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® and let

a=(a1,a,...,qk),

fla, A) = Z e(auv(n))

neA

where A is a finite set of integers.
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Introduction
o = (()[1,0[27 R 7ak)7

fla, A) = Z e(auv(n))

neA
where A is a finite set of integers.

® \We are interested in the mean value

Ji(A, b) = /w I, A)?* dar.
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el where r(m, Ab) denotes the number of solutions of the
system
m + - 4+ np = m
n2 + s —|— n2 = my
1 ’ 1)
AR -

with n; € A.
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Iredlistton where r(m, Ab) denotes the number of solutions of the
system
m + - 4+ np = m
n2 + s —|— n2 = my
1 ’ 1)
AR -
with n; € A.

® Thus by Parseval's identity,

Je(A,b) = r(m, AP)%,



S ® When B and C are subsets of R? containing only finitely

Vinogradov's many lattice points, let N(B,C, £) denote the number of

Theorem solutions of

Robert C.

Vaughan m + .- + my = m R + np + 61

traduction m% + . 4+ m[2; = n% e n% + 4
mf + o+ omp o= nf 4 o+ onp o+ b

with m € B and n € C.



Math 571,
Spring 2025,
Vinogradov's
Mean Value

Theorem

Robert C.
Vaughan

Introduction

® When B and C are subsets of R? containing only finitely
many lattice points, let N(B,C, £) denote the number of
solutions of

m + - 4+ mp = nm + -+ + np + f1
m o+ -+ mi o= n + - 4+ nm o+ b
mf o+ m/[; = nf o+ nll; + 4

with m € B and n € C.
® For brevity write N(B,£) = N(B,B,¢£), N(B) = N(B5,0)
and N(B,C) = N(B5,C,0).
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® When B and C are subsets of R? containing only finitely
many lattice points, let N(B,C, £) denote the number of

solutions of
my  +
m% +
mk +

my = n —+
2 _ 2

my ny +
_ .k

m, = np +

with m € B and n € C.
® For brevity write N(B,£) = N(B,B,¢£), N(B) = N(B5,0)
and N(B,C) = N(B5,C,0).

® Then we can define the more general mean

so that

Jk(A, b, £) = N(A®, £),

Jk(A, b) = N(AP).
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® The following elementary observations are useful.

Lemma 1

In the above notation,

(a) If B CC, then N(B,£) < N(C,¥),

(b) N(B,£) < N(B) for all ¢, _

(C) IfC=B1U---U Bj, then N(C) SJZ{:l N(B,’),
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d) = N(B,C),

(e) Jk(.A, b, f) < Jk(.A, b).
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® The following elementary observations are useful.

Lemma 1

In the above notation,

(a) If B CC, then N(B,£) < N(C,¥),

(b) N(B,£) < N(B) for all ¢, _

(C) IfC=ByU---U Bj, then N(C) SJZ{:l N(B,’),
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d) = N(B,C),

(e) Jk(.A, b, f) < Jk(.A, b).

® (d) is the fundamental translation-dilation property.
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® The following elementary observations are useful.

Lemma 1

In the above notation,

(a) If B CC, then N(B,£) < N(C,¥),

(b) N(B,£) < N(B) for all ¢, _

(C) IfC=ByU---U Bj, then N(C) SJZ{:l N(B,’),
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d) = N(B,C),

(e) Jk(.A, b, f) < Jk(.A, b).

® (d) is the fundamental translation-dilation property.
® Proof. (a) is obvious.
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General
Inequalities

® The following elementary observations are useful.

Lemma 1

In the above notation,

(a) If B CC, then N(B,£) < N(C,¥),

(b) N(B,£) < N(B) for all ¢, _

(C) IfC=B1U---U Bj, then N(C) szjlzl N(B,’),
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d) = N(B,C),
(e) Jk(Aa ba ‘e) < Jk(Av b)

® (d) is the fundamental translation-dilation property.
® Proof. (a) is obvious.
® (b) We have already seen versions of this.

N(B, €) = /T

S/
Tk

Z r(m,B)e(m - a)‘ze(—ﬂ ca)da

m

Y r(m,B)e(m- a)‘2 da = N(B),

m
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® Lemma. _
(c)fC=ByU--- U B;, then N(C) gjzjizl N(B)),
(d)Ifa#0andd=(d,d,...,d), then
N(aB+d,aC +d)= N(B,C),
(e) Jk('Av b, £) < Jk(-Av b)
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\'/\/iTZZigri/dac;is (C) /fC == B]_ y---u B_]r then N(C) SJZ{:I N(Bl)'
Theorem (d) /fa;ﬁOandd:(d,d,...,d), then
Robert € N(aB+d,aC +d) = N(B,C),
() Je(A, b, £) < Ji(A, b).
. ® (c) In the above notation,
Inequalities .
J

r(m,C) < Z r(m, B;)

i=1
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® Lemma. _

(c) IfC=DBLU---UB;j, then N(C) gjzfizl N(B)),
(d)Ifa#0andd=(d,d,...,d), then
N(aB+d,aC +d)= N(B,C),

(e) Jk(A, b, L) < Ji(A,b).
(c)

o In the above notation,

C

r(m,C) < Z r(m, B;)

—1

® and so by Cauchy’s inequality

J
r(m,CY? <jY r(m,B;).
i=1
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® Lemma.

(c) IfFC=ByU---UB,j, then N(C) <j>Y_, N(B;),
(d) Ifa#0andd = (d,d,...,d), then

(S

(
.(C

Jk(A, b, £) < Jk(A,b).

)
N(aB+d,aC +d) = N(B,C),
)
) In the above notation,

r(m,C) < Z r(m, B;)

—1

® and so by Cauchy’s inequality

J
r(m,C)2 S./Z r(m,B,-)2.
i=1

® |t now suffices to sum this over m, since
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® Lemma 1.
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d)= N(B,C),
(e) Jk(A, b, £) < Ji(A,b).
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® Lemma 1.
(d) Ifa#0and d
N(aB+d,aC + d)

=(d,d,...,
= N(B,C),

(e) Jk(A, b, £) < Ji(A,b).

® |t is useful to introduce the notation

si(6) = si(0; b)

Zef

d), then
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® Lemma 1.
(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d)= N(B,C),
(e) Jk(A, b, £) < Ji(A,b).

® |t is useful to introduce the notation
s;(8) = s;(6; b) Zef

e Then N(B,C) is the number of solutions of s;(m) = sj(n)
(1 <j<k)withmjeBandn;eC.
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Theorem (d) Ifa#0andd = (d,d,...,d), then
s/zllegr}t]ai N(aB+d,aC+d)= N(B)C)'

(e) Jk(A, b, £) < Ji(A,b).

® |t is useful to introduce the notation

General

Inequalities Sj(e = S_] 0 b ZQJ

e Then N(B,C) is the number of solutions of s;(m) = sj(n)
(1 <j<k)withmjeBandn;eC.
® Suppose sj(m) = sj(n) (1 <j < k). By the binomial
J .
theorem sj(am + d) = Z <J€) a‘d~*sy(m) = s;(an + d).

(=0
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Lemma 1.

(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d)= N(B,C),

(e) Jk(A, b, £) < Ji(A,b).

It is useful to introduce the notation
s;(8) = s;(6; b) Zef

Then N(B,C) is the number of solutions of s;(m) = sj(n)
(1 <j<k)withmjeBandn;eC.
Suppose sj(m) = s;(n) (1 < j < k). By the binomial
i .
theorem sj(am + d) = Z <J€) a‘d~*sy(m) = s;(an + d).
=0
If instead sj(am + d) = sj(an + d) (1 <j < k), then
@sj(m) = sj((am + d) — d) = &/sj(n) in the same way.
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Lemma 1.

(d) Ifa#0andd = (d,d,...,d), then
N(aB+d,aC +d)= N(B,C),

(e) Jk(A, b, £) < Ji(A,b).

It is useful to introduce the notation
s;(8) = s;(6; b) Zef

Then N(B,C) is the number of solutions of s;(m) = sj(n)
(1 <j<k)withmjeBandn;eC.
Suppose sj(m) = s;(n) (1 < j < k). By the binomial
i .
theorem sj(am + d) = Z <J€) a‘d~*sy(m) = s;(an + d).
=0
If instead sj(am + d) = sj(an + d) (1 <j < k), then
@sj(m) = sj((am + d) — d) = &/sj(n) in the same way.

® (e) is a special case of (b).



Vi g, ® There is a close connection between the s,(0) and the
pring .

Vst elementary symmetric functions of the 6;, 0,(6) which can
Theorem be defined so that (—1)"c,(0) is the coefficient of z" in
- b
Robert C. the polynomial P(z) = /(1 — z0;).

Symmetric
Functions



Vi g, ® There is a close connection between the s,(0) and the
pring .

Vst elementary symmetric functions of the 6;, 0,(6) which can
Theorem be defined so that (—1)"c,(0) is the coefficient of z" in
- b
Robert C. the polynomial P(z) = /(1 — z0;).

® By considering the power series expansion of zP'(z)/P(z)
in a small disc centred on 0 one obtains the
Newton-Girard formulae which assert that

Eymm_etric r—1 ]
> () ajsj = ro, 2)
j=0
for 1 < r < b, and that
b .
Z(—l)"UjS,,j =0 (3)
=0

for r > b.
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® There is a close connection between the s,(0) and the

elementary symmetric functions of the 6;, 0,(6) which can
be defined so that (—1)"c,(8) is the coefficient of z" in
the polynomial P(z) = Hjl?zl(l — z0;).

By considering the power series expansion of zP'(z)/P(z)
in a small disc centred on 0 one obtains the
Newton-Girard formulae which assert that

r—1
Y (-1 s, = ro, (2)
j=0
for 1 < r < b, and that
b .
Z(—l)"UjS,,j =0 (3)
j=0

for r > b.

In this second identity, the quantity sp arises when
Jj=r=band it is to be understood that sy = b even if
one or more of the 6; vanishes.
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® Lemma 2.

(a) Suppose that 01,...,0p,¢1,...,¢p are such that

s(0) =s(¢) (1<r<b)

Then the polynomial Q(z; &) = Hle(z — &) satisfies

Q(z;0) = Q(z; ¢) identically.

(b) Suppose that p is a prime number with p > b, that u
is a positive integer and that 01, ...,0p, ¢1,...,¢p are
integers such that

s:(0) =s:(¢) (mod p’)  (L<r<b).

Then
Q(z:0) = Q(z;¢) (mod p*)

for all integers z.
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® Lemma 2.

(a) Suppose that 01,...,0p,¢1,...,¢p are such that
sr(0) = sr(9) (1<r<b)

Then the polynomial Q(z; &) = Hle(z — &) satisfies
Q(z;0) = Q(z; ¢) identically.

(b) Suppose that p is a prime number with p > b, that u
is a positive integer and that 01, ...,0p, ¢1,...,¢p are
integers such that

s:(0) =s:(¢) (mod p’)  (L<r<b).

Then
Q(z:0) = Q(z:¢) (mod p¥)
for all integers z.

Proof. (a). It is a simple induction on the Newton-Girard
formulae that 0,(0) = 0,(¢) for 1 < r < b. (b). Likewise
(mod pY) as long as p > b.
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Theorem (b) Jk(X, b) S k|X2b*k When b > k,
fobere € (c) Jk(X,b) > |X],
(d) Jk(x, b) > (2b + 1)K X |2b—k(k+1)/2,
Symmetric

Functions



Math 571, ® Lemma 3. Let Ji (X, b) = Jk((0, X], b). Then
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Vinogradov's (a) Jk(X,b) < bIXP when b < k,
Theorem (b) Jk(X, b) < k!X?P=K when b > k,
Robert € (c) Jk(X,b) > |X],
(d) Jk(x, b) > (2b+ 1)~k X |2b=k(k+D)/2,
® (a) Jk(X, b) is the number of choices of m, n in (0, X]®
such that

Symmetric Sr(m) = Sr(n) (1 S r S k)

Functions



Math 571, ® Lemma 3. Let Ji (X, b) = Jk((0, X], b). Then

Spring 2025,

Vinogradov's (a) Jk(X,b) < bIXP when b < k,
Theorem (b) Jk(X, b) < k!X?P=K when b > k,
Robert € (c) Jk(X,b) > |X],
(d) Jk(x, b) > (2b+ 1)~k X |2b=k(k+D)/2,
® (a) Jk(X, b) is the number of choices of m, n in (0, X]®
such that
Symmetic s/(m) =s,(n) (1<r<k).
® Since b < k

identically.
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e Lemma 3. Let Ji(X, b) = Jk((0, X], b). Then

(@) Jk(X, b) < bIXP when b < k,
(b) Jk(X, b) < kIX2P=k when b > k,
(c) Ju(X,b) > [X]P,
(d) Jk(x, b) > (2b+ 1)~K| X |2b—k(kt1)/2,
® (a) Jk(X, b) is the number of choices of m, n in (0, X]®
such that
s/(m) =s,(n) (1<r<k).
® Since b < k
Q(z;m) = Q(z; n)
identically.

® Thus the n; are permutations of the m;.
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e Lemma 3. Let Ji(X, b) = Jk((0, X], b). Then

(@) Jk(X, b) < bIXP when b < k,
(b) Jk(X, b) < kIX2P=k when b > k,
(c) Ju(X,b) > [X]P,
(d) Jk(x, b) > (2b+ 1)~K| X |2b—k(kt1)/2,
® (a) Jk(X, b) is the number of choices of m, n in (0, X]®
such that
s/(m) =s,(n) (1<r<k).
® Since b < k
Q(z;m) = Q(z; n)
identically.

® Thus the n; are permutations of the m;.
¢ (b) When b > k,

(X, b) = /w IF(@)[2bda < x252K (X, k).
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Lemma 3. Let Ji(X, b) = Jk((0,X], b). Then
(@) Jk(X, b) < bIXP when b < k,
(b) Jk(X, b) < kIX2P=k when b > k,
(c) Ju(X,b) > [X]P,
(d) Jk(x, b) > (2b+ 1)~K| X |2b—k(kt1)/2,
(a) Jk(X, b) is the number of choices of m, n in (0, X]?
such that

s/(m) =s,(n) (1<r<k).
Since b < k

Q(zim) = Q(z; n)

identically.
Thus the n; are permutations of the m;.

(b) When b > k,
(X, b) :/ f(a)2bda < x?P72K J (X, k).
Tk

(c) Just take the variables on the right to be a
permutation of those on the left.



e Lemma 3. Let Ji (X, b) = Jk((0,X],b). Then
(d) Jk(x, b) > (2b 4 1)~k| X |2b—k(k+1)/2.
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Y Ve (d) Jk(x, b) > (2b + 1)~k| X |2b—k(k+1)/2,
® (d) For brevity put N = | X|. We have already seen this.

Theorem

Robert C.
Vaughan

1f(a)?Pe(al)da| < Je(N, b).
Tk

Symmetric
Functions



Sorng 202 e Lemma 3. Let Ji(X, b) = J((0, X], b). Then
Y Ve (d) Jk(x, b) > (2b + 1)~k| X |2b—k(k+1)/2,
® (d) For brevity put N = | X|. We have already seen this.

Theorem

Robert C.
Vaughan
1f(a)?Pe(al)da| < Je(N, b).
Tk
Symmetric ® The integral on the left is the number of solutions of

Functions

ss(m)—s,(n) =4, (1<r<k)

with m, n in (0, N]°.
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Spring 2025, e Lemma 3. Let Ji(X, b) = Jk((0, X], b). Then
g}‘%ﬁ’%:.’ﬁ: (d) Jk(x, b) > (2b + 1)~k X |2b=k(k+1)/2,
— ® (d) For brevity put N = | X|. We have already seen this.
Vaughan
1f(a)?Pe(al)da| < Je(N, b).
Tk
Symmetric ® The integral on the left is the number of solutions of

Functions

ss(m)—s,(n) =4, (1<r<k)

with m, n in (0, N]°.
® Since 0 < s,(m) < bN" there are no solutions unless £
satisfies |£,| < bN" (1 < r < k).



Math 571,

Spring 2025, e Lemma 3. Let Ji(X, b) = Jk((0, X], b). Then
g}‘%ﬁ’%:.’ﬁ: (d) Jk(x, b) > (2b + 1)~k X |2b=k(k+1)/2,
— ® (d) For brevity put N = | X|. We have already seen this.
Vaughan
1f(a)?Pe(al)da| < Je(N, b).
Tk
Symmetric ® The integral on the left is the number of solutions of

Functions

ss(m)—s,(n) =4, (1<r<k)

with m, n in (0, N]°.
® Since 0 < s,(m) < bN" there are no solutions unless £
satisfies |£,| < bN" (1 < r < k).

® Sum both sides over all such £.
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Lemma 3. Let Ji (X, b) = Jk((0, X], b). Then
(d) Jk(x, b) > (2b+ 1)~k X |2b—k(k+1)/2,
(d) For brevity put N = | X]|. We have already seen this.

‘ Tk]f(a)|2be(a.£)da < J(N, b).

The integral on the left is the number of solutions of
ss(m)—s,(n) =4, (1<r<k)

with m, n in (0, N]°.

Since 0 < s,(m) < bN" there are no solutions unless £
satisfies |£,| < bN" (1 < r < k).

Sum both sides over all such £.

On the left we are just counting all possible choices of m
and n. N2 in total.
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Lemma 3. Let Ji (X, b) = Jk((0, X], b). Then
(d) Jk(x, b) > (2b+ 1)~k X |2b—k(k+1)/2,
(d) For brevity put N = | X]|. We have already seen this.

()|?be(a.t)da| < Jk(N, b).

|f
Tk
The integral on the left is the number of solutions of
ss(m)—s,(n) =4, (1<r<k)

with m, n in (0, N]°.

Since 0 < s,(m) < bN" there are no solutions unless £
satisfies |£,| < bN" (1 < r < k).

Sum both sides over all such £.

On the left we are just counting all possible choices of m
and n. N2 in total.

The number of £ is < (2b+ 1)kN%k(k+1)_
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Vinogradov's motivated by some kind of “completion” process. The
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Theorem simplest is a p-adic argument due to Linnik.

Robert C.
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Linnnik's
Lemma
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Linnnik's
Lemma

e All significant methods to bound Jx(X, b) generally are
motivated by some kind of “completion” process. The
simplest is a p-adic argument due to Linnik.

® Lemma 4. Suppose that p > k. Let A(p, h) be the
number of m, < p* such that

k
Y mi=h (modp/) (1<j<k)
r=1

and the m, distinct modulo p. Then A(p, h) < k!p%k(kfl).



Math 571, e All significant methods to bound Jx(X, b) generally are

Spring 2025,

Vinogradov's motivated by some kind of “completion” process. The
Mean Value . . . . .

Theorem simplest is a p-adic argument due to Linnik.

Robert C. ® Lemma 4. Suppose that p > k. Let A(p, h) be the
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motivated by some kind of “completion” process. The
simplest is a p-adic argument due to Linnik.

Lemma 4. Suppose that p > k. Let A(p, h) be the
number of m, < p* such that
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with m, < p¥ and the m, distinct modulo p.

Then for each h, A(p, h) is the sum of those B(p, g) with
g =h; (modpj)andlggjgpkforlgjgk.
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simplest is a p-adic argument due to Linnik.

Lemma 4. Suppose that p > k. Let A(p, h) be the
number of m, < p* such that

k
Y mi=h (modp/) (1<j<k)
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and the m, distinct modulo p. Then A(p, h) < k!p%k(kfl).
Proof. Let B(p, g) denote the number of solutions of
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with m, < p¥ and the m, distinct modulo p.
Then for each h, A(p, h) is the sum of those B(p, g) with
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The total number of possible choices for g is p%k( :
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All significant methods to bound Jx(X, b) generally are
motivated by some kind of “completion” process. The
simplest is a p-adic argument due to Linnik.

Lemma 4. Suppose that p > k. Let A(p, h) be the
number of m, < p* such that

k
Y mi=h (modp/) (1<j<k)
r=1

and the m, distinct modulo p. Then A(p, h) < k!p%k(kfl).
Proof. Let B(p, g) denote the number of solutions of

k
d mi=g (modp¥) (1<j<k)
r=1

with m, < p¥ and the m, distinct modulo p.

Then for each h, A(p, h) is the sum of those B(p, g) with
g =h; (modpj)andlggjgpkforlgjgk.

The total number of possible choices for g is p%k(k_l).
Thus it suffices to show that B(p, g) < k!.
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® For a given g let m be such a solution. modulo p.
® Suppose that ny, ..., ng is another such solution.
® Then,
Linnnik's Q(Z, m) = Q(Z, n) (mOd pk)

Lemma
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B(p, g) is the number of distinct m, < p* with

k
Y mi=g (modp¥) (1<j<k).

It suffices to show that B(p, g) < k!.
For a given g let m be such a solution. modulo p.
Suppose that ny, ..., ng is another such solution.

Then,
Q(z;m) =
so Q(ns;m) = Q(ns; n) =

Q(z;
0 (

n) (mod p")
mod p¥) (1 <'s < k).



Math 571, ® B(p,g) is the number of distinct m, < p¥ with

Spring 2025,

Vinogradov's K
e S mi=g (modpf)  (1<j<k).
Weigm =
It suffices to show that B(p, g) < k!.
® For a given g let m be such a solution. modulo p.
® Suppose that ny, ..., ng is another such solution.
® Then,
— Q(z;m) = Q(z;n) (mod p¥)
o o s0 Q(ns:m) = Q(ny:m) =0 (mod p¥) (1< s < k).
k

e Since Q(z;m) = H(z — m,), for each s there is an r
r=1
such that ng = m, (mod p).
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B(p, g) is the number of distinct m, < p* with
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Y mi=g (modp¥) (1<j<k).

It suffices to show that B(p, g) < k!.
For a given g let m be such a solution. modulo p.
Suppose that ny, ..., ng is another such solution.
Then,

Q(zim) = Q(z;n) (mod p)
so Q(ns;m) = Q(ns; n) =0 (mod p¥) (1 <s < k).
k

Since Q(z; m) = H(z — m,), for each s there is an r
r=1
such that ng = m, (mod p).

Also, since the m, are distinct modulo p it follows that m,
is unique, and so ns = m, (mod p¥).
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For a given g let m be such a solution. modulo p.
Suppose that ny, ..., ng is another such solution.
Then,

Q(zim) = Q(z;n) (mod p)
so Q(ns;m) = Q(ns; n) =0 (mod p¥) (1 <s < k).
k

Since Q(z; m) = H(z — m,), for each s there is an r
r=1
such that ng = m, (mod p).

Also, since the m, are distinct modulo p it follows that m,
is unique, and so ns = m, (mod p¥).
Thus ng = m,.
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Linnnik's
Lemma

B(p, g) is the number of distinct m, < p* with

k
Y mi=g (modp¥) (1<j<k).

It suffices to show that B(p, g) < k!.
For a given g let m be such a solution. modulo p.
Suppose that ny, ..., ng is another such solution.
Then,

Q(zim) = Q(z;n) (mod p)
so Q(ns;m) = Q(ns; n) =0 (mod p¥) (1 <s < k).
k

Since Q(z; m) = H(z — m,), for each s there is an r
r=1
such that ng = m, (mod p).

Also, since the m, are distinct modulo p it follows that m,
is unique, and so ns = m, (mod p¥).

Thus ng = m,.

Since the ns are distinct modulo p, and so are distinct, it
follows that the n are a permutation of the m.
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We now have all the machinery we need to establish the
classical version of the Vinogradov Mean Value Theorem.
Theorem 5. For each k,r € N with k > 2 There is a

positive number C(k, r) such that foe every real number
X > 1 we have

Je(X, kr) < C(k, r) X2k zk(kt1)+n(kr)

where
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Mean Value
Theorem

We now have all the machinery we need to establish the
classical version of the Vinogradov Mean Value Theorem.
Theorem 5. For each k,r € N with k > 2 There is a
positive number C(k, r) such that foe every real number
X > 1 we have

Je(X, kr) < C(k, r) X2k zk(kt1)+n(kr)
where

n(k, r) = %k2(1 _ %)

® The proof is inductive on r. More precisely we establish a

reduction formula.
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® Theorem 5. fFor each k,r € N with k > 2 There is a
positive number C(k, r) such that foe every real number
X > 1 we have Ji(X, kr) < C(k, r)X2rk—ak(kt)tn(k.r)

where 1(k, r) = k2 (1 - %)r

® Proof. In the case r = 1 we have by Lemma 3(a) that
Jk(X, k) < k!X*, and we also have
2k — $k(k +1) +n(k,1) = k and k! < k¥ = exp(k log k).
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Theorem 5. For each k,r € N with k > 2 There is a
positive number C(k, r) such that foe every real number
X > 1 we have Ji(X, kr) < C(k, r)X2rk—ak(kt)tn(k.r)

r
where 1(k, r) = k2 (1 - %)
Proof. In the case r = 1 we have by Lemma 3(a) that
Jk(X, k) < k!X*, and we also have
2k — $k(k +1) +n(k,1) = k and k! < k¥ = exp(k log k).
Suppose r > 2 and result holds with r replaced by r — 1.
Let Ri(h) denote the number of solutions to the system

kr
domi=h  (1<j<k)
r=1

with m, < X and my, ..., my distinct, and let R(h)
denote the number with my, ..., mg not distinct.
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Theorem 5. For each k,r € N with k > 2 There is a
positive number C(k, r) such that foe every real number
X > 1 we have Ji(X, kr) < C(k, r)X2rk—ak(kt)tn(k.r)

r
where 1(k, r) = k2 (1 - %)
Proof. In the case r = 1 we have by Lemma 3(a) that
Jk(X, k) < k!X*, and we also have
2k — $k(k +1) +n(k,1) = k and k! < k¥ = exp(k log k).
Suppose r > 2 and result holds with r replaced by r — 1.
Let Ri(h) denote the number of solutions to the system

kr
domi=h  (1<j<k)
r=1

with m, < X and my, ..., my distinct, and let R(h)
denote the number with my, ..., mg not distinct.
Then Ji(X, kr) = Y (Ru(h) + Ra(h))* < 2(S1 + S2)
h
where S§; = Z Ri(h)2.
h
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® We can quickly deal with S;. One each side of the
equations there are two variables the same, and (g)
choices for the matching pair.
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® We can quickly deal with S;. One each side of the
equations there are two variables the same, and (g)
choices for the matching pair.

2
® Thus S, < (g) / ‘f(2a)‘2|f(a)|2kr—4da.
Tk
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2
® Thus S, < (g) / ‘f(2a)‘2|f(a)|2kr—4da.
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e By Holder's inequality this is

(0 () (] )

= <’2‘> (X, kr )tk
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We can quickly deal with S;. One each side of the
equations there are two variables the same, and (g)
choices for the matching pair.

2
Thus S, < (g) / ‘f(2a)‘2|f(a)|2kr—4da.
Tk

By Holder's inequality this is

(0 () (] )

= <’2‘> (X, kr )tk
Thus

2
J(X, kr) < 281 + 2(2) Ji(X, kr)1 /K
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We can quickly deal with S;. One each side of the
equations there are two variables the same, and (g)
choices for the matching pair.

2
Thus S, < (g) / ‘f(2a)‘2|f(a)|2kr—4da.
Tk

By Holder's inequality this is

(0 () (] )

= <’2‘> (X, kr )tk

Thus

k
2

s < ((5)) a5,

2
J(X, kr) < 281 + 2( > Ji(X, kr)1 /K

And so
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It remains to treat S;. We are concerned with solutions in
which my, ..., my are distinct and nq, ..., n, are distinct.

Let P(m) = Hg;i Hf:q+1(mq — m,) where m; < X.

The number of possible primes p with p > Xk and
p|P(m)P(n) is at most XCBPUPML 42k 1)

Thus if P is a set of > k?(k — 1) primes p with p > X1/k,
then for each set of distinct my,...,my and ny,..., ng
there will always be a prime p € P such that

p 1 P(m)P(n).
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It remains to treat S;. We are concerned with solutions in
which my, ..., my are distinct and nq, ..., n, are distinct.

Let P(m) = Hg;i Hlf:q+1(mq — m,) where m; < X.

The number of possible primes p with p > Xk and
p|P(m)P(n) is at most XCBPUPML 42k 1)

Thus if P is a set of > k?(k — 1) primes p with p > X1/k,
then for each set of distinct my,...,my and ny,..., ng
there will always be a prime p € P such that

p{ P(m)P(n).

We can also assume that X > Clek, for otherwise trivially
Je(X; Ik) < X?k < C(k, 1), and p > k.
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It remains to treat S;. We are concerned with solutions in
which my, ..., my are distinct and nq, ..., n, are distinct.

Let P(m) = Hg;i Hlf:q+1(mq — m,) where m; < X.

The number of possible primes p with p > Xk and
p|P(m)P(n) is at most XCBPUPML 42k 1)

Thus if P is a set of > k?(k — 1) primes p with p > X1/k,
then for each set of distinct my,...,my and ny,..., ng
there will always be a prime p € P such that

p{ P(m)P(n).

We can also assume that X > Clek, for otherwise trivially
Je(X; Ik) < X?k < C(k, 1), and p > k.

Furthermore we can suppose by a standard form of the
prime number theorem that the set P of primes p can be
chosen so that p < Cok2X1/k for some absolute constant
C> (and probably better than that).
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Recall that $; =)~ Ry(h)* where Ry(h) is the number of
h

kr

solutions to the system Z m. = h; (1 <j < k) with
r=1

m, < X and my, ..., my distinct.

We have Ry (h) < Z R3(h, p) where R3(h, p) is the no.

pEP
of solutions with m, < X & my, ..., my distinct (mod p).

Let /(p) = > Rs(h,p)*.
h

Then I(p) is the no. of solns. of sj(m) = s;(n)
(1 <j<k)with my,...,mp,n1,....npin (0,x],
my, ..., my distinct modulo p and likewise n1, ..., ng.
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Recall that $; =)~ Ry(h)* where Ry(h) is the number of

kr

solutions to the system Z m. = h; (1 <j < k) with
r=1

m, < X and m17 ..., my distinct.

We have Ry(h Z R3(h, p) where R3(h, p) is the no.

pEP
of solutions with m, < X & my, ..., my distinct (mod p).

Let I(p) = Z Rs(h, p)?

Then I(p) is the no. of solns. of sj(m) = s;(n)

(1 <j<k)with my,...,mp,n1,....npin (0,x],

my, ..., my distinct modulo p and likewise n1, ..., ng.

Thus Jx(X, k) < 43 Ri(h)) <4Z(ZR3 )
h peP

<4Z k3ZR3(h 2 <263 " i(p) ) < K®max(p).

peEP peEP p€7J
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Theorem p & likewise ny, ..., n, and Ji(X, rk) < k® ma%(I(p)
Robert C. PE
Vaughan ® Let g(av,a) = Z e(a.v(m)), and
n<X
n=a (modp)
® A be the a with 0 < a, < p and a, distinct. Then /(p) =
2 P71 2b—2k
/ gl a)| | Y slea)|  da
T* a=0
The . . .
Ut e By Holder's inequality
Theorem P*l Srk—2k pfl
‘ Zg(a’ a) < p2rk—2k—1 Z |g(a’ a)|2rk—2k7
a=0 a=0
® and so I(p) < p?b—2k maXo<a<p l(p, a) where Ii(p, a) =

-g(a, ak ‘ lg(a,a)* 2 da.
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® /(p) is the no. of solns. of s;(m) = s;(n) (1 <j < k) with

mi,...,Mp,n1,...,0h in (0,x], mi,..., mg distinct mod
p & likewise ny, ..., ng and Ji(X, rk) < k® max,ep 1(p),
I(p) < p*>™ =2  maxo<a<p h(p, a) where h(p,a) =

g a,a1) - g(a, ak ‘ lg(a, a)** % da,

and g(a,a) = Z e(ov(m)).

n<X,n=a(modp)
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® /(p) is the no. of solns. of s;(m) = s;(n) (1 <j < k) with

mi,...,Mp,n1,...,0h in (0,x], mi,..., mg distinct mod
p & likewise ny, ..., ng and Ji(X, rk) < k® max,ep 1(p),
I(p) < p*>™ =2  maxo<a<p h(p, a) where h(p,a) =

g a,a1) - g(a, ak ‘ lg(a, a)** % da,

and g(a,a) = Z e(ov(m)).
n<X,n=a(modp)

This is the number of solutions of

k rk—k
Yo (m=r) =" ((pur+ay —(pv+ay) (1<j<k)
i=1 r=1
with mj, n; < X, —a/p < up,v, < (X —a)/p, m1,...,mg
distinct mod p and nq, ..., nk likewise.
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® /(p) is the no. of solns. of s;(m) = s;(n) (1 <j < k) with

mi,...,Mp,n1,...,0h in (0,x], mi,..., mg distinct mod
p & likewise ny, ..., ng and Ji(X, rk) < k® max,ep 1(p),
I(p) < p*>™ =2  maxo<a<p h(p, a) where h(p,a) =

g a,a1) - g(a, ak ‘ lg(a, a)** % da,

and g(a,a) = Z e(ov(m)).
n<X,n=a(modp)

This is the number of solutions of

k o rk—k
Yo (m=r) =" ((pur+ay —(pv+ay) (1<j<k)
i=1 r=1
with mj, n; < X, —a/p < ur, v, < (X —a)/p, m1,..., mg
distinct mod p and nq, ..., nk likewise.
This system is TDI so under the same conditions

k rk—k
> ((mi—ay—(ni—ay) = ZP’ (h—vl)  (1<j<k)

i=1



Vi g, ® Ji(X,rk) < k° maXxpcp p?* =2k max, h(p, a) where h(p, a)
pring .

Vinogradov's is no. solns.
Mean Value
Theorem k rk—k
Robert C. j A i j .
Vaughan ((mi—ay—(nj—aY) = > pl(uf-vi) (1<j<Kk)
=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.
The
Vinogradov
Mean Value

Theorem



L ® Ji(X,rk) < k° maXxpcp p?* =2k max, h(p, a) where h(p, a)

Vinogradov's is no. solns.
Mean Value
Theorem k . ' rk—k ' . .
s > ((m=ay=(ni=ay) = > P(n—v) (1<j<k)
i=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.

® \We can sort the solutions as follows.

The
Vinogradov
Mean Value
Theorem
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® Ji(X, rk) < k® maxpep p? =2k max, h(p, a) where I1(p, a)
is no. solns.

k rk—k
> ((mi—ay—(nj—ay) = > p(uf-vi) (1<j<k)
i=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.

® \We can sort the solutions as follows.
® Pick nq,..., ng.
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Jk(X, rk) < k® maxpep p?™* 2K max, I (p, a) where h(p, a)
is no. solns.

k rk—k
S ((m—ay—(m=a)) = 3" P(h—v))  (1<j<k
i=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.
We can sort the solutions as follows.
Pick n1,..., ng.
Then choose my, ..., m, modulo p¥ so that

(mi —ay = (nj —a) (mod p/) (1 <j< k),



L ® Ji(X,rk) < k° maXxpcp p?* =2k max, h(p, a) where h(p, a)

Vinogradov's is no. solns.
Mean Value
Theorem k rk—k
Robert C. / i i j j .
Vaug;an ((mf_a)J_(ni_a)J) = Z p](U;’—V/]) (1 SJ S k)
=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.
® \We can sort the solutions as follows.
® Pick nq,..., ng.
S ® Then choose my, ..., m, modulo pk so that
Miciord (m; —ay = (ni —a) (mod pl) (1< < k).
fheorem e Use Linnik's lemma: There are < k!pk(k=1)/2 choices

modulo p*.



L ® Ji(X,rk) < k° maXxpcp p?* =2k max, h(p, a) where h(p, a)

it is no. solns.
Theorem k rk—k . .
oan (mi—ay —(ni—ay) = > p/(5,-v;) (1<j<k)
i=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.
® \We can sort the solutions as follows.
® Pick nq,..., ng.
S ® Then choose my, ..., m, modulo pk so that
Meos Vaiue (mj —a)Y = (nj —ay (mod pf) (1<) <k).
fheorem e Use Linnik's lemma: There are < k!pk(k=1)/2 choices
modulo p*.

e Since p > XY/k the m; are uniquely determined modulo

pk, i.e. there are at most k!pK(k=1)/2 choices in all.
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Jk(X, rk) < k® maxpep p?™* 2K max, I (p, a) where h(p, a)
is no. solns.

k rk—k
((mi—aY~(m—aY) = > P(p-v))  (L<j<k

i=1 h=1
with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.
We can sort the solutions as follows.
Pick n1,..., ng.
Then choose my, ..., m, modulo p¥ so that

(mi —ay = (nj —a) (mod p/) (1< < k),

Use Linnik’s lemma: There are < k!pk(k=1)/2 choices
modulo p*.

Since p > Xk the mj are uniquely determined modulo
pk, i.e. there are at most k!pK(k=1)/2 choices in all.

Now given the m; and n; the number of choices for up, vy
is at most Ji((—a/p, (X — a)/p), rk — k).
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Jk(X, rk) < k® maxpep p?™* 2K max, I (p, a) where h(p, a)
is no. solns.

rk—k

k
> ((m—ay—(m—af) = 3 P (uj=vi)  (1<j<Kk)

i=1 h=1

with m;, n; < X, —a/p < up,vip < (X —a)/p, m1,..., my
distinct mod p and nq, ..., n likewise.

We can sort the solutions as follows.

Pick n1,..., ng.

Then choose my, ..., m, modulo p¥ so that

(mj —a) = (nj —a)y (mod p/) (1 <j < k).
Use Linnik’s lemma: There are < k!pk(k=1)/2
modulo p.

choices

Since p > Xk the mj are uniquely determined modulo
pk, i.e. there are at most k!pK(k=1)/2 choices in all.

Now given the m; and n; the number of choices for up, vy
is at most Ji((—a/p, (X — a)/p), rk — k).

Apply the inductive hypothesis.



oth T ® Ji(X,rk) < k® maxpep p? =2k max, h(p, a) where /1(p, a)

Vinogradov's iS no. SOInS.
Mean Value
RTh:wte: K rk—k o
Vaughan Z ((mi*a)‘/*(nifa)'l) = Z pj(UL*V/J.') (1 SJ S k)
i=1 h=1
with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.
The
Vinogradov
Mean Value

Theorem
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® Ji(X,rk) < k® maxpep p? =2k max, h(p, a) where /1(p, a)

is no. solns.
> ((mi—ay—(ni=ay) = 3 P(uj=v})  (1<j<K)

with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.

The total number of solutions is at most the maximum
over p € P of

k6k|Xk A=) 4o 2kC(k 1)(1+ %)2rk—2k (k+1)+ N1
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o < KSKIC(k,r— 1)pk*—mr—1p2rk x2rk—k—

® Ji(X,rk) < k® maxpep p? =2k max, h(p, a) where /1(p, a)

is no. solns.

> ((mi—ay—(ni=ay) = 3 P(uj=v})  (1<j<K)

with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.

The total number of solutions is at most the maximum
over p € P of

k6k|Xk A=) 4o 2kC(k 1)(1+ %)2rk—2k (k+1)+ N1

(k+1) +nr—1
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® Ji(X,rk) < k® maxpep p? =2k max, h(p, a) where /1(p, a)

is no. solns.

> ((mi—ay—(ni=ay) = 3 P(uj=v})  (1<j<K)

with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.

The total number of solutions is at most the maximum
over p € P of

k6k|Xk A=) 4o 2kC(k 1)(1+ %)2rk—2k (k+1)+ N1

< KSKIC (K, r — 1)pk*—nr102rk x2rk—k="58 4,

Recall P is a set of k?(k — 1) primes p with
Xk < p < Gk2XV/K.
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(X, rk) < k® maxpep p?™* 2K max, I (p, a) where h(p, a)
is no. solns.

> ((mi—ay—(ni=ay) = 3 P(uj=v})  (1<j<K)

with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.

The total number of solutions is at most the maximum
over p € P of

k6k|Xk A=) 4o 2kC(k 1)(1+ %)2rk—2k (k+1)+ N1

< KSKIC (K, r — 1)pk*—nr102rk x2rk—k="58 4,

Recall P is a set of k?(k — 1) primes p with
XVk < p< Gk2X/k,

Thus the above is < C(k, r)Xk—r—1/k+2rk=k= e

+1r— 1
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(X, rk) < k® maxpep p?™* 2K max, I (p, a) where h(p, a)
is no. solns.

> ((mi—ay—(ni=ay) = 3 P(uj=v})  (1<j<K)

with m;, n; < X, —a/p < up, vy < (X —a)/p, my,..., mg
distinct mod p and nq, ..., n, likewise.

The total number of solutions is at most the maximum
over p € P of

k6k|Xk A=) 4o 2kC(k 1)(1+ %)2rk—2k (k+1)+ N1

< KSKIC (K, r — 1)pk*—nr102rk x2rk—k="58 4,

Recall P is a set of k?(k — 1) primes p with
XVk < p< Gk2X/k,

Thus the above is < C(k, r)Xkr—1/k+2rk—k=
k(k
% + 1,

(k+1) +1r— 1

The exponent here is 2rk —
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