels| (1957, pp. 53-59) gives a proof of the general
m X n theorem, along classical lines. [Siegel (1989, pp. 43—63) develops the
theory of vector groups, from which Kronecker’s theorem follows easily. For a
quantitatively precise version of Kronecker’s Theorem (in the case n = 1) see
Gonek & Montgomery|(2016b).

Theorem is from Barton, Montgomery, Vaaler| (2001, Theorem 7).
Selberg pointed out the relations of Exercise[F.3.1][6|to Jeff Vaaler in 1982, and check ex no
remarked that they are also useful for forming the composition of two or more
sieves.

Section[F.4] The result of Exercise [F.4.1]2]is due to Bohl (1906) (see p. 279
of his paper). Later, Bohr|(1925) created an extensive theory of almost-periodic
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functions, and in the course of this demonstrated (cf pp. 119—121) that Bohl’s
Theorem is equivalent to the localized form of Kronecker’s Theorem, i.e., to
our Corollary

Bohr (1925, (1932) defined almost-periodic functions, and studied their prop-
erties in the hope that by applying his theory to Dirichlet series, a prove of RH
would emerge. Others, such as Stepanov, Besicovitch (see |Besicovitch, [1932),
Weyl, Bochner, von Neumann, and Turing generalized the concept.

We now state without proof a number of outstanding properties of almost-
periodic functions. If f(x) is almost periodic, then for every real number A the
limit

T
c() =T11—I>20%/0 f(x)e(—Ax) dx

exists. Let Z(f) denote the set of those A for which ¢(1) # 0. The set Z(f)
is at most countable, and indeed there is a sort of Parseval identity:

T
jim 7 [C1r@Par= Y lep

AeZ(f)

If f(x) is almost periodic, then for every &£ > 0O there is an almost-periodic
polynomial 7'(x) of the shape (F.9) such that | f(x) — T(x)| < ¢ for all x, and
indeed such a T'(x) can be constructed so that A, € Z(f) for all m. Hence the
sum or product of two almost-periodic functions is again almost-periodic.
Ingham|(1962) used elementary tools of complex analysis to show that if

(e8]

Fs) =) ape s

n=0

for o > 0 where 3> |a,| < o0, 49 =0, A, > 0 for n> 0, the A,, are distinct,
& ={f(s) : o > 0}, D is a neighbourhood in &, and ¢ is analytic and
bounded in 9, then

2(s) = ¢(f(5)) = ) bpe
n=0

with 3 |b| < oo, and the u,, are linear combinations with positive integer
coeflicients of a finite collection of the A,,. Hewitt & Williamson| (1957) and
Edwards| (1957) used tools of functional analysis to establish the same thing in
the special case ¢(z) = 1/z.

The notion of almost periodicity that we have described here is known
as uniform almost periodicity because it is based on the uniform norm. The
function f(y) = (¥(e”) —e¥)/e¥/? is not uniformly almost-periodic, but it can
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be shown that it is mean-square almost-periodic if the Riemann Hypothesis is
true.
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Appendix G

Bounds for Bilinear Forms

G.1 The operator norm of a matrix

In various situations we are confronted with a problem of bounding a bilinear
form — namely an expression of the general shape

M N
Z Z AmnXnYm-

m=1 n=1

In applications the x,, and y,, may have considerable arithmetic structure, but
we can often obtain a serviceable estimate using only the mean square sizes of
the variables. Thus we seek an inequality of the sort

Z amnxnym

m,n

1/2

< A(Z |xn|2)1/2(; |ym|2) . (G.1)

Here A depends on the coefficient matrix A = [a,,,], but is independent of the
vectors x, y.

Let A = [a,,,] be an M X N matrix with complex entries. Then A determines
alinear map x > y = Ax from CN to CM . The norm of A, as a linear operator,
is the maximum of the ratio ||y||/||x|| as x runs over all non-zero members of
cN,

Ax
[|A]| = max u
x#0  ||x||

where |lx[| = (X |xn|2) 12 denotes the usual Euclidean norm. By homogeneity
we may write instead

Al = max [[Ax]|.

llx11=1

We now show that || A|| is the optimal constant in the inequality (G.I).

397
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Theorem G.1 (Duality) Let A = [aun] be afixed M x N matrix. The following
three assertions concerning the positive constant A are equivalent:

(a) Foranyx € CV,

N
Z AmnXn

n=1

5

m=1

< A? Z |er|2

n=1

(b) Foranyx € CN and anyy € CM,

12, M 172
Z Z AmnXnYm| < A(Z |5 | ) (Z |)’m|2) >
m=1

m=1 n=1

(c) Foranyy e CM,

M
Z AmnYm

1

5

n=1

<A22|y i

m=
In terms of linear maps and inner products, these inequalities assert that

(a) [Ax]| < Allx|l,
(b) |(Ax, y)| < Allx]lllyll,
(c) 1A%y]l < Allyll-

Here A* is the adjoint of A. That is, A* = (A)T is the N x M matrix
A* = [apm]. In terms of inner products, A* is characterized by the property
that (Ax,y) = (x,A%y) for all x and y. Since (a) and (c) are equivalent, we
deduce that

Al = [1A7]|.

Proof We show that (a) and (b) are equivalent. Then by interchanging the
roles of m and # it is clear that (b) and (c) are equivalent.

(a) = (b). By Cauchy’s inequality
2\1/2
) (D vl
m

‘; (Zn:amnxn)ym‘ < (;‘Zﬂ:amnxn

In the first factor on the right we insert the bound provided by (a) to obtain (b).
(b) = (a). Set

1/2

N

Ym = Z AmnXn,

n=1
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and let S denote the left and side of (a). Then S = Y, djunXnYm, and by (b) we
see that

M

N 1/2 1/2 N 1/2
SsA(ZmF) (Z|ym|2) =A(Z|xn|2) s,
n=1 m=1 n=1

If S = 0, then (a) is obviously satisfied. Otherwise S > 0, and we may square
both sides above and divide by S to obtain (a). O

Corollary G.2 For any M X N matrix A,
Al = |A%]| < |AAl'>.

By using Corollary [G.TT| below it will become apparent that the inequality
here may be replaced by equality.

Proof The identity represents the equivalence of (a) and (c). To obtain the
inequality, let x be a unit vector for which ||Ax|| = ||A]|. Then

Al = | Ax||* = (Ax, Ax) = (A"Ax, x).
By (b) with y = x we see that this last expression is < ||A*A||. O
As a first upper bound for ||A|| we establish

Theorem G.3 Let A be an M X N matrix. Then

N 1/2 M 1/2
10 < (max Do) (mx D el
n=1

m=1

Proof By Cauchy’s inequality

12
|Zamnxnym‘ < (Z |amn||xn|2) (Z |amn||ym|2)
m,n m,n m,n

The first sum on the right hand side is

2 2
D bal Y lmal < (max Y lamal) D bial.
n m m n

We treat the second sum similarly, and thus obtain the situation of The-

orem|[G.I|[(b) with
A= (myELIXZ |amn|)l/2(m’/gxz |amn|)
m n

Thus ||A|| < A by Theorem|G.1 O

12

1/2
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In general, Theorem provides a useful bound only if the a,,, are non-
negative and approximately the same size, or if the matrix is nearly diagonal.
Otherwise the bound for ||A|| may be weak because it takes no account of pos-
sible cancellation. We apply this to the matrix A*A and appeal to Corollary|[G.2]
to obtain

Corollary G4 Let A = [a;u,] be an M X N matrix. Then

N | M 12
11 < (max 3| > T )
! }12:1 m=1

If the columns of A are nearly orthonormal, then A*A is nearly the identity
matrix, and by the above ||A|| is not much more than 1. We may use columns
rather than rows, by applying the above to AT instead of A. If the columns are
far from orthonormal, then the above bound will in general be weak. In some
instances greater precision can be obtained by introducing a type of weighting
factor.

Theorem G.5 Let A = [an,] be an M X N matrix, but suppose that the a,;,
are defined for all integral values of m. Let w,, be nonnegative and suppose
that wy,, > 1 for 1 <m < M. Then

N | 12
IA]l < (n}lax Z Z Amn AmnyWm )
! np=1"'m=-oco0

provided that the inner sum converges for all ny, n,.

Proof Let x be a unit vector for which ||Ax|| = ||A]|. Then by the properties
of the w,,, we see that

M
lax|? =)

m=1

(e8]

2
< 3w

m=—co

N
Z AmnXn

n=1

E AmnXn| -

1

N 2
n=

We expand and take the sum over m inside to see that this is
Z x_nl Z Xny Z WmQmn, Amn, = (Bx’ x)
ny ny m

where B is the matrix with entries
(o]
bnlnz = Z Wimlmn, Amn;, -
m=—oo

By Theorem|[G.1{b) we know that |(Bx,x)| < ||B||, so |A| < [|B||'/%. Then
by applying Theorem[G.3|to B we obtain the stated result. O
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Ifw, =1forl <m < M and w,, = 0 otherwise, then the argument above
reduces to the proof of Corollary If the a,,, are oscillatory and random
in appearance, then the upper bounds for ||A|| that we might derive from the
theorems above are likely to be much larger than the true order of magnitude.
In such a situation, the following lower bound may be closer to the truth.

Theorem G.6 Let A be an M X N matrix. Then

Zm,n |amn|2

min(M,N) ’

Proof We consider the size of ||Ax|| with x,, = e(n6), and average over 6. By
the orthogonality of the functions e(n6) we see that

1 M | N 2
‘/0 Z Zamne(nﬂ) d0=Z|amn|2.

m=1"n=1
We choose a 8 for which the integrand is at least as large as the right hand side.
Since ||x|| = N'/2 for any 6, we conclude that

1 1/2
Al 2 (N 2. |amn|2) .

m,n

IAJI* =

By applying this argument to AT instead of A we obtain this lower bound with
N replaced by M. Thus the proof is complete. O

G.1.1 Exercises

1. Let A be an m X n matrix, and let C € C" denote the column space of A*,
which is to say the set of all vectors of the form A*y for y € C™. Let A be
the optimal constant in Theorem[G.I|(a). Suppose that y € C™ is chosen so
that |[y|| = 1 and ||A*y|| = A. Putx = A*y
(a) Show that ||Ax|| = Allx]|.

(b) Deduce that
| Ax|| [l Ax|]

xeC x| -
x#0

xecn x|
x#0

(When seeking a bound for the norm of a matrix A, it is sometimes useful
to know that it suffices to consider x of the form A*y.)

2.For x € CN and real p > 1, put |Ix|, = (2 |xn|”)l/p. Similarly put
|[x]lcc = max |x,|. Suppose that p and g are real numbers, 1 < p < oo,
1 < g < oo, andthat p’ and ¢’ are determined by the relations 1/p+1/p’ =1,
1/g+1/q’ = 1.Let A be an M X N matrix. Show that the following assertions
concerning the constant A are equivalent:
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(a) Forallx € CV,

lAx|l, < Allxllg:
(b) forallx e CN andy e CM
| > @mnxnym| < Allxllgllyll:
(c) forally e cM,
1Ay llg < Allyllp-

added ‘Let 3. Let B and C be rectangular matrices, and put
B 0

A= .
o d

Show that ||A|| = max(]|B|, ||C||)-

4. Suppose that |a;,,| < by, for all m and n. Show that ||A|| < ||B]|.

5. Let A be an M x N matrix, and suppose that there are positive numbers C,
D,uy,...,un,vi,...,vp such that

M
Z |@mnlvm < Cuy
m=1

for 1 < n < N, and also that

N
Z |@mnlttn < Dvy
n=1

forl <m< M.

(a) Show that if ||x|| = ||y|| = 1, then
(A2 P < (D lamalvmfun)( D lamalitn fvm)-

(b) Deduce that ||A|| < (CD)'/2.
6. Let A be an M X N matrix with a,,, = 1 for all m and n. Show that
Al = (MN)'/2.
7. Let A be an M X N matrix with real entries. Show that
max ||Ax|| = max ||Ax||
c N

xeRN x
[lxl=1 llxll=1

8. Suppose that p and g are real numbers, p > 1, g > 1, and that % + pi =1

and é + % =1.Let A = [a;un] be an M X N matrix. Show that the following
three assertions concerning the positive constant A are equivalent:
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(a) Forany x € CV,

(i| S s

m=1 n=1

n1l/q N 1/
q p
) <A(Dal?)

n=1

(b) For any x € CN and any y € cM,

DS NG SRELT) NN

m=1 n=1 n=1 m=1
(c) Forany y € CM,
1/p’

N M P M 1/q
(Z|Zamnym| ) SA(ZD’M") .
n=1 m=1

m=1

G.2 Square matrices

The operator norm is defined for an arbitrary rectangular matrix, but if A is
square, say N X N, then further numbers can be associated with it. In the
first place, A has N eigenvalues A,, which are the roots of the polynomial
det(zI — A), and we define the spectral radius of A to be

p(A) = max |dy,].
We also consider the numerical radius of A,

v(A) = max |Zamnxnm| = max |(Ax,x)]|.
llxl=1144 llx]=1

These quantities are related to the operator norm ||A|| in the following simple
manner.

Theorem G.7 Let A be an arbitrary N X N matrix. Then
p(A) < v(A) < |A]l.

Proof Let A be an eigenvalue of A, and letx # 0 be an associated eigenvector,

so that Ax = Ax. Without loss of generality we may suppose that ||x|| = 1. For

this vector, (Ax,x) = (Ax,x) = A,sothat v(A) > |1|, and hence v(A) > p(A).
By Theorem|[G.I|(b),

IAll= ~max [(Ax,y)].
leli=llyll=1

Thus v(A) < ||A||, and the proof is complete. O
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The first inequality above can not be reversed in general, since v(A) may
be large even when all the eigenvalues vanish. (Consider a matrix A for which
amn = 0 whenever m > n.) However, v(A) and ||A|| are always comparable.

Theorem G.8 Let A be an N X N matrix. Then
1
SllAll < v(A) < |IA|l,
and if A is Hermitian (i.e., if A* = A), then v(A) = ||A]|.

In Corollary below it will also be established that if A is Hermitian,
then also p(A) = ||A]l.

Proof We establish the last assertion first. The hypothesis that A is Hermitian
is equivalent to saying that (Ax,y) = (x, Ay) forallx and y. Putu = x +y and
v =x —y. Itis easily verified that if A is Hermitian, then

4Re(Ax,y) = (Au,u) — (Av,v).

By Theorem|G.I[b) we can choose unit vectors x and y so that (Ax,y) = ||A]|.
Then

4| ANl = (Au,u) = (Av,v) < v(A)(lul* + v ]*).

But ||u||> =2+ 2Re(x,y) and ||v||> = 2 — 2Re(x, y), so that |[u||> + ||v]|* = 4,
and hence [|A|| < v(A).

The second displayed inequality follows trivially from Theorem [G.Ib) and
the definition of v(A). To establish an inequality in the reverse direction, sup-
pose that A is an arbitrary N X N matrix. Write A = B+iC where B = (A+A*) /2
and C = (A — A*)/(2i). The triangle inequality holds for the operator norm
| - 1I, so ||A]l < ||BIl + |IC]|- But B and C are Hermitian, so this latter quant-
ity is v(B) + v(C). For any x € CV we see that (Bx,x) = Re(Ax,x), and
(Cx,x) = Im(Ax,x). Hence v(B) < v(A), v(C) < v(A), and we conclude
that [|A]| < 2v(A). O

We now consider the possibility that a square matrix A might be converted
to a diagonal matrix by means of a suitable change of basis. In general, if S is
non-singular, so that x = Su expresses a linear change of variables, then the
linear transformation x — Ax is computed as # — Bu in the new coordinate
system, where B = S™' AS. In this case we say that A and B are similar. An easy
calculation reveals that if A and B are similar, then tr A = tr B, det A = det B,
and indeed A and B have the same characteristic polynomial. Hence A and B
have the same eigenvalues, so that p(A) = p(B). On the other hand, the norm
of a matrix is a metric quantity, and in general ||A|| # ||B||. In order that ||A||
should be invariant we restrict our attention to those similarity transformations
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that preserve distances. Let U be an N X N matrix. Then it is easy to verify that
the following assertions are equivalent:

(i) U is unitary (i.e., U* = U™");
(i1)) The columns of U are orthonormal vectors;
(iii) The rows of U are orthonormal vectors;
(iv) The map x — Ux is an isometry of CV
@(.e., [|[Ux]|| = |lx]| for all x € CV);
(v) (Ux,Uy) = (x,y) forallx,y € CN.

Thus a unitary transformation maps one orthonormal basis to another, and
conversely, if two orthonormal bases are given, then there is a unitary trans-
formation that takes one to the other. In the analogous situation of linear maps
from R" to itself, we would find that the orthogonal matrices have correspond-
ing properties. (A matrix X is orthogonal if XT = X~1). If A = U~'BU where
U is unitary, then we say that A and B are unitarily similar. In this case it is clear
that ||A|| = || B||, and that v(A) = v(B). Moreover, we note that A is Hermitian
(A* = A) if and only if B is, that A is normal (AA* = A*A) if and only if B is,
and that A is unitary (A* = A~') if and only if B is. We now produce a unitarily
similar canonical form for A.

Theorem G.9 (Schur’s triangularization theorem) For any N X N matrix A
there is an upper triangular matrix T that is unitarily similarto A, T = U™'AU.
The diagonal entries of T are the eigenvalues of A.

Proof We prove the first assertion by induction on N. For N = 1 there is
nothing to show. Suppose we have the result for N — 1. Let A be an eigenvalue
of A, and that v, is an associated unit eigenvector. Choose v, . . ., vy so that the
v,, form an orthonormal basis for CV, and let V be the matrix whose columns
are the v,,. Then V is unitary, and V*AV has the form

A *]

VAV:[0 B

By the inductive hypothesis there is a unitary matrix W such that W='BW is
upper-triangular. Put
1 0
X = .

Ve *]

Then

X*VAVX = [0 WBW

is upper-triangular, and we take U = VX.
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The second assertion is obvious, since

N
charpoly A = charpoly T = I—[(x — thn). O

n=1
If D is a diagonal matrix, then clearly D*D = DD?, so that D is normal.

Conversely, suppose that T is a normal upper-triangular matrix. On comparing
the diagonal entries of 7T with those of TT*, we see that

n N
Z |tmn|2 = Z Itnml2
m=1 m=n

for 1 <n < N.Ontaking n = 1, we deduce that #1,,, = 0 for m > 1. Then we set
n = 2 to show that #,,,, = 0 for m > 2. Hence by induction we find that ¢,,,,, = 0
for m # n, so that T is diagonal. Thus we have

Corollary G.10 A square matrix A is unitarily similar to a diagonal matrix,
U*AU = D, if and only if A is normal.

If D is diagonal, then clearly p(D) = ||D||. Thus we deduce
Corollary G.11 If A is normal, then p(A) = v(A) = ||A]||.

We note that if A is Hermitian or unitary, then A is normal, and the above
applies. We consider again Corollary[G.2] whose proof amounted to observing
that

A2 = v(A*A) < ||A*A]l.

Since A*A is Hermitian, we know by Theorem[G.8]that equality holds here. By
Corollary [G.TT| we can add the further observation that

IAlI* = p(A™A).

G.2.1 Exercises
1. (Schur, [1909) Let A = [a;u,] be an N X N matrix.
(a) Show that

trAA* = Z |dmn?.

1<m,n<N

(b) Let U be a unitary matrix such that UAU* = T = [t,u,] is upper
triangular. Show that

uTT" = Z |tmn|2 = Z |amn|2'

l<m<n<N 1<m,n<N
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(c) Let Ay, 1, ...,4N be the eigenvalues of A (e.g., 4, = t,;,). Show that

N
Dl D laml
n=1 1<m,n<N

and that equality holds if and only if A is normal.

. Let A be an M X N matrix, and let Ay, ..., A5 be the eigenvalues of A*A.
Show that the A, are nonnegative, and that

N
2
Z/ln = Z |@mnl”
m,n

n=1
Use this to give a second proof of Theorem |[G.6
. Let A be an M X N matrix.
(a) Show that A(A*A — zI)~'A* = I + z(AA* — zI)~! for any complex
number z for which either of the inverses exists.
(b) Show that the non-zero eigenvalues of A*A coincide with those of AA™.

. Let A be an N X N matrix, and let C, u1, . . ., u be positive numbers such
that
N
Z |@mnl|un < Cy (G.2)
n=1

forl <m < N.

(a) Show that p(A) < C. (Suggestion: Let x be an eigenvector, and con-
sider that m for which |x,,|/u,, is maximal.)

(b) Show that if a,,,, > 0 for all m and n, and if C is chosen minimally,
then equality holds in (G.2) for all m, so that p(A) is an eigenvalue,
and u is an associated eigenvector with positive coordinates.

. Show that an N X N matrix A is normal if and only if its eigenvectors form
an orthogonal basis for CV.
. Show that the following are equivalent:

(a) U is unitary;

(b) U is normal and all its eigenvalues are unimodular.
. Show that the following are equivalent:

(a) X is Hermitian;

(b) X is normal and all its eigenvalues are real.

. Let A be an N X N matrix. The field of values of A is the set of complex
numbers {(Ax,x) : ||x|| = 1}.
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10.

1.

12.

13.

14.

Bounds for Bilinear Forms

(a) Show that if A and B are unitarily similar, then they have the same
field of values.

(b) Show that if A is normal, then its field of values is the convex hull of
its eigenvalues.

(c) Show that the field of values of A is an interval on the real line if and
only if A is Hermitian.

(d) The field of values is a convex set that contains the eigenvalues of A.

(e) If Bis an M x N matrix, then the field of values of B*B is the same as
the field of values of BB*.

. Let A be a Hermitian matrix for which (Ax,x) > 0 for all x. Show

that |(Ax,y)| < (Ax,x)(Ay,y). (Suggestion: Consider (A(Ax + uy),
Ax +py).)

Suppose that A1, . .., Ax are commuting normal matrices. Show that there
is a unitary matrix U such that all the matrices U* AU are diagonal.
(Watkins|, (1980) Suppose that A and B are real square matrices that are
similar over C, say A = S™!BS where S has complex entries. Write § =
P +iQ where P and Q have real entries.

(a) Show that PA = BP and that QA = BQ.

(b) Deduce that (P +rQ)A = B(P + rQ) for any real number r.

(c) Let p(z) = det(P + zQ). Explain why p(i) # 0.

(d) Explain why there is a real number r such that p(r) # 0.

(e) Conclude that there is a nonsingular square matrix R with real entries
for which A = R"'BR.

Let A be a real symmetric matrix. Show that any number of the form
(Ax, x) where x is a unit vector in C" can also be written in this form with
X a unit vector in RV
0 2
A= .
0 0

Let

Show that p(A) =0, v(A) = 1, and that ||A|| = 2. (Thus the constant 1/2
in the lower bound in Theorem [G.8]is best possible.)

(a) Let

2 00
A=10 0 1
0 0 1

Show that the eigenvalues of A are 0, 1, 2, that the eigenvalues of A*A are
0,2,4, that A is not normal, and that p(A) = v(A) = ||A]| = 2.
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(b) Show that the converse of Corollary is true for N < 2, but false
for N > 2.

15. Let A be a normal matrix, 4 a complex number, and x a vector. Put
e = Ax — Ax. Show that A has an eigenvalue in the disk |z — 4| < |le]|/|x]|-
(Hint: If A — A[ is singular, then this is obvious. Otherwise, argue that
p((A=aD™N =[I[(A=aD~ | = [lx[l/llell.)

16. (a) Let C be an N X N Hermitian matrix such that (Cx,x) > 0 for all
x € CN. Show that there is an N X N matrix B such that B*B = C.

(b) Suppose that A is an M x N matrix, and put A = ||A*A||'/2. Show that
there is an N x N matrix B such that A*A + BB = A2].

(c) Suppose that A is an M x N matrix for which condition (a) of The-
orem|[G. T holds. Show that there is an N X N matrix B such that

M | N
Z Z AmnXn Z Z bmnxn = A? Z |-)Cn|2
m=1"'n=1 m=1"n=
for all x € CV.
17. (Toeplitz, |[1910) Suppose that f € L*(T) has Fourier coefficients made propoer
cite
1
W= [ sk d,
and put
N N
S@) =Y xpe(nr),  T(x)= Y yme(mx).
n=1 m=1

(a) Show that

1 N N .
[ st =3 3 Fon s myn.

m=1 n=1

(b) Show that

1 N N
[ s ar - DIDINCET

m=1 n=

(c) Explain why

/0] IS(—0)T(=x)| dx < (/01 |S(x)|2dx)1/2(/01 |T(x)|2dx)1/2

(d) Explain why

1 N 1 N
[swrac=Y i [irwpas ) bk
0 n=1 0 m=1



410 Bounds for Bilinear Forms
(e) Show that

N N _
D Fm+n)xuym

m=1 n=1

(f) Show that

Z Z Flm=nmxyym

m=1 n=1

N 12, N 12
<Al Y| (D oml)
m=1

n=1

/2

< ||f||Lm(Z |xn|2)1/2(mi=1 |ym|2)1

18. Let s(x) be the sawtooth function as defined in (E.6). Thus s has period 1,
5(0)=0,and s(x) =x - 5 L for0 <x < 1.

(a) Show that

s B kO
0 ifk=0.

(b) Show that

55 e (S (3 )

n=1 m=1

—_

(c) Show that

|

(d) Show that

] <ol Do) (3 )™

m=1

Ms
Mg

1l
—

1n

3
I

> S (3 )

1<m,n<N
m#n

19. Let s(x) denote the sawtooth function, and suppose that 0 < § < 1/2.
(a) Show that

ﬂ1—6+m+su—5—xy:ﬁ—25—ms(5<x<1—5)

(b) Suppose that the function U is even, has period 1, and is properly
Riemann-integrable over bounded intervals. Show that

1
/ U(x+6)s(x) dx
0

1 1-26
=(1/2—6)[_26U(x+6)dx—6'/0 U(x +96) dx.
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(c) Show that the above is

5 1-6
=(1/2_6)‘/—5 U(x)dx—5‘/5 U(x) dx.

(d) Show that the above is
1 1 rl-o
=(1/2—6)/ U(x)dx——/ U(x)dx.
0 2Js

(e) Take U(x) = \Zrlyzl e(nx)f. Show that /01 U(x) dx = N, and use (16.4)
to show that /61_6 U(x)dx < (26)7 L.
(f) Show that if § = 1/(2VN), then

/1 U(x +6)s(x) dx > %N— VN.
0

(2) In Exercise set x, = e(nd) and y,, = e(md). Note that check ex no.,
S(=x)T(x) = U(x +6). twice

(h) Show that in Exercise[G.2.IJ[T8|d), the best constant in the inequality
is > 7 —2n/VN.

20. (a) Let U be the g x ¢ matrix with coefficients u,,, = e(mn/q)/+/q. Show
that U is unitary.

(b) Let f(n) be an arithmetic function that is periodic with period ¢, and
let C be the g X g matrix with coefficients ¢,,, = f(m — n). (Such a
matrix is called a circulant.) Show that U*CU is diagonal.

(c) Let

q
F =23 fhye(-hk/q)
q h=1

be the Discrete Fourier Transform of f, as discussed in §4.1. Show

that
q q q - q 2
DU Fm=nmxn®r = > Fl)| D xue(kn/q)
m=1 n=1 k=1 n=1
(d) Put
A = max |F (k).
Show that

9 4
| D23 pom =y

m=1 n=1

q
<A
n=1

for arbitrary numbers x,,, and that the constant is best possible.
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21. Let A be a square matrix.

(a) By using the Schur triangularization theorem, or otherwise, show that
the eigenvalues of A? are the squares of those of A.

2 1 12
1 3]’3‘[-1 4

no way to order the eigenvalues of A and of B so that their pairwise
products form the eigenvalues of C.

(b) Let A =

, and set C = AB. Show that there is

made proper 22. (Schur, |1921) For a given positive integer g let E be the g X g matrix

cite E = [e(mn/q)]. This is the Schur matrix. Let P = [p,..] be the g X ¢
permutation matrix with p,,, = 1 whenm =n+1 (mod ¢), and p,,, =0
otherwise. Put Ey = PEP!.

(a) Show that Eg = [e((m —1)(n—-1)/q)].

(b) Note that Ej is a Vandermonde matrix. Deduce that

detE= [ (e(k/q)-e(i/g).

0<j<k<gqg

(c) Show that the above is

= [T (et +b/@a)(sintatk - )/a))

0<j<k<gq

(d) Note that

5 0eo= 3 (500 3 ol ()

0<j<k<g O<k<gqg O<k<g

Recall (or prove by induction on K) that Yok (¥) = (X,). Deduce
that the above is
12
_5(7) 4 (9) 2 2e=D"
3 2 2
(e) Conclude that

det £ =19V 2(((g-1)/2) [] (@sin(x(k=)/g) G3)
0<j<k<g

(f) Note that e(((g —1)/2)?) = 1if g is odd, and that it is = i if ¢ is even.

made proper 23. (Carlitz,|1959) Let E be the Schur matrix, as in the preceding exercise, and
cie let A1, 12, . .., 44 be the eigenvalues of E.
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(a) Note that
q

q
Ddn=wE=>"e(n’/q) =G(g),
n=1 n=1
say. Recall that in Corollary 9.16 it was shown that G(g) takes the
values (1 +1)+/¢,/q,0,i+/q according as ¢ =0, 1,2,3 (mod 4).
(b) Let EZ = B = [b,y,]. Show that b,,,, = g if m+n = 0 (mod ¢), and
that b,,, = 0 otherwise.
(c) Deduce that ZZ:1 A% = tr B = g or 2q according as ¢ is odd or even.
(d) Show that E* = B? = ¢°I.
(e) Deduce that |det E| = /2.
(f) Deduce also that every eigenvalue of E is of the form i“+/g for some a.
Fora =0,1,2,3 let m, be the number of eigenvalues equal to i“+/q.
(g) Explain why

mo+mp+my+m3=gq.
(h) Show that

mo +imy —my —im3 =tr E/+\Jq = G(q)//q,
and that
mo —imy —my +ims = E(q).
(1) Show that

1 (g odd),

mo—mi +my —m3 =trE2/q =
2 (g even).

() Solve the equations above to obtain the following values of the multi-
plicities m:

0 1 2 3
1q9+1 1q 1q 19-1
%<q+3) %(q—l) %(q—l) %(q—l)
%(q+2) %(4—2) %(q+2) %(4-2)
7lg+1)  z(g+1)  (g+1) 3(¢-3)

LW NN~ OR

Table G.1 Multiplicity of the eigenvalue i“+/q, depending on g (mod 4).

24. Let E be as in the preceding exercise, and suppose that ¢ is an odd prime.

Let x be the vector with coordinates x,, = (g) . Show that x is an eigenvector
of E.
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25. Let A be the ¢(g) X ¢(g) matrix A = [t(x¥)/¢(q)], where the rows are
indexed by the Dirichlet character y (mod ¢) and the columns are indexed
by the Dirichlet character v (mod g).

(a) Show that A is unitary.

(b) Show that the vector x with coordinates x,, = ¢ (a) is an eigenvector
e(a/q) is an eigenvalue of A with eigenvalue e(a/q).

(c) Show that

q
Sebndr= Y, | @] ea/q).
= X

X.¥ a=1
(a,q)=1

(d) Show that

Dt Ty < ¢(g) Y Iy
XY X

for arbitrary complex numbers x ,, and that the constant is best possible.

26. Let f(n) be an arithmetic function with period ¢, and let A = [ f(mn)] be
the ¢(g) X ¢(g) matrix whose rows m and columns n are indexed by the
reduced residue classes (mod g).

(a) Show that ||A]| = A where

A = max
X

q
D Fx(n
n=1

(b) Show that for arbitrary complex numbers x,, ¥,

4 q q 12, 4q 1/2
> X s < 0 wl) [ X k)

m=1 n=1 n=1 m=1
(mn,q)=1 (n,q)=1 (m,q)=1

and that the constant A is best possible.
27. Let & be a set of N distinct Dirichlet characters modulo g.
(a) Show that

u 2
Y| Xx| =Nea.

n=1 sed&

(b) Show that

d 4
Y| Xxw| = Mo,

n=1 se&§



28.

29.

30.

31.
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(c¢) Deduce that
q
2| Y|z @,
n=1l sed§

(d) Suppose that g is prime, that ¢ = 1 (mod N), and that & consists of
the N characters y modulo ¢ for which yV = X~ Show that in this
situation, equality holds in the lower bound above.

(a) Let f be an arithmetic function, and set F(n) = X, f(d). Let
R = [rmm] be an N X N matrix with r,,;, = 1 if n|m, and rp,,, = 0
otherwise. Let @ be an N X N diagonal matrix whose diagonal entries are
f(), f(2),..., f(N).Let A = [a,,»] be the N X N matrix whose entries
are F'((m,n)). Show that A = ROR’.

(b) (Smithl|1876) Let A = [a;,,,] be the N X N matrix with a,,,, = (m, n).
Show that

N
detA = 1_[ w(n).
n=1

This is the Smith determinant.

Let Ay denote the least number such that

ZXX_<ANZ|XP|2
prq| = »

Pq<N PN

for all complex numbers x,, where p and ¢ are to take only prime values.
Show that Ay =< N(log N)~'/2,
Let By denote the least number such that

- 2
Z XpXq < By Z xp|
pSN,qﬁN rq PN P
rq=

for all complex numbers x,, where p and ¢ are to take only prime values.
Show that By = 1+ O(1/logN).
Let Cy be the least positive number such that
X
( Z —p)( Z xpw/l_a) <Cn Z x,|*
PN \/1_7 PN PN

for all choices of the complex numbers x,, where p and g are to take only
prime values. Show that Cy = %.

made [proper

cite
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32. Let A be the N x N matrix with coefficients
A(n/m)(m/n)'?  if m|n,
Amn = 3 A(m/n)(n/m)'? if n|m,
0 otherwise.

Show that ||A]| = log N + O(1). (Suggestion: Consider the vector x with
coordinates x,, = n~'/2.)

33. The object of this exercise is to show that if f € I?[0,1] and F(x) =
fox f(u)dufor0 < x <1, then

1 1
|F(x)|* dx < iZ/ | f(x)|? dx. (G.4)
0 T 0

(a) Explain why it is enough to prove the above when f(x) > 0.
(b) Let K(u,v) = min(1 —u, 1 —v). Show that

1 1 pl
2 —
/0 F(x) dx—/O. /(; K(u,v)f(u) f(v)dudv.

(c) By a judicious application of the arithmetic—geometric inequality,

show that
1 , €08 %v 1 ,COs %u
< — —_— = —_—
Jf0) < 3 @ S 3 0P

forO <u,v <1
(d) Show thatif 0 < v < 1, then

1
4
'/0. K(u,v) cos %u du = ;cos gv

(e) Deduce (G.4).

(f) Show that if f(u) = cos Zu, then equality holds in (G.4).

G.3 Bessel’s Inequality

Bessel’s inequality asserts that if ¢, ¢,, . .., ¢ are orthonormal vectors in an
inner product space V, then

R
D& o1 < EIP G5)
r=1
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for all £ € V. The proof of this is quite simple: For arbitrary y,,

R 2 R R 2
0< =D va| =16 - 2Re Y FE 8 + | Y0,
r=1 r=1 r=1
R R
= l€l? - 2Re Y 57 (£.¢,) + > Iyl (G.6)
r=1 r=1

Sety, = (£, ¢,). Then the expression is |€)1>=X, |(£, ¢,)|?, so the proof
is complete. However, in analytic number theory we often need to estimate a

sum such as the one in but with vectors ¢, that are not quite orthogonal. It
is therefore fortunate that we can extend Bessel’s inequality to arbitrary vectors
¢, with a constant that we can characterize in terms of the extent that the inner
product matrix [(¢,, ¢,)] resembles the identity matrix.

Theorem G.12 Let ¢y, P,, ..., dg be arbitrary vectors in an inner product
space 'V over the field C of complex numbers. For nonnegative real numbers A,
the following three assertions are equivalent:

(i) For every vector & €'V,
R
DUIE P < AP G.7)
r=1
(ii) For every vector € € V and every vector y € CR,

R R 12
| Yi&ov | < angn( Y n?) G8)
r=1 r=1

(iii) For every vector y € CR,

R R R
D (b3, Ts < A Iy, G.9)
r=1

r=1 s=1

This contains Bessel’s inequality as a special case, for if the ¢, happen to
be orthonormal, then the inequality (G.9) holds as an identity with A = 1,
and then is Bessel’s inequality. The coefficient matrix C = [(¢,, @,)]
in (G.9) is Hermitian, and so by Corollary [G.IT]|the best constant A for which
the inequality (G.9) holds is the modulus of the largest eigenvalue of C. This
quantity is known as the spectral radius of C; in symbols, A = p(C).

Proof (i) = (ii). By Cauchy’s inequality,

}g@qug@mMngW7
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We apply the bound (G.7) to the first sum on the right above to obtain (G.8).
(i) => (iii). Take £ = Y% | y,¢,. Then

R R
D28 8y Ts = IR (G.10)

r=1 s=1

But
R R 12
€17 = )" (€ 855 < Allgll( D 1P?)
s=1 s=1

by (G). If £ = 0, then the left hand side of (G.9) is 0, so there is nothing to
prove. Otherwise, ||£]| > 0, so we may cancel ||£]| from both sides above, and
then square both sides. This gives (G.9), in view of (G.10).

(iii) = (i). We take the proof of Bessel’s inequality as a model. For arbitrary
Yrs

R ) R R )
0 < [e-Dva| =16l - 2Re Y &8 + | Y0,
r=1 r=1 r=1
Here the last term is
R R
PPN RIS
r=1 s=1
Thus by (iii) we see that
R R
0 < €7 - 2Re Y 37 (£, ¢,) + A7 Iy, .
r=1 r=1
By taking y, = (£, #,)/A” we find that
| &
0 < €17 - -5 > 1(6.9)F.
r=1
which gives (i). O

If the ¢, are unit vectors that are nearly orthogonal so that the inner product
matrix C is nearly the identity matrix, then we would expect that holds
with a constant not much larger than 1. The most immediate observation in this
direction is as follows.

Theorem G.13  The inequalities of Theorem|G.12] hold with

R
2 _
A% = 12%; (8, 9,)]. (G.11)
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Proof By the arithmetic—geometric mean inequality we know that |y, ys| <
1 1
31yr* + 31ys]*. Thus

R R R R R R
D883 T < DD (8,857 < zw D18, 80

<
r=1 s=1 r=1 s=1 =1 s=1
2
<
< (max 2100 Zl I
S= r
Thus (G.9) holds with A as in (G.T1)), so the proof is complete. m]

G.3.1 Exercises

1. The object of this exercise is to derive Theorem [G.12] as an application of
the duality principle of Theorem@ Leteq,es,...,ex be an orthonormal
basis for W = span(¢,, ¢,, . . ., dg), and write

K

¢, = Z arger.

k=1

(a) Show that

R R
DD B by = | Zwr

r=1 s=1

(b) Put vy = (&, ex), and define ¢ so that

K R 2
= Z ) Z arkyr| -
k=1 r=1

K
f = { + Z V€.
k=1

Thus ¢ € W*. Show that

K

(£.¢,) = D @ vi.

k=1

(c) Deduce that

Z(f $,)yr = ZZarkyrvk,

r=1 k=

and also that
K

R R )
PNE S =Y | D @]
r=1 r

=1 k=1
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(d) Show that

K

2 2
el < llgl.
k=1

(e) Use Theorem|G.I|to prove Theorem|G.12]

2. The object of this exercise is to use Theorem [G.12] to prove Theorem
Let £ = (x1,X2,...,xy) € CV,and for r = 1,2,...,R take ¢, =
(ar1,ar2,...,arN).

(a) Explain why
2

R R N
PNEBIP =D | D armnal -
r=1

r=1 n=1

(b) Show that

R R N
Z(f’ ¢r)yr = Zzarnxnyr-
r=1 r=1 n=1

(c) Explain why
2

R 2 N R
szr¢r :Z‘Zarnyr .
r=1 n=1 r=1

(d) Use Theorem to prove

add ref 3. (Halasz) Let €, @, @5, . . ., @ be arbitrary vectors in an inner product space
V over the field C of complex numbers.

(a) Let ¢, be chosen, |c,| =1, so that ¢, (€, @,) = |(£€, ¢,)|. Show that

R R
D IE 91 = (&2 70,)-
r=1 r=1

(b) Explain why the right hand side above is

R
< li¢ll| Y e,
r=1

(c) Show that

R
| ;ad)r

’ = Z Ercs(¢r’ ¢s)
1<

<r,s<R
(d) Conclude that

R 1/2
YEe < D 16,001) Il
r=1

1<r,s<R
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4. (Selberg, unpublished; cf. Bombieri, [1971) Let &€, @1, ¢y, ...,dr be ele- made proper
ments of an inner product space V. cite

(a) Explain why

o<fe-Y e
1
R
=||§||2—2Re2a<f,¢r>+ D ats(d.by).
r=1 1<r,s<R

(b) Deduce that
R

R R
2ReZEr(§, é,) < €1>+ Z le,]? Z (). ).

r=1 r=1 s=1

(c) Take

o= €0 (10 ol]

s=1

and thus conclude that

R R _
S IEP( D 1001) <l
r=1 s=1

(d) Use the above to derive Theorem[G.13]

S5.Let¢, ¢y, ..., and ¥, ¥,, ..., be any members of an inner product
space V. Show that

R R S S
Z Bt < (D) D 1@ 8P) (D D g wr?)
r=1 s=1 ri=1rn=1 s1=1 sp=1

G.4 Hilbert’s inequality

Section F.4
In classical analysis, the term ‘Hilbert’s inequality’ refers to one or the other
of the bilinear form inequalities

PN (;w) (Z:1|ym|2) . G
% = ”(i |xn|2)1/2(i Iymlz)l/z. (G.13)

1<m,n<oo n=1 m=1
m#n
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These inequalities are easily proved (for the case of finite sums; see Exercise
[G.2.T][T8). The constant r is best possible in both of the above, but equality
is attained only when x,, = 0 for all n or y,, = 0 for all m. For our purposes,
Hilbert’s Inequality is a bound for a bilinear form of the shape

Z XnYm
1<m,n<N m - /l
m#n
where the A,, are distinct real numbers. Of course the bound we obtain for such
a bilinear form depends on the extent to which the 4,, are well spaced.

Theorem G.14 Let A1, >, ..., AN be distinct real numbers, and let 6 > 0
have the property that |A,,, — 4| > & whenever m # n. Then

xnym N 5 1/2
Z Am (Z|xn| ) (Z|ym| ) (G.14)
m=1

1<m,n<N
for arbitrary real or complex numbers x, and y,,.

m#£n

On taking y,, = X,,, we see in particular that

>

ISm,nsN
m#£n

Z e (G.15)

for arbitrary real or complex x,,.

Proof By Cauchy’s inequality the left hand side above has absolute value not

(Sl (5] S )"

m=1 1<n<N
n#m

Thus it suffices to show that

2 2 )
§ | 2 ] s e (G.16)
m=1 1<n <N n=1
n+m

Indeed, by Theorem|G.]] this inequality is equivalent to (G.I4). Let A = [ann]
be the matrix with elements

if m # n,
0 if m =n.

We note that A* = —A. Such a matrix is said to be skew-hermitian. Since A
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isnormal, by Corollary we know that p(A) = ||A|, so in proving (G.16)
we may assume that x is an eigenvector of A. Now —iA is Hermitian, so an

eigenvalue A of —iA is real, and —iAx = Ax is equivalent to Ax = idx. That is,
any eigenvalue of A is of the form i1 where A is real. Thus as we continue, we
assume that there is a real number A such that

Xn
Am — An

IsnsN ©™M
n+m

=ilx;, (G.17)

for all m. In passing we note that since A is normal, it follows by Corollary[G.11]

that the special case (G.13)) of (G.14) is equivalent to (G.14).

We square out the left hand side of (G.16) and take the sum over m inside to
see that this expression is

N N_ 1
=Zx,2xs Z (A = ) (An — A5)

r=1 s=1 1<m<N
m#r
m#s
The terms with r = s contribute
N 1
|x |2 _ (G.18)
; ! 1<mZ<N (Am _/1")2
‘m#n
The terms with » # s contribute
1
Xp Xy . (G.19)
1Sr,zs:sN 1S;N (A = ) (An = )
r#s m#r
m#s

Since r # s, we may write

1 o ( 1 1 )
(/lm _/lr)(/lm _/ls) /lr _/ls /lm _/lr /lm _/ls .
On inserting this in (G.19), we find that the expression is

Xp Xy 1 1
Z /lr_/ls(1<;N/1m_/lr_ Z /Im_/ls).

1<r,s<N 1<m<N
r#s m#r m#r
m#s m#s

In the first inner sum the summand is finite if we were to allow m to take the
value s, so we drop the constraint m # s. Similarly, in the second inner sum we
drop the constraint m # r. After accounting for the effect of these alterations,
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we find that the expression above is

XX Xr Xy 1
=2 Z /1r_/ls)2 " Z /lr_/ls]<z /lm_/lr

1<r,s<N ( 1<r,s<N <m<M
r#s r#s m#r

XXy 1
1<r,Zs<N Ar = s 15%M Am = s

TS m#s

= ZT] +7, — T3, (G20)

say.
Since |x,X5| < %|)cr|2 + %|xS|2, it follows that

N
1
7] < > x| — (G.21)
,Z:; I%N (/lr - /ls)z

We note that

S#r m#r

On taking complex conjugates of both sides of (G.17), and then setting m = r,
we find that the first inner sum above is = —iAx, since A is real. Thus

N 5 1
=il x| :

I<sm<N “™
m#r

Similarly,

TFix_“‘( 2, Ariﬁs)( 2 ﬂml‘ﬁs)'

< I<m<N
r#s m#s

By multiplying both sides of (G.I7) by —1, and taking m = s, we find that the
first inner sum above is = —iAx. Thus

N

n=-i) Wl Y,

s=1 l<m<N =™
m#s

Hence T, = T3, so the contributions of these terms in (G.20) cancel. Thus the
expression (G.19) is precisely 7. On combining (G.I8) with (G.2T)) we deduce
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that the left hand side of does not exceed

y 1
2
DLy —
n=1 1<m<N m n
m#n
We may assume that the A,, are in increasing order, so that |4,, — A, | > 6|m—n].
Hence the inner sum above does not exceed

1 Z 1 <2§(2)_n2

52 2= 52 T 352
6% A (m—n) 6 36
m#n
Thus we have (G.16), and the proof is complete. i

We now use Theorem|[G.14]to derive a trigonometric variant, which is useful
when we work modulo 1.

Theorem G.15 Let a;, an, ..., agr be distinct modulo 1, and let 6 > 0 have
the property that ||a, — as|| > & whenever r # s. Then

urv 1 R 1/2 R 1/2
ZRm = g(;“‘ﬂz) (;Ivslz) (G.22)

1<r,s<
for arbitrary real or complex u, and v.

r#s

On setting v = uy; we see in particular that

Y, e
sinz(a, — ay)

1<r,s<R
r#s

R
1 2
<5 ; |uty | (G.23)

for arbitrary real or complex u,.

Proof We recall that the Weierstrass product formula for the sine function

asserts that
. = z Z
e[ (1-2)(1+ ).
sin 7z nzkzl( 3 X

On taking logarithmic derivatives, it follows that

I w1 1
7rcot7rz:—+Z(—+—).
z Hlz—k z+k

Now

1 1 7z 1 7(z+1)
ot

—cot — — =

sinnz 2% 72 T2

[\
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SO

1 1 1
siti:rz :E+Z(_l)k(z—k +z+_k)

(G.24)

We apply Theorem|G.14]with doubly-indexed variables X, y,s and A,,,-. Thus
1/2
(Z o) (3 bomsl?)
m,s

We now take x,, = (=1)"uy, yms = (=1)"vs,and A, =n+a, forl <m,n <
K. Thus

Xnr yms
/lnr - Ams

‘ r,s,m,n
(n,r)#(m,s)

R R
(=) "y, v, Kn 172 1/2
n-m+a r—; = 0 (Zlurlz) (Z|VS|2) ’
(n,r)#(m,s) r $ r=1 s=1
As
1 n-m
GV
1<m,n<K n—m
m#n

we may replace the condition (n,7) # (m, s) by the simpler condition r # s.
We put k = m — n and divide by K to see that

‘ZWS Z (-1k (1a— leK) %(i|“r|2)1/2(i|vs|2)1/2.
S r=1 s=1

s
From (G.24) we see that the left hand side above tends to

" 3 =

as K — oo, so the proof is complete. O
Suppose that
A <Ay <---<An, (G.25)
and let
0n = min [Am — Anl- (G.26)
m¥£n

Thus in Theorem @l we may take 6 = min, §,,. When some of the 4,, are
more widely spaced from their neighbors than others, it is advantageous to
work with the ¢,, rather than with 9, as it is possible to derive a weighted form
the Hilbert inequality:
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Theorem G.16 Let A1, s, ..., AN be distinct real numbers, and let the num-
bers 6, be defined as in (G.20). Then

Xmyn |3 (N |xn|2)”2( < |ym|2)“2

E < —-r E E (G.27)

ISm,nSN/lm_/l" 2 n=1 On m=1 Om
m#n

for arbitrary real or complex numbers x, and y,,.

This includes Theorem apart from the factor 3/2. Itis unknown whether
the above is true with the constant 7. On taking y,, = X,,, we see in particular

that
—_ N 2
nvm 3 n
R = on > ol (G.28)
1<m,n<N /lm _/ln n=1 6"
m#n

for arbitrary real or complex numbers x,,.

To prepare for the proof of Theorem [G.16|we establish some useful inequal-
ities.
Lemma G.17 Let the A,, and 6, be as in and (G.26). Suppose that f
is defined on (0, ), that f is positive, decreasing, convex upwards, and that
f; f(x)dx < oo ford > 0. Then

o)

Y 00S =2 < ot =20 a0+ [ flodx ©29)

n>r /l,urlf/lr

forr < N, and
Y 0uf Uy =) € A=A, -0f = Ao+ [ fyds @30
n<r A=Ay

forr > 1.

Proof The contribution of n = r + 1 in (G.29) is
6r+1f(/lr+1 - /lr) < (/lr+1 - /lr)f(/lrﬂ - /lr)

since 6,41 < Ay41 — A, and f is positive. For n > r + 1 we set M4, = (4, —
%6,,, An + %6,,], and observe that

6nf(/1n - /lr) < ‘//‘% f(x - /lr) dx

by the convexity of f. The intervals .#, are disjoint, and lie in the interval
[A,41,00), 50

Z 6nf(/1n_/lr)s‘//;DC f(x_/lr)dx

n>r+l
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since f is nonnegative. Thus we have (G.29), and (G.30) is proved similarly. O
Corollary G.18 Let the A, and 6, be as in (G.23) and (G.26)). Then

N
o 4
D<= (G.31)
n=1 (An - /lr) 5r
n#r
and
N
0 8
— <3 (G.32)
n=1 (/ln - /lr) 35r
n#r
for1 <r <N.

Proof By taking f(x) = 1/x? in (G.29) we find that

Z On 2 2
< < -,
(/ln - /lr)2 Ar+l - /lr 6r

r<n<N
and the corresponding sum over n < r is bounded similarly using (G.30). This
gives (G.31)), and (G.32) is proved similarly by taking f(x) = 1/x*. i

Lemma G.19 Let the A, and 6, be as in (G.23) and (G26). If 1 <r,s <N
andr # s, then

On 4 I 1
< —+ ) (G.33)
I<sn<N (/ln - /lr)z(/ln - /1s)2 (/1r - /ls)z (6r 65‘)
nes

Proof LetLet f(x) = (x —A,)"2(x — A,) 2. We first show that f is concave
upwards. By taking logarithmic derivatives we see that

! -2 -2
—(x) = + .
f x—A, x-A

By differentiating both sides of this we find that

Y ’

AT
f - (x - A,)? (x - /ls)z.
Here the left hand side is (£ (x) f(x) — f"(x)?)/f(x)?, so by multiplying both
sides of the above by f(x)? and then adding f’(x)? we deduce that
2 2
+
(x =24, (x=45)?
Since f(x) > 0, it follows that "' (x) > 0.

P fE) = f/@7+ F02 ) > 0.
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Let M, = [1, —6n/2, A, +6,,/2]. Since f is convex upwards, it follows that

5 f (L) < /ﬂ Fx) dr,

and on summing this over n we find that

IO EEY /ﬂ £(x) dx. (G.34)

1<n<N 1<n<N
n#r n#r
n#s n#s

Now

1 1 1
A + Efsn =Aps1 — (/ln+l - /ln) + zén <Ay — E(lnﬂ - /ln)
1
< /ln+l - §6n+17

so the intervals ./, are pairwise disjoint. Let # = R\ (., U Mj). Since
f(x) > 0 for all x, it follows that the right hand side of (G.34) is

< /5? f(x)dx. (G.35)

‘We note that

1 _ 1 ( 1 1 )
(x_/lr)(x_/ls)_/lr_/ls x—A x-2A/)

On squaring both sides of this, and then expanding the right hand side, we
deduce that

1 2
f(X) - (/1r - /ls)Q(x - /lr)z - (/11’ - /lx)z(x - /lr)(x - /ls)
1
T 2 —4)?
= filx) + L (x) + f3(x),

say.
Since fi(x) > 0 for all x, it follows that

)

[awas [ awa=g = [ e
4

= o -t (G30)

and similarly

4
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It remains to treat / g J2(x) dx. We observe that

o) = o (- )

(A = 53 \x = A, _x_/ls
~ -2 . 2
A=A =) (A= A3 (x - Ay)
= f1(x) + foo(x),

say. Let #(X) = [-X, X]. Then

/ f(x)dx = lim fo(x) dx
% X X)

= lim frr(x) dx + lim/ () dx. (G.38)
X—e Jg.7(X) X—00 Jg 7 (X)

Suppose that X is large. Then

/ () dx = Fn(x) dx — / Fn(x) dx < / For (1) dx
I (X) JMEF (X) A M, 5 (X)

since f>1(x) > O for x € . The remaining integral above is —2/(1, — Ay)?

times
/X dx fﬂr—%“r dx X -2,
+ = log ,
/lr_'_%(sr.x—/lr X x—A, X+,

which tends to 0 as X — oo. Thus the first limit in (G:38) is negative. As for
the second limit, we note that

‘/%J(X)fzz(x) dxz//%fj(x)fzz(x) dx—//%rfzz(x) dx<‘//%§j(x)f22(x) dx

since f>y(x) > O for x € ,. The remaining integral above is 2/(1, — 4,)>

times
/X dx /ﬂs—%és dx X - A,
+ =log s
/1_‘-+%65 X — /ls X X — /13‘ X + /lS

which tends to 0 as X — co. Thus the second limit in (G38) is also negative,
)

/ f(x)dx <O.
R
The stated result now follows by combining this with (G.36)and in

G33). o
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Proof of Theorem[G.16] Put u,, = x,,/ V3, and vy, = y/V0m. Thus we have

to show that
N N
3 1/2 1/2
< Sa( 2 hual?) (2 vl
n=1 m=1

for all u,, and v,,. By Cauchy’s inequality, the left hand side above is

N &Y a2
s(;w) (Z Zl B ) .

n
Un
| L D= A

n+m

VOmon -
§ nVm
1<m,n<N /lm - /1”

m#n

Thus it suffices to show that

N N 2 N
m§:1 ; /l‘ | < g7 ;W (G.39)
n+m

for all u,,. Let A = [a,n,] be the N X N matrix with coefficients

V0,0,

P b s ifm #n,
0 if m =n.
Thus A* = —A, so that A is skew-hermitian, and hence normal. Thus by

Corollary [G.11] we know that p(A) = ||Al|. Thus we may assume that u is an
eigenvector of A. Since —iA is Hermitian, any eigenvalue A of —iA is real, so
that if u is an associated eigenvector, then —iAu = Au. On multiplying both
sides of this by 7, we deduce that Au = idu. Thus the eigenvalues of A are
of the form il where A is real. As we continue, we assume that # is such an
eigenvector, so that

X G
2,

n = 1Ay, G.40
/lm_/lnu idu ( )

for all m. We may further assume that u is a unit vector, which is to say that

N
Z lun|? = 1. (G.41)
n=1

We expand the left hand side of (G.39) and take the sum over m inside, to
see that the expression is

N N - 5m
B ; \/Eur ; \/6_SMS Z (/lm - /lr)(/lm - /ls) .

1<m<N
m#r
m#s
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The terms with » = s contribute

N N 5
Splu >y —2 G.42
Z; | ;um—w (G.42)

m#r

The terms with r # s contribute

_ Sm
Z NN Z IR (G.43)

1<r,s<N 1<m<N
r#S m#r
m#s

Since r # s in the above, we may write

Sm 1 ( om__ Om )
(/lm_/lr)(/lm_/ls) /lr_/ls /lm_/lr /lm_/ls .

On inserting this in (G-43)), we find that the expression is

V6,0 0 o
- rsuru—s( Z m m )

1<r,s<N Ar = As 1<m<N Am = Ar 1<m<N Am = As

r#s m#r m#r
m#s m#s

In the first sum over m there is no need to exclude m = s, and in the second
sum over m there is no need to exclude m = r. On inserting these terms we see
that the above is

N
_ V0,05 (6y +d5) = V6,65 Om
- (4, — 4,2 s DI ey WD I ey
1<r,s<N r S l<r,s<N T § m=1 "M r
r#s r#s m#r
V63 N b
I e R I e
I<rssN 7708 m=1"m" s
r#s m#s
=T +T, — T3, (G44)

say. By taking m = r in (G.40) and then taking complex conjugates we find that

N
00
Z rsm:_i/lm

since A is real. Thus

Tr=—id Y |u, >y —2—.
r=1 m=1 Am - /lr

m#r
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By taking m = s in (G.40) and then multiplying by —1 we find that

N
0,0
Z S u, = —idug.

Thus

i i d

T5=—id ) |ugl? -

s=1 m=1 /lm - /ls
m#s

On comparing these formula we deduce that 7, = T3, so that these terms cancel
in (G.40), so we now estimate 7}.

Clearly
\/5 Os (6 + 6, )
1<r,s<N
riv
say. We note that
V6,050
U—zzwz sk
S:ﬁr
Thus by Cauchy’s inequality,
N 3/2

wpr s () (Sa;

r=1 r=1

Z |ug] )
(A=) )
s#r

Here the first factor on the right hand side is 1 in view of (G:41). In the second
factor we expand the modulus-squared and take the sum over r inside. Thus the
right hand side above is

3/2 3/2
= 2, 66wl ) Q, —/1)21 )

1<s,t<N 1<r<N
r#s
r#t

By distinguishing those terms for which s = ¢ from those for which s # #, we
see that the above is

a 263“"'22 (5 _5 (6, —04)*
r#:s

3/2 .32
+ Z 0376, |usuy| Z o _/1)2(/1 myRYL

1<s,t<N I<r<N
S#t r#s
r#t
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In the first term we use (G.32)) to bound the sum over r. By (G.4T)) it follows that
this term is < 8/3. In the second term we use (G.33) to estimate the sum over r.
The resulting bound is precisely 4U. Since (U/2)? < 8/3 +4U, it follows that

ITi] < U < 8+4+/14/3 < 16.641.

This is our upper bound for the expression (G.43). By (G.31)) and (G.4T) we see
that the expression (G.42) is < 4. On summing these estimates we see that the
left hand side of (G.39) is < 20.641. The right hand side is 97%/4 > 22.206,
so (G.39) holds, and the proof is complete. i

In the same way that we derived Theorem from Theorem we
can derive a weighted inequality for use modulo 1 from the weighted Hilbert
inequality (Theorem[G.16]

Theorem G.20 Let ay,as,...,ar be distinct modulo 1, and put

6y = min |la, — asll.
1<s<R
S#EY

Then

Uyvg

r=1 s=1 s

r#s

for arbitrary real or complex u, and v.
Proof  As in the proof of Theorem[G.T3] we employ a doubly-indexed family
of A’s,namely A,,, =n+rforl <n < Kand1 <r < R.Thus |4, — Apms| = 6,

whenever (m, s) # (n,r). We continue as in the proof of Theorem [G.13] but
with an appeal to Theorem in place of Theorem|[G.14] O

G.5 Exercise

1. Write cos ra = (¢! + ¢~i7®) /2, and apply Theorem twice to show
that

Z uyvgcotm(a, — ay)
1<r,s<R
r#s

(S (S )

r=1

for arbitrary real or complex u, and v;.
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G.6 Notes

For more material on bilinear forms and matrix inequalities, see (Hardy, Little-
wood, pp. 196-259) Marcus & Minc|(1964)), Bellman|(1970), and Beckenbach
& Bellman| (1965)). For properties of integral matrices see Newman|(1972).

Section @ Theorem@] is due to Hellinger & Toeplitz| (1910), who also
dealt with the convergence issues that arise when accepting infinite-dimensional
matrices. The case ¢ = p’ of Exercise is due to F. Riesz| (1913)), and
the general case is due to his younger brother, M. Riesz| (1927).

Section@} Theorem@], is Satz I of |Schur| (1909)); it is one of the found-
ational results of linear algebra. The bound of Exercise [G.2.IJ[T7(f) can be
sharpened, slightly, by replacing the supremum of | f| by its essential supremum
which is defined to be the supremum of the set of those numbers V for which
{x : |f(x)| = V} has positive measure. With this refinement, the bound is best
possible, since the argument of Exercise can be extended with s(x)
replaced by an arbitrary measurable function. Schur|(1921) gave a simple proof
that |G(g)| = /g when g is odd, determined detE, E2, E* (as in Exercises
[G.2.1]22}H23)), and then deduced the multiplicities m,, and hence the values
of G(gq) when ¢ is odd. His argument is reproduced in (Landaul 1958 pp.
207-212), except that Schur took for granted that the eigenvalues of A? are the
squares of those of A. (This is an easy consequence of his triangularization
theorem [G.9}) Morton| (1980) has constructed a set of ¢ linearly independent
eigenvectors of the Schur matrix. |Balatoni| (1969) has derived both upper and
lower bounds for the largest and smallest eigenvalues of the matrix whose
determinant is the Smith determinant.

Section The original Bessel inequality was published by the physi-
cist/astronomer/mathematician F. W. Bessel in 1828. Boas|(1941) and Bellman
(1944) proposed generalisations of Bessel’s inequality, in which the given vec-
tors are close to orthonormal. Rényil (1949alblcl |1950 (1958l 1959) developed
a number of principles along these lines, for purposes of improving the large
sieve of Linnik. [Heilbronn| (1958) gave a further bound, which turns out to be
a little weaker than the estimate of Hal4 in Exercise[G.3.1I3] From the first two
exercises at the end of this section we see that such extensions of Bessel’s in-
equality are equivalent to consideration of bilinear forms, although sometimes
(e.g. in §E.3.3) we still find it convenient to think in terms of Bessel’s inequal-
ity. Discussion of the large sieve continued to be framed in terms of Bessel’s
inequality, even after the seminal works of Roth and Bombieri in 1965. Elli-
ott (1971, 1973) and Matthews| (1972a, [1872bl, |1973) were among the first to
address the large sieve in terms of bilinear forms.

Section In lectures, Hilbert proved the inequalities (G.12)), (G.13), but
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the latter with the constant 2. His proof is reproduced in Hardy, Littlewood &
Pdlya (1952, pp. 235-236). The inequalities were first proved with the optimal
constant 7 by Schur (1911)); for his proof see ibid (p. 213). For an extended dis-
cussion of the original Hilbert inequalities see §8.12, Chapter IX, and Appendix
IIT of Hardy, Littlewood & Pdlya (1952).

Atle Selberg wrote out for the authors Theorems|G.14][G.16} and their proofs.
He left us to deal with the problem of proving Theorems and We
achieved this by inserting trigonometric functions in all of his formulas, al-
though, as the reader will see, it has now been found that these latter theorems
are more easily derived directly from Selberg’s original theorems, by exploit-
ing the partial fraction expansion (G.24) of the cosecant function. Preissmann
(1984) showed that the constant %n in (G.27)) can be replaced by %ﬂ. In con-
versations, Selberg reported that he had shown that the inequality holds with
the constant 3.2, but it seems that no trace remains of the method he used to
achieve this. (Selberg), (1991 pp. 220-225) later derived Theorem by a
different method, but our proof above of Theorem follows Selberg’s ori-
ginal unpublished argument. Let Cy denote the best constant that could take the
place of %7( in (G.27). By following Selberg’s method as found in this section,
one encounters the problem of establishing an inequality of the sort

0,05(0, + 05
Z| AZ Bt <c12|ur|2 (G.46)
s:#r

This form is Hermitian and positive, so we would expect that it might be easy
to estimate. From this approach we find that

Co < ? +Cj.

If we could establish (G46) with C; = 3x2, then we would have Cy = .
However, |Yangjit (2023) recently showed that the best constant C in @D is
> 0.7009472. If Selberg reached 3.2 by estimating Cy, then his bound was very
close to optimal, and that approach would never give Cyp < 3.19. For more on
this topic see |L1/(2005) and |Preissmann & Lévéque|(2013).

Montgomery & Vaaler|(1998) introduced a still more general weighted form
of Hilbert’s inequality: Let the 4,, be as before, and suppose that 3, > 0 for all

n. Then
N N T N Iz |2
= < 84 .. (G.47)
ZZ::ﬁ +Bn +i(Ym = ¥n) nzz; On

m=1
m#n
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Appendix H

Linear Programming

H.1 Fundamental theory
The following simple and intuitively obvious result is fundamental.

Theorem H.1 Let G be a closed convex set in R™, and suppose that b ¢ 6.
Then there is a hyperplane # = {u € R™ : n-u = c} that separates b from €
in the sense that b-n < Q0 and n-u > 0 forallu € 6.

Proof Letugbe apoint of & whose distance from b is minimal. It is clear that
this minimal distance is attained by some point u( of €, even if € is unbounded
and therefore not compact, since we may restrict our attention to a sufficiently
large compact subset of €. Set n = ug — b and put ¢ = ug-n. Then

bn=wo-n)n=c—|nf*<c

since n # 0.

Suppose on the other hand that u € €. The points (1 —f)ug+ru,0 <t <1,
constitute the line segment joining u( to u. Since € is convex, these points are
also members of €. Consider the distance of such a point from b. We note that

|(1—ug+tu — bl = lu+1(u—uo)?> = |n|* +2t(u — up)-n + |u — uol?s>.

If it were the case (u — ug)-n < 0, then the above would be smaller than |n|?
if we took ¢ sufficiently small and positive. Then we would have a point of &
that is closer to b than u(. Since uo was chosen to minimize this distance, we
conclude that (u# — ug)-n > 0, which is to say that u-n > c. O

Corollary H.2 A closed convex set in R™ is the intersection of its supporting
translated half-spaces.

Suppose that a and b are vectors in R". We say that a > b if a; > b; for all
respective coordinates.

439
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Theorem H.3 (Farkas’ Lemma|1902) Suppose that b € R™ and that A is an
m X n real matrix. Then exactly one of the following is true:

(i) There is an x € R"™ such that Ax = b and x > 0,
(ii) Thereisay € R™ such that b-y < 0 and ATy > 0.

Proof That the alternatives are mutually exclusive is clear, for if both (i) and
(i1) held, then we would have

0>y'b=yT(Ax) = yTA)x = (ATy)Tx > 0.

Let € = {Ax € R™ : x > 0} be the closed convex cone generated by the
columns of A. By Theorem either b € €, in which case we are in case
(i), or else there is a vector n € R™ and a real number ¢ such that n-b < ¢ but
n-u > c forallu € €. Since 0 € & it follows that ¢ < 0. On the other hand,
if there were an u = Ax € € such that n-u < 0, then such numbers would be
unbounded below, since u can be replaced by au with @ > 0 arbitrarily large.
Thus ¢ = 0. We take y = n, and observe that yTAx > 0 for all x > 0 if and only
if yTA > 0. Thus the proof is complete. O

Theorem H.4 Suppose that b € R™ and that A is an m X n matrix. Then
exactly one of the following is true:

(i) There is an x € R" such that Ax < b and x > 0,
(ii) Thereisay € R™ suchthatb-y <0, ATy >0, andy > 0.

Proof That the alternatives are mutually exclusive is clear, for if both (i) and
(i7) held, then we would have

0>yTh > yT(Ax) = (yTA)x > 0.

We apply Theorem [H.3|with n replaced by m + n, A replaced by [A | I], and x
replaced by [%] where w € R™. In case (i) of Theoremwe have

[A|I]i:b

where x > 0 and w > 0. That is, Ax + w = b, which is case (i) above.
Alternatively, in case (i) of Theorem[H.3|there is a y € R” such that b-y < 0
and yT[A|I] > 0. Thatis, yTA > 0 and y > 0. Thus (i) holds and the proof is
complete. O

We are now in a position to prove the Fundamental Duality Theorem of linear
programming.
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Theorem H.5 Let A be an m x n matrix with real entries, and suppose that
b € R" and ¢ € R" are given. Put & = {x e R" : x > 0, Ax < b}, and
Y={yeR":y>0, ATy > ¢}. If X and ¥ are both non-empty, then
X =min b-y. H.1
max ¢-x gg; y (H.1)
If & is non-empty, then sup,.q b-x = +oo if and only if ¥ = 0. Similarly, if
Y is non-empty, then infycq c-y = —co if and only if T = 0.

It is possible that both 2" and % are empty.

Proof Let L denote the left hand side of (H.I) if 2 is non-empty, and let R
denote the right hand side of (H.I) if % is non-empty. Since 2 is connected
and c¢-x is a continuous function of x, it follows that the values ¢-x, forx € X,
form an interval on the real line, I, say. Similarly, the values b-y, fory € 7,
form an interval /. Suppose thatx € 2 andy € %.Sincec < ATy andx > 0,
it follows that
cx=c'x < (y"A)x = yT(Ax).
On the other hand, y > 0 and Ax < b, so the above is
<y'b=by.

Thus the interval I, lies entirely to the left of the interval /g. What is further
asserted in (H.T) is that there is no gap between these intervals. From the above
it is clear that if & and % are both non-empty, then the interval /;, is bounded
above and the interval Ir is bounded below. It remains also to show that if
X # 0 and ¥ = 0, then I extends to +oo, and similarly that if & = 0 and
% + 0, then the interval I extends to —co.

Suppose that 2 is non-empty and that u is a number chosen so large that
p > L. Then there does not exist an x > 0 such that

A b
_cT —u
We apply Theorem [H.4]to this situation, and see that case (i) is excluded. Thus
there is a [g] e R™*! such that

z b4
[bT|—#] —| <0, [AT|—C]l‘20, z2>0, g >0.
q q

Thatis, b-z < ug and ATz > gc. We see that ¢ > 0, for if ¢ = 0, then we would
have b-z < 0, ATz > 0, and z > 0, which is case (ii) of Theorem [H.4} But then



442 Linear Programming

case (i) would be excluded, which is to say that 2" would be empty, contrary to
assumption. Thus ¢ > 0 and we sety = Cljz. Theny € % and b-y < u. Thus
we learn that if it is possible to choose a number yu larger than all members of
IR, then % is non-empty, and also that u > R. Thus if & is non-empty, then
L = +ooif and only if % is empty. As we observed at the outset, if 2" and % are
non-empty, then L < R. What we have now shown is that there is no number u
such that L < y < R. Thus L = R.

The proof is now complete except for the very final assertion. For this we
can argue similarly, or we can exchange m and n, replace b by —c, replace ¢ by
—b, and replace A by —AT. Then 2 and ¥ are exchanged, L is replaced by —R,
and R is replaced by —L. Through this reversal we see that the final assertion
follows from the one immediately before it, so the proof is complete. O

H.1.1 Exercises

1. Let & be a closed convex set in R™, suppose that b ¢ €, and let ug be a
member of € that is closest to b, as in the proof of Theorem Show that
uy is unique.

2. Let € be a convex set in R, and suppose that b ¢ €. Show that there is a
hyperplane # = {u € R™ : n-u = c} that separates b from & in the sense
thatn-b <Obutn-u >0forallu € 6.

3. Derive Theorem from Theorem by applying Theorem with m
replaced by 2m, and with A, b, y replaced respectively by

A b i

s s

Al 8] [,

H.2 The application to sieves

Let 4 be a sequence of nonnegative numbers a(k), let & be a finite set of
primes, set P =[], p, and for 6| P set

Ss= D, alk),

k
(k,P)=6

X, = Za(kd) = Z Ss

k o
d|s|P

so that
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for d|P. Let n = 2¢P)_ Thus n is the number of §|P, and the S play the role
of the x; in Theorem The X, are linear forms in the S5, which must obey
bounds of the sort

1Xa - p(d)X| < Ry (H.2)

for d|P. Here p(d) is a multiplicative function defined on the divisors of P with
0 < p(p) < 1 for all p|P. This gives rise to m = 2n linear inequalities

Xa < p(d)X + Ra,
“X4 < —p(d)X + Ry

for d|P. Let A be the m X n partitioned matrix

Als
A=|—
Ags

where

A = 1 ifd|o, A= = -1 ifd|s,
ds 0 otherwise, do 0 otherwise

Let S be a column vector whose n coordinates are the numbers S, and let
b be a column vector whose m = 2n coordinates are partitioned so that the
first n coordinates are the numbers b}, = p(d)X + Ry, followed by n further
coordinates b, = —p(d)X + R4. Thus the vectors S are subject to the condition
S > 0and AS < b. Let & denote the set of these admissible vectors S. Let ¢
be a vector in R whose coordinates are indexed by the 6| P with

1 ifo=1,
Cs =
0 ifo>1.

For an upper bound sieve, we would want to derive an upper bound for the size
of ¢-S. To construct the dual extremal problem we let A € R™ have nonnegative
coordinates, partitioned into two halves, so that 4 = [, | 17 ]. Note that in this
situation, A}, is not an upper bound sifting function, nor is 17 a lower bound
sifting function. Rather, they are building blocks which will be used to form an
upper bound sifting function. In addition to A > 0, the A are required to satisfy
AA > c. That is,

1 ifo=1
AL - Ay >2cs = ’
;”’ Zd:d ° {o if5> 1.

d|é d|s
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Let % denote the set of those A that meet these requirements. For any A € %,
the quantity b-A is an upper bound for ¢-S for all § € 2. That is,

S < (b 1bg] - (451051 = X D" (45 = A7)p(d) + D (4 + A7) Ra.
d|P d|P
Suppose that 1,4 is given, and that 17, and 1, take nonnegative values so that
A5 = A, = Aq. If g > 0, then the quantity A7, + A is minimized by taking
Ay = A4 and A; = 0. Similarly, if 14 < 0, the quantity A7, + A7, is minimized
by taking A4}, = 0 and A; = —A44. Thus

S1<X ) dap(d)+ ) 11alRa (H3)
d|P d|P
where
1 ifé=1,
Z Ag = )
e 0 ifo>1.
Moreover, by Theorem[H.5| we know that the minimum of the bound (H.3)) over
A € ¥ is equal to the maximum of S; as S takes all possible values in X,

provided that both 2" and % are nonempty. For % this is easy: Just take 41 = 1
and 14 = 0 for d > 1. To exhibit a point in &', we note that if

Ss=p© || 1-pp)X
rlpP/é

for all 6| P, then X; = p(d)X for all d|P. Hence in particular, any upper bound
that can be derived from the hypotheses (H.2) must be at least as large as

x[[a-p,
pIP

and any lower bound cannot exceed this value.
To obtain a corresponding result for lower bound sieves, we let A, b, and &
be defined as above, but we now set ¢ € R” to be ¢ = (¢s) with

-1 ifo=1,
Cs =
0 ifé>16|P.

That is, ¢ is the negative of its former value. This results in a change in the
definition of %/ . We still take % to be the subset of R?" consisting of partitioned
vectors A = [/l;, /l:l] such that AT A > ¢, but this condition now reads

-1 ifé6=1,
Say->agz '
d . 0 ifs>14|P
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for §|P. Put 14 = A, — A7,. Then

1 ifs=1,
Z/ldS .
7 0 ifs>1, 6|P.

d|és
Hence
=St <[54 1bg1 - 151451 = X ). (X = az)p(d) + ) (4 +43)Ra
d|P d|P
==X > dap(d) + ) (A +7)Ra.
d|P d|P

To minimize the value of A}, + 1, if 14 > 0, set A, = A4, A5 =0,andif 14 <0
set A%, = =14 and A, = 0. On rearranging the inequality above, we find that

X > dap(d) = 3 |11alRa < 81,

d|P d[P

and that the maximum of the left hand side over all A € % is equal to the min-
imum of the right hand side over all § € &'. Note that & is nonempty because
it is unchanged from our upper bound discussion, and that % is nonempty
because 0 € %. Indeed, it sometimes happens that the best lower bound for
S1 is 0, and in that case 4 = 0 is optimal. (For example, this happens when
a={2,3,4}, % ={2,3})

It may seem that our considerations are not very useful because the number
of variables grows exponentially as a function of n. However, in most practical
situations, the X, are well-approximated only for d of limited size, which is to
say for d < z for some parameter z. We then set Ry = oo for d > z, which has
the effect of forcing the support of A to lie in [1, z].

H.2.1 Exercise

1. (USA Mathematical Olympiad 2011 Problem 6) Let &/ be a set of 225
integers, let &1, ..., 9|1 be subsets of & such that card A; = 45 for 1 <
i < 11, and also such that cards/; N /; = 9 for 1 < i < j < 11. Let

D=o1UHU---Ugf,and set Z = o \ D. The object of this Exercise
is to show that card 2 > 165, and to show that this is best possible.

(a) Note that the first part of the object is equivalent to showing that
card #Z < 60. This resembles an upper bound sieve problem, in which
the &f; correspond to multiples of a prime p; which are deleted, and the
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numbers in & remain. For a € mathscrA define a weight

w(a) =1+ Z 1+ Z 1
1<i<ll 1<i<j<ll
acd; aEéZfiﬁ.ij
where 1; and A, are yet to be chosen.
(b) Note that if w(a) > Oforall a € & and w(a) > 1 for all a € &, then

card # < Z w(a).

acd
(c) Show that
Z w(a) =225 +495(1; + 1»).
aed
(d) Fora € o, let m = m(a) denote the number of /, 1 < i < 11, for which
a € d;. Show that

wiay =1+ T+ (e = s
say.

(e) Choose A; and A, so that f(3) = f'(3) = 0. With the A; chosen this
way, show that 1| + A, = —1/3, and that f(m) = (m — 3)?/9, with the
result that f£(0) = 1, f(m) > O for all m, and f(m) = 0 only when
m = 3.

(f) Conclude that card £ < 60, which is to say that card 2 > 165.

(g) To achieve equality in the above argument, the </; must be chosen so
that m(a) = 3 for all @ € @. Note that (') = 165. Choose 165 distinct
integers, and for each triple (i, j, k) with 1 < i < j < k < 11 place
one of these integers in &/; N &; N . The &; are to have no other
members. Show that card @ = 165, that card &f; = 45 for all i, and that
card of; N ; = 9 for all pairs i < j.

H.3 Notes

added autoref ~ Section [H.1] Theorem[H.T]is true also in many other spaces, but it is important
that the space in question be locally convex.

The history of linear programming can be traced back to |Fourier| (1826),
who determined whether a polyhedron defined by linear inequalities is empty
by projecting it to a space of dimension one less; thus he eliminated one
variable at a time. This process is now known as Fourier—Motzkin elimination.
See Dantzig & Eaves| (1973) and |Williams| (1986) for accounts of this. The
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next major development was the discovery of [Farkas, J.| (1902), but this had
little impact until much later. [de la Vallée Poussin|(1911)) devised an iterative
procedure for solving a minimax problem, but this also seems not to have
attracted attention. Retrospectively, [Farebrother (2006) argues that with a few
small adjustments, de la Vallée Poussin’s procedure could have been converted
to provide a linear programming algorithm. Economists made progress in the
1930s and 40s, and George Dantzig invented the Simplex Method in the summer
of 1947, but it was on October 3, 1947, when Dantzig described his work to von
Neumann at the Institute for Advanced Study, that von Neumann immediately
conjectured the duality principle. von Neumann’s contention was that Dantzig’s
problem was essentially equivalent to a problem in the theory of games that
had already been discussed in |[von Neumann & Morgenstern| (1944). Dantzig
was assigned the job of writing up rigorous proofs, a task he completed by
January 5, 1948. However, he did not publish his paper, because he considered
it to be the work of von Neumann. In 1948, Gale, Kuhn and Tucker started their
work on nonlinear programming, and soon discovered duality, independently of
von Neumann. See Gale, Kuhn & Tucker|(1951). Further seminal papers from
this era are found in the conference proceedings edited by [Koopmans| (1951).
For details as to how and by whom such terms as ‘Primal’, ‘Simplex Method’,
‘Linear Programming’ were invented, see Dantzig|(1982)) and Dorfman|(1984)).

In most applications, the Simplex Method seems to run in a little more
than linear time, but some artificial situations have been constructed in which
it runs much slower. Shor| (1970) proposed a different algorithm for linear
programming, of a type called ‘ellipsoidal’, Khachiyan|(1979) modified it, and
thus was able to prove that the linear programming problem runs in polynomial
time. However, these algorithms are not so fast in practice. On the other hand,
Karmarkar] (1984]), at Bell Labs, proposed a method that deals simultaneously
with issues of projection and scaling, and is fast in practice. For more details,
with instructive code fragments, see Chakraborty, Chandru & Rao| (2020).

Section Chebyshev advanced our understanding of the distribution of
prime numbers by employing truncated versions of the Mobius function. The
first person to modify the Mobius function to form a sifting function as we think
of them today was a young French mathematician, Jean Merlin, who was killed
in WWI. Thus we have from him only one brief announcement, Merlin! (1911)),
communicated by Poincaré, and one posthumous paperMerlin|(1915)), prepared
by Hadamard. Viggo Brun was stimulated by these items, and developed an
effective sieve method. Buchstab devised a method by which sieve estimates
could be improved, but without any indication that sifting functions had the
capability of delivering optimal results. In his Stony Brook lectures, |Selberg

added autoref
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(1971)) argued that sifting functions can deliver optimal bounds because they
represent the supporting planes of a certain convex body. We have expressed
the situation in terms of linear programming, in order to make it more amenable
to numerical explorations.

The published account of the Olympiad Problem includes three solutions,
none of which treat the problem as one of linear programming. The number
225 was cunningly chosen so that 45 = 225/5 and 9 = 225/5?, but this has
no bearing on the solution. If 225 is replaced by any number N > 165, then
card 2 = 165 and card Z# = N — 165. We understand that this problem was
solved by exactly two contestants.
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Errata for Volume 1

page line  Correction

6 15 The value given of 1i(10'3) is incorrect; it should be
346065645809.01.

7 —-10  For ‘k’ read ‘K’.

17 -2 insert comma before ‘then’.

23 -6 Replace ‘n =1’ by ‘n=2".

41 —10  The typeface in the first line under the first sum is too small.

42 14 insert parentheses: ¢ = (2Co — 1 — ¢’(2))/£(2)

57 7 For ‘1/d’ read ‘1/d’.

64 12 After ‘Show that’ insert ‘if ¢ > 1, then’.

67 -1 In summation replace f < x by f > x.

70 14 The right hand side of the inequality should read

li(logn) + O ((logn) exp ( — cy/loglogn))

70 16 The right hand side of the inequality should read

li(logn) + O ((logn) exp ( — cy/loglogn))

38 In Exercise 6(d), replace ‘2 (2) — 1/’ by ‘¢ (2) - 1/(z—1)".
92 3 After ‘A’ insert ‘= 1".
92 6 Replace ‘g([d, e])’ by ‘b([d,e])’.
117 -9 Replace ‘Lemma 4.2’ by ‘Lemma 4.3’.
122 8 For ‘T,(s,/\()’ read ‘%(S,XO)’.
126 1 The condition ‘n = a (mod g)’ should be ‘p = a
(mod gq)’.
126 2 The condition ‘n = a (mod g)’ should be ‘p = a
(mod g)’.
126 3 The condition ‘n = a (mod g)’ should be ‘p = a
(mod g)’.
1 I
131 13 For(l N(ﬁ)) .
read (1 - )
N(p)*
133 3 For ‘be written’ read ‘may be written’.
133 -5 For ‘L(1, y)’ read ‘L(1, y) # 0.
138 -3 For ‘x{ " read ‘x7°’.
139 12,13 “si’ should be ‘si’.
147 5 Replace ‘+%’ by “+7°, ‘—%’ by ‘—}T’, ‘+§’ by ‘+£’, and ‘—é’

by ‘—ﬁ’.
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page
158
193
258
258
284

286
310
311
318
346
347
348
348
369
369
374
377
377
386
386
389
409
409
411
423
423
430
434
434
434
435
438
442
442
442
442
444
445

445
446

461

Errata for Volume 1

Correction

Replace o+ by limg_,q+.

For ‘cos6’ read ‘cos 6.

For ‘contraction’ read ‘contradiction’.

For ‘arithemtic’ read ‘arithmetic’.

For ‘for some integer k.’ read ‘for some integer k,
when (n,p) = 1.

Replace ‘e(a/q)’ by ‘e(—a/q)’.

Replace x(2) by x(2).

Replace N/q by ¢g/N in three places.

For ‘I’ read ‘0.

For ‘Mp(R)’ read My (R) = max <g |h(2)].
For ‘K’ read ‘%5’ .

For ‘Exercise 10.1° read ‘Exercise 10.2.1°.

For ‘Exercise 10.4’ read ‘Exercise 10.2.4’.

For ‘(5.23)’ read ‘(5.25)".

For ‘e"/*’ read ‘e™"/*",

Replace ‘(10)’ by *(11.10)".

Delete ‘(a)’.

Delete all of part (b) of the exercise.

Replace ‘x’ by ‘n’ in two places.

Replace ‘x’ by ‘n’.
Replace ‘¢’ by ‘e~¢0,

close the space between (%)’ and (0).

Replace +(—1 + cosh 1/z) log z by —(=1 + cosh 1/z) log z.
For ‘¢(s)’ read ‘®(s)’.

For “y, < —y;’ read ‘y, < —y1/2".

Replace “y; < —y;’ by “y2 < —y;/2’ in two places.
Replace F by i in five places.

Replace ‘(13.25)’ by ‘(13.35)".

In the last error term in (13.37), replace ‘y! =7 by ‘x!=7".
In the last term of (13.38), replace ‘y!=“ by ‘x!=7".
Replace ‘Corollary 13.13° by ‘Theorem 13.13".

3 A(n) ) ¢ 1 >
In the second sum, replace ‘-5 o by E

Between ‘Put’ and ‘0']' insert ‘o = 1+ 1/logx,”.
For ‘Theorem 13.22° read ‘Theorem 13.23’.

For ° fm oy’ read ¢ /(:0’.

For ‘Theorem 13.22° read ‘Theorem 13.23’.
Replace |L(s, x)| by |log L(s, x)|-

The displayed formula should read

[log L(s, x)| < logloglog gt + O(1).

Replace |L(s, x)| by |log L(s, x)|-

For ‘B (x/d?)’ read ‘B ({x/d*})".

For 278(t) < cloglogT’ read ‘S(¢) < %,/% loglogT’,

and for fo:’ read ‘ffm’.
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475
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492
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503
508
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530
535
536

536
539
551

line
4
-6

-11
-2
10

11
12

Errata for Volume 1 453

Correction

Replace ‘and’ by ‘and if ® > 1/2, then’

Replace ‘since ® > 1/2, it follows that’ by ‘if ® > 1/2,
then’.

For ‘Lemma 1’ read ‘Lemma 15.1°.

Replace ‘¢™1¢ /pK* by e [pK+1",

Replace ‘no prime power’ by ‘no logarithm of a prime
power’.

For ‘¢ <x<b’ reada <x <¢&.

For ‘¢(2) = n/6’ read ‘¢ (2) = n2/6’.

For ‘(1)’ read ‘(B.1)".

For ‘N’ read ‘N".

Replace ‘Bi(x)’ by ‘Bi({x})".

For ‘c’ read ‘C’.

Replace ‘Bi(x)’ by ‘Bi({x})".

Replace ‘B(x)’ by ‘Ba({x})’.

For ‘constatnt’ read ‘constant’.

For ‘/000’ read ‘/01’. R

Replace ‘f(k)’ by ‘f(k)’.

In the figure, the label O is at 0.1, but it should be at 0.0 on
the horizontal axis.

For ‘Z’ read ‘Z’.

For ‘f(k)’ read ‘f(k)’.

—22 For ‘powe series’ read ‘power series’.
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