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® We want to count Rs(n), the number of solutions of

X]I-( _|_ . .Xsk =n
in positive integers xi,...,Xs
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in positive integers xi,. .., Xs.
® Clearly we need only consider x; < nl/k, and for brevity we

write
N = |n*/k].
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We want to count Rs(n), the number of solutions of
xf + - ~xsk =n
in positive integers xi,. .., Xs.
Clearly we need only consider x; < nl/k, and for brevity we
write
N = |n*/k].
Then following the pattern established in studying the
Goldbach problems we put
N
fla) =) e(ax¥)

x=1
so that by the orthogonality of the additive characters
e(an) we have
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We want to count Rs(n), the number of solutions of

X{(—F"‘Xsk:n

in positive integers xi,. .., Xs.
Clearly we need only consider x; < nl/k, and for brevity we
write
N = |n*/k].
Then following the pattern established in studying the
Goldbach problems we put
N
fla) =) e(ax¥)

x=1
so that by the orthogonality of the additive characters
e(an) we have

1
Rs(n):/o f(a)’e(—an)da.

Thus we would like to understand the behaviour of f when
« is close to a rational number a/gq.
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® For smaller g there is a simple elementary result.
Theorem 8.1 Suppose that g € N, a€ Z, (a,

B=a—a/q. Then

where

and

f(a)=q 'S(q,a

q) =1 and

)v(B) + O(q + qnl|B|)

q
Ze (ark /q)
r=1

=k lykle(gy)

y=1



Math 571, ® For smaller g there is a simple elementary result.
Spring 2025,

s Theorem 8.1 Suppose that g € N, a€ Z, (a,q) = 1 and
Upspig:péecind f=a- a/q- Then
Vean f(a) = q7'S(q,a)v(8) + O(q + qn||)
i where
artten q
Z e(ar’/q)
r=1

and .
=k lykle(gy)
y=1
® There are a variety of possible choices for v(3). An
examination of the proof reveals that

1/k

v(8) = /0 Tkl Te(By)dy = /0 " e(Bxt)dx

are possible choices.
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F(h+1/k)

~ ok )

® | should also point out that by working a lot harder the
error term can be replaced by ¢'/2*¢(1 + n|3|)'/?

e and if one supposes further that |3| < (2kg)n'/*~! even
by g/2t¢ and this can be very useful in some applications.

® Another is Estermann’s Z
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F(h+1/k)
o elsh).

| should also point out that by working a lot harder the
error term can be replaced by ¢'/2*¢(1 + n|3|)'/?
and if one supposes further that |3 < (2kg)n'/*~! even
by g/2t¢ and this can be very useful in some applications.
Note that if we use Dirichlet’s theorem to approximate a
general « so that for some @ we have g < Q,

6] =la—a/ql < g tQ!, then
q1/2+a(1 + nw)l/z < q1/2+a + n1/2an_1/2
< Q1/2+E + n1/20871/2

Another is Estermann’s Z
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F(h+1/k)
o elsh).
| should also point out that by working a lot harder the
error term can be replaced by ¢'/2*¢(1 + n|3|)'/?
and if one supposes further that |3 < (2kg)n'/*~! even
by g/2t¢ and this can be very useful in some applications.
Note that if we use Dirichlet’s theorem to approximate a
general « so that for some @ we have g < Q,
Bl = |a—a/ql < g 'Q!, then
q1/2+a(1 + n’m)l/Z < q1/2+a + n1/2an—1/2

< Q1/2+E + n1/2stl/2

Another is Estermann’s Z

We want this to be smaller than n'/% and this will be so
when nl=2/k=0 < Q< n?/k=% and this will work when

k < 4.

Thus we can actually give a major arcs only treatment to
sums of cubes.
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F(h+1/k)
o elsh).

| should also point out that by working a lot harder the
error term can be replaced by ¢'/2*¢(1 + n|3|)'/?
and if one supposes further that |3 < (2kg)n'/*~! even
by g/2t¢ and this can be very useful in some applications.
Note that if we use Dirichlet’s theorem to approximate a
general « so that for some @ we have g < Q,
Bl = |a—a/ql < g 'Q!, then

q1/2+a(1 + n’m)l/Z < q1/2+a+ n1/2an—1/2
< Q1/2+E + n1/2stl/2

Another is Estermann’s Z

We want this to be smaller than n*/¥ and this will be so
when nl=2/k=0 < Q< n?/k=% and this will work when

k < 4.

Thus we can actually give a major arcs only treatment to
sums of cubes.

This was first observed in RCV[1977] and lead to some
substantial developments for cubic problems.
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® Theorem 8.1 Suppose that q € N, a€ Z, (a,q) = 1 and
B=a—a/q. Then

f(a) = g 'S(q,a)v(B) + O(q + qn|B)
where
q

Z e(ar’/q)

r=1
and .

=Sk tyRte(By)
y=1

e As it stands for the error to be smaller than n'/k we need
g < n'/k=% and || < g~ 1n¥/k=9-1 and the total measure
of all such a € [0, 1] which satisfy this is

< Z ¢(q)q_1n1/k_6_1 < n2/k—2§—1
anl/k—é

and this will certainly be small when k > 3.
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e(ar/q) and

MQ

where 5(q, a) =

-y
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function

1

“e(By)

»\»—* n



olath 71 ® Theorem 8.1 Suppose that g € N, a€ Z, (a,q) = 1 and
Waring’s B=a—a/q. Then
Simplest
s f(a) = 45(q, a)v(8) + 0(q + anl)
Vc;uegr;an. q
he where S(q, a e(ar®/q) and
;enerating ; /

function
Z Ky e(By)
® Proof. We start in the usual way by splitting the sum over
x according to the residue class of x modulo g. Thus

q

N
fla)=) e(ar'/q) > e(Bx").

r=1 x=1
x=r (mod q)
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® Theorem 8.1 Suppose that g € N, a€ Z, (a,q) = 1 and
B=a—a/q. Then

f(a) = g *S(q,a)v(B) + O(q + qn|B|)
q
where S(q, a Ze ar /q ) and
=1

.
Z Klyite(dy)
® Proof. We start in the usual way by splitting the sum over
x according to the residue class of x modulo g. Thus

q N
fla)=> ela*/q) > e(Bxh)
r=1 x=1
x=r (mod q)

® When (3 is small we can expect that the sum would
behave like the corresponding integral, so partial
summation /integration is suggested.



[ ) ThuS

q

N
)= ear/a) 3
r=1

x=1
X=r

mod q)

e(8x9).
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® Thus

® The inner sum here is

S e [ ikl ey

XSnl/k
x=r mod q

x<nl/k
x=r mod q
nl/k
/ 2miBkut E
x<u



® The inner sum here is

2 D

nl/k

e(8n) — / 2miBkut 1
x<nl/k 0 x<u

x=r mod q

x=r mod q

e(Bu*)du
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® The inner sum here is

nl/k
S e(sn) - / 2miBkuk"t > e(Buk)du
x<nl/k 0 xsu
x=r mod g x=r med q
® \We have
Y 1=-+0(1)
x<u q
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® The inner sum here is

nl/k
Z e(ﬂn)—/ 2mifku* ! Z e(Bu*)du
0

x<nl/k x<u
x=r mod q x=r mod q
® We have u
Y 1==+0().
x<u q
x=r mod ¢q

® Inserting this gives an error term < 1+ |3|n and a main

n
term nl/kq_le(ﬂn) —/ 27ri5kukq_le(ﬁuk)du
0



Math 571,
Spring 2025,
Waring's
Problem:
Simplest
Upper Bound

Robert C.
Vaughan

The
generating
function

® The inner sum here is
1/k

n
Z e(pn) — / 2mifku* ! Z e(Bu*)du
x<nl/k 0 x<u
x=r mod q x=r mod q
® We have

Y 1=240().
x<u q
x=r mod ¢q

® Inserting this gives an error term < 1+ |3|n and a main

n
term nl/kq_le(ﬂn) —/ 27ri5kukq_le(ﬁuk)du
0
1/k

n
® and by integration by parts this is q_l/ e(Bu*)du.
0
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The inner sum here is

nl/k
Z e(pn) — / 2mifku* ! Z e(Bu*)du
x<nl/k 0 x<u
x=r mod q x=r mod q
We have

Y 1=240().
x<u q
x=r mod ¢q

Inserting this gives an error term < 1+ |3|n and a main

n
term nl/kq_le(ﬂn) —/ 27ri5kukq_le(ﬁuk)du
0 nl/k
and by integration by parts this is q_l/ e(Bu*)du.
0

Thus we find that
1/k

()= 'S(a.a) | " e(Buk)du+ O(q + qnlB))

which gives the theorem with one of the alternative
choices for v.



® Thus we find that

nt/k
f(e) =g *S(q, a)/0 (56 + O(q + anl8)
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® Thus we find that
1/k

(@) = a75(0.a) [ " e(Buk)du+ O(q + qnlB))

® The change of variable t = u* gives another form

/ k—1tY/ k" Le(Bt)dt.
0



Math 571, ® Thus we find that
Spring 2025,
Waring's nl/k
Problem: —
() =q'S(0.2) [ e(8ut)du-+ O(q -+ an3)
pper Boun 0

Fff;bfgrﬁaf.' ® The change of variable t = uk gives another form

. /0 k—1tY/ k" Le(Bt)dt.

generating

function ® The sum of a monotonic sequence equals the
corresponding integral with an error largest. Thus

Z k—1yt/k=1 / k1t k=Yg 4 o(1) = xMk 4 O(1).

y<x !
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() =q'S(0.2) [ e(8ut)du-+ O(q -+ an3)
0

Upper Bound

f;;bjg’;a‘;- ° Thne change of variable t = uk gives another form
—1,1/k-1
N / k1t kLe(Bt)dt.
generating 0 .
function ® The sum of a monotonic sequence equals the

corresponding integral with an error largest. Thus

X
D kTtyt/Et / k1Y g + 0(1) = VK + 0(1).
y<x 1

® Hence by the same process as before Z k_lyl/k_le(ﬁy)
y<n

=> k7 lytMkle(Bn) — /n27ri5e(5t)2k1y1/kldv
1

y<n y<t

= n'/ke(Bn) — /n27ri6e(ﬂt)tl/kdt + O(1 + n|B)).
0



® \We have

— n'/ke(Bn) — / " 2niBe(8t)e “dt + O(1 + nld))
0
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The
generating

functien ® Therefore by integration by parts once more this is

/ k=1t k=1e(Bt)dt.

0
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® We have
= n*ke(Bn) — /O 2miBe(Bt)tY*dt + O(1 + n|B|)
® Therefore by integration by parts once more this is
/On k=1t k=1e(Bt)dt.

® Thus we can replace the integral version of v(/3) in our
approximation by the sum version with a total error

< 14 n|p|.
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We have

= n*ke(Bn) — /O 2miBe(Bt)tY*dt + O(1 + n|B|)
Therefore by integration by parts once more this is
/n k=1t k=1e(Bt)dt.

0

Thus we can replace the integral version of v(f3) in our
approximation by the sum version with a total error
< 14 n|p|.

This completes the proof of the theorem
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® \We have already seen that the above theorem cannot be
used to cover a unit interval when k > 2 so we are forced

to divide into major and minor arcs.
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DD e ® We have already seen that the above theorem cannot be
pring 2025,

Waring's used to cover a unit interval when k > 2 so we are forced
Problem: - . . .
Simplest to divide into major and minor arcs.

Upper Bound . . . . .
e ® We used the following in connection with primes.
obert C.

Vaughan ® Lemma 8.2. Suppose that X, Y, « are real numbers with
X>1,Y>1landthatqe R, a€Z, | —a/q| < g2
with (a,q) = 1. Then

iR > min (Xyx L [lax|| 1)
x<X

1 1 q

® Recall we basically used this to treat sums of the kind
Z e(amn)
m,n

after performing the summation over n.
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We have already seen that the above theorem cannot be
used to cover a unit interval when k > 2 so we are forced
to divide into major and minor arcs.

® We used the following in connection with primes.

Lemma 8.2. Suppose that X, Y, «a are real numbers with
X>1,Y>1landthatqe R, a€Z, | —a/q| < g2
with (a,q) = 1. Then

Z min (XY)Fl7 ||ax||*1)

x<X

1 1 q

Recall we basically used this to treat sums of the kind
Z e(amn)
m,n

after performing the summation over n.
This we knew how to do since the exponent is linear in n.
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We have already seen that the above theorem cannot be
used to cover a unit interval when k > 2 so we are forced
to divide into major and minor arcs.

® We used the following in connection with primes.

Lemma 8.2. Suppose that X, Y, «a are real numbers with
X>1,Y>1landthatqe R, a€Z, | —a/q| < g2
with (a,q) = 1. Then

Z min (XY)Fl7 ||ax||*1)

x<X

1 1 q

Recall we basically used this to treat sums of the kind
Z e(amn)
m,n

after performing the summation over n.
This we knew how to do since the exponent is linear in n.
But now our exponent is of higher degree.
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® Herman Weyl makes the brilliant observation that if we
have a polynomial W of degree k, then W(x + h) — W(x) is
of degree k — 1 in x and we can combine this with the
Cauchy-Schwarz inequality to make progress.



5%3:2335 ® Herman Weyl makes the brilliant observation that if we
it have a polynomial W of degree k, then W(x + h) — W(x) is
Simplest . . . .

Upper Bound of degree k — 1 in x and we can combine this with the
Robert C. Cauchy-Schwarz inequality to make progress.

aughan
® Thus central to his idea is the use of the forward difference
operator which we define iteratively by

Weyl Ar(V(a); B) = V(a+ ) — V()

differencing

Aja(V(@); By, Bip1) =
A1 (D (W(@); B1,- -, By); Bie1)
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® Herman Weyl makes the brilliant observation that if we
have a polynomial W of degree k, then W(x + h) — W(x) is
of degree k — 1 in x and we can combine this with the
Cauchy-Schwarz inequality to make progress.

® Thus central to his idea is the use of the forward difference
operator which we define iteratively by

B1(¥(); B) = W(a + ) — ¥(a)

Aja(V(@); By, Bip1) =
A1 (D (W(@); B1,- -, By); Bie1)

® For example

A1(a?; 1) = (a+ B1)® — o® = 30°B1 + 305 + 53
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Weyl
differencing

Herman Weyl makes the brilliant observation that if we
have a polynomial W of degree k, then W(x + h) — W(x) is
of degree k — 1 in x and we can combine this with the
Cauchy-Schwarz inequality to make progress.

Thus central to his idea is the use of the forward difference
operator which we define iteratively by

A1 (V(a); B) = V(a+B) — V(a)
Aja(V(@); By, Bip1) =
A1 (D (V(a); Br,- ... B); Bis)

For example
A1(a?; 1) = (a+ B1)® — o® = 30°B1 + 305 + 53

and
Do(a®; B, B2) = B1Ba(6a + 351 + 352)



® Generally one has

DX B, B)

0;=1

1 1
- Z .. Z(—l)j_el_"'_ef(a + 01581+ -+ 0;8)".
010
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e Generally one has

A'(a";ﬁl,-~-,ﬁj)

Yy

61=0 171

Yo+ 0181 + -

-+ 0;8)

® By the multinomial theorem here the k-th power is

(6,8))4

Lo+Lla+--+€=k
£;>0

Kla(0,51)4 ...

Lol ..

0
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differencing

e Generally one has
A'(ak; 517 ) BJ)
= Z Z 1Y~ a 4 0181 + -+ 0;8)".
61=0 171
® By the multinomial theorem here the k-th power is

k!afo(elﬁl)el e (Gjﬂj)ef
t!... 0

Lo+Lla+--+€=k
£;>0

® In formal power series there is a convention that 00 = 1.
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Simplest
Upper Bound

1 1
Robert C. _ Z o Z(_l)jfalf..-f(?j(a + 60181 +---+ Qjﬂj)k.
61=0

Vaughan
0,=1

® By the multinomial theorem here the k-th power is

L. 5 Klalo(0161)5 ... (6;8)4
lo!... 0!

Lo+Lla+--+€=k
£;>0

® In formal power series there is a convention that 00 = 1.
1

® Thusif (; =0then Y (-1)"" %07 =1-1=0
0;=0
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differencing

Generally one has
Aj(ak; /817 ) BJ)
1 1 .
=3 D (Tt 008+ -+ 08
01=0 0;=1
By the multinomial theorem here the k-th power is

k!afo(elﬁl)el e (Qjﬂj)fj
t!... 0

Lo+Lla+--+€=k
£;>0

In formal power series there is a convention that 0 = 1.
1

Thus if ; =0 then Y (1)1 %0 =1-1=0
;=0
so we only get a non-zero term when each ¢; > 1.
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Weyl
differencing

Generally one has
Aj(ak; /817 ) BJ)
1 1 .
=3 D (Tt 008+ -+ 08
01=0 0;=1
By the multinomial theorem here the k-th power is

k!afo(elﬁl)el e (Qjﬂj)fj
t!... 0

Lo+Lla+--+€=k
£;>0

In formal power series there is a convention that 0 = 1.
1

Thus if ; =0 then Y (1)1 %0 =1-1=0

6,=0
so we only get a non-zero term when each ¢; > 1.
Thus Aj(ozk;,Bl, ..., pj) has By ..., as a factor, is of

degree k — j and has leading coefficient (/(7',)'51 TS
—)!
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® The following theorem encapsulates Weyl! differencing.

Theorem 8.3. Let

where W(x) is an arbitrary arithmetical function. Then

TP <> ... Y 7

|h|<@Q |hi|<@

where

Ti=> e(j(V(x)ihy,... hy))

xel;

and the intervals l;(hy, ... h;) satisfy

/1(h1) C [1, Q], lj(h17 ce hj) C /1'_1(h1, RN hj—l)



® Proof. This is by induction on j.
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SR o ® Proof. This is by induction on j.
Al ® The case j = 1 follows by writing
Upper Bound
Robert C. Q Q
Vaughan
: [TW)P =) e(—V(x) > e(¥(y)
x=1 y=1

W and then letting y = x + h.
differencing



Math 571,

SR o ® Proof. This is by induction on j.
Al ® The case j = 1 follows by writing
Upper Bound
Robert C. Q Q
Vaughan
: [TW)P =) e(—V(x) > e(¥(y)
x=1 y=1

W and then letting y = x + h.
s ® Then —x < h< Q@ —x and 1 < x < Q, so that
1-Q<h<Q-1land —h<x<Q-h



Math 571,

Smﬁ:;i& ® Proof. This is by induction on j.

B ® The case j = 1 follows by writing
Upper Bound

Robert C. Q Q

Vaughan

: IT(W)P =) e(=V(x) D e(¥(y))
x=1 y=1

W and then letting y = x + h.
s ® Then —x < h< Q@ —x and 1 < x < Q, so that

1-Q<h<Q-1land —h<x<Q-h
® \We now interchange the order of summation so that
TWIP= > e(Vlxth) = V(x))

1-Q<h<Q-1  1<x<Q
—h<x<Q@-—h
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Proof. This is by induction on j.
The case j = 1 follows by writing

and then letting y = x + h.
Then —x < h< Q —x and 1 < x < @, so that
1-Q<h<Q-1land —h<x<Q-h

We now interchange the order of summation so that

TWP= Y > e(W(x+h) - V(x))
-Qsh=Q-t —hlffggg—h

Thus the x in the inner sum are precisely the x in the
intersection of [1, Q] and [1 — h, Q — h] which is an
interval /1 (h) of the required kind.
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Simplest ® For the inductive step we begin by applying Cauchy. Thus
Upper Bound

Robert C. 2

Vaughan . . )
TP <22 Y .Y T

|h|<Q |hi|<@

Weyl §(20)2j+17j*2 Z Z ‘Tj‘z

differencing |hm|<Q [hil<Q
J
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Al ® For the inductive step we begin by applying Cauchy. Thus

Simplest
Upper Bound
2

Robert C.

Vaughan . . B
TP <2 3 . 3T

Iml<@  |hl<@Q

o S elo) S S SR

differencing |h1]<@Q [hil<Q
1 '

e Now we treat |TJ|2 as T in the initial case. Thus |TJ|2

= > e(Ar(Aj(W(x)i by, .. )i h)).
1-Q<h<Q-1 xel;
x+hel;
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Waring's
Problem: . . . .
Simplest ® For the inductive step we begin by applying Cauchy. Thus
Upper Bound
Robert C. 2
Vaughan 2j+1 2J'+172J'72
TP < (2Q) > 2. T
|h1|<@ |hjl<@Q
2Jt+1_j o 2
x?l . 55(2(3) / j{: te 2{: ‘7}"
ifferencing |h1|<Q |hj‘<Q

e Now we treat |TJ|2 as T in the initial case. Thus |TJ|2

= > e(Ar(Aj(W(x)i by, .. )i h)).
1-Q<h<Q-1 xel;
x+hel;

® and the conclusion follows on taking ;11 = I; N (h+ [}).



® \We now come to one of the more famous results of
analytic number theory.
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Math 571, ® \We now come to one of the more famous results of
Spring 2025,

Waring's analytic number theory.

Shmlt ® Theorem 8.4. [Weyl’s inequality] Suppose that g € N,
Upper Bound 2c Z, (3, q) _ 1, = R, o — a/q’ < q—2'

Robert C.

Vaughan w(X) — an + alxk_l + . ‘Oékf]_X + Oék

Q
and T(V) = e(V(x)). Then

Weyl x=1
differencing

k

T(W) < Ql-i-a(q—l + Q_l +QQ_k)217 )



Math 571, ® \We now come to one of the more famous results of
Spring 2025,

Waring's analytic number theory.

Shmlt ® Theorem 8.4. [Weyl’s inequality] Suppose that g € N,
Upper Bound aEZ, (a7q):1,a€R, ’a_a/qléq_2,

Robert C.

Vaughan w(X) — an + alxk_l + . -Ozk,1X + OZk

Q
and T(V) = e(V(x)). Then

Weyl x=1
differencing

T(W) < Ql-i-a(q—l + Q_l +QQ_k)217k.

® Proof. We use the case j = k — 1 of the previous
theorem. From the comments surrounding A; we have

D1 (W(x); by, ..oy hiq)
=aklhy ... he_1x

k!
+ 045/71 ‘e hk—l(hl + - hk—l)
+aihy ... he_1.



® \We have

D1 (W(x); by, ..o hir)

= ak!hl .. .hk_1X

|
+a—hy.. h_1(h + - her)

+a1h1...
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® \We have

D1 (W(x); by, ..o hir)
= ak!hl c. hk_lx

k!
+ afhl S hkfl(hl + .- hkfl)

+aih...

® Thus T)_1 < min(Q, ||Cvk!h1 ce. hk_l”_l).

hk—1.
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Spring 2025,
Waring's L4 We haVe

Problem:
Simplest

Upper Bound A1 (W(x); by, by

Robert C.
Vaughan = Oéklh]_ e hk_]_X

k!
+ a§h1 coohi—a(hr 4 hin)
+ a1h1 . hk—l-

Weyl
differencing

® Thus T)_1 < min(Q, ||Ozk!h1 ce. hk_l”_l).
® \We apply this to the previous theorem and separate out
the < Q¥2 terms for which hy ... hx_1 = 0.
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® \We have

D1 (W(x); by, ..o hir)
= ak!hl c. hk_lx
k!
+ afhl S hkfl(hl + .- hkfl)
4+ aihy ... he_1.

® Thus T)_1 < min(Q, ||Ozk!h1 ce. hk_l”_l).
® \We apply this to the previous theorem and separate out
the < Q¥2 terms for which hy ... hx_1 = 0.

 Thus | T(W)}2""

C@TTE@THRE Y min(@. e Y

1<h<k!Qk-1
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® \We have

D1 (W(x); by, ..o hir)
= ak!hl c. hk_lx
k!
+ afhl S hkfl(hl + .- hkfl)
4+ aihy ... he_1.
® Thus T)_1 < min(Q, ||Ozk!h1 ce. hk_l”_l).

® \We apply this to the previous theorem and separate out
the < Q¥2 terms for which hy ... hx_1 = 0.

 Thus | T(W)}2""

C@TTE@THRE Y min(@. e Y

1<h<k!Qk-1

® The result now follows from Lemma 8.2.
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® OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21_"+5‘
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® OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21_"+5‘

® and for k of any size this is not very good.
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® OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21—k+e‘

® and for k of any size this is not very good.
e Typically we will have Q = Lnl/kj and we will be trying to
save n = Q.
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OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21—k+e‘

and for k of any size this is not very good.

Typically we will have Q = Lnl/kj and we will be trying to
save n = Q.

With only this available one can see why Hardy and
Littlewood could only obtain

G(k) < (k —2)2k! 45,
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OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21—k+e‘

and for k of any size this is not very good.

Typically we will have Q = Lnl/kj and we will be trying to
save n = Q.

With only this available one can see why Hardy and
Littlewood could only obtain

G(k) < (k —2)2k! 45,

We need a strong mean value theorem.
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OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21—k+e‘

and for k of any size this is not very good.

Typically we will have Q = Lnl/kj and we will be trying to
save n = Q.

With only this available one can see why Hardy and
Littlewood could only obtain

G(k) < (k —2)2k! 45,

We need a strong mean value theorem.

Strangely it took more than 20 years before Hua came up
with another application of Weyl differencing which is a
bit better.
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OK, so we have a bound for the sup norm on the minor
arcs, but the best that we can get is

< Q1—21—k+e_

and for k of any size this is not very good.

Typically we will have Q = Lnl/kj and we will be trying to
save n = Q.

With only this available one can see why Hardy and
Littlewood could only obtain

G(k) < (k —2)2k! 45,

We need a strong mean value theorem.

Strangely it took more than 20 years before Hua came up
with another application of Weyl differencing which is a
bit better.

By then Vinogradov had come up with something better
for large k, but for k =3 or 4 it is still close to the best
that we know.



® Theorem 8.5 [Hua’'s Lemma, 1938] Suppose that
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differencing
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® Theorem 8.5 [Hua’'s Lemma, 1938] Suppose that
1 , o
1<j<k. Then / 1f(a))? da < N¥ e,

0
® Proof. This is also by induction on j.
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® Theorem 8.5 [Hua’'s Lemma, 1938] Suppose that
1 , o
1<j<k. Then / 1f(a))? da < N¥ e,

0
® Proof. This is also by induction on j.
® The case j = 1 is immediate from Parseval's identity.



Math 571 ® Theorem 8.5 [Hua’s Lemma, 1938] Suppose that

prlng. ’ ) 1 . . )

b 1< j<k. Then / ()2 da < N+,

implest 0

Hpper Bound ® Proof. This is also by induction on ;.

Fi/c;bfgrﬁaf.' ® The case j = 1 is immediate from Parseval’s identity.

® Now assume the j-th case. By Theorem 8.3, |f(a)|?
CENPI Y S e(ah... hpch)

Z\iﬁ’zlencing he[l NN 1]J XGI

where p; is of degree k — j with integer coefficients and
leading coefficient (k’:!j)!.
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Theorem 8.5 [Hua’s Lemma, 1938] Suppose that
1 , o
1<j<k. Then / 1f(a))? da < N¥ e,

0
Proof. This is also by induction on j.
The case j = 1 is immediate from Parseval’s identity.
Now assume the j-th case. By Theorem 8.3, |f(a)|?

S@ENPITENT Y e(ah. . hipi(xih)

he[l-N,N-1}) x€l;
where p; is of degree k — j with integer coefficients and
leading coefficient (Gl )1

We collect together the terms with hy ... hjpj(x;h) = g
and let c(g) be the number of such hy,..., hj, x.
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Theorem 8.5 [Hua’s Lemma, 1938] Suppose that
1 , o
1<j<k. Then / 1f(a))? da < N¥ e,

0
Proof. This is also by induction on j.
The case j = 1 is immediate from Parseval’s identity.
Now assume the j-th case. By Theorem 8.3, |f(a)|?

S@ENPITENT Y e(ah. . hipi(xih)
he[l-N,N-1}) x€l;

where p; is of degree k — j with integer coefficients and
leading coefficient (Gl )1

We collect together the terms with hy ... hjpj(x;h) = g
and let ¢(g) be the number of such hl,.. hJ,x

Then |f(oz)|2J (2N) 2-j-1 Z ) and
<Nk

c(g) < N¢ (g #0), c(0) < NV,
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Theorem 8.5 [Hua’s Lemma, 1938] Suppose that
1 , o
1<j<k. Then / 1f(a))? da < N¥ e,

0
Proof. This is also by induction on j.
The case j = 1 is immediate from Parseval’s identity.
Now assume the j-th case. By Theorem 8.3, |f(a)|?

S@ENPITENT Y e(ah. . hipi(xih)
he[l-N,N-1}) x€l;
where p; is of degree k — j with integer coefficients and
leading coefficient (Gl )1

We collect together the terms with hy ... hjpj(x;h) = g
and let ¢(g) be the number of such hl,.. hJ,x

Then |f(oz)|2J (2N) 2-j-1 Z ) and
<Nk

c(g) < N¢ (g #0), c(0) < NV,

We also have Z c(g) < WL
g
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o Also |f(a)? =

o) (o

2/1 Zb )

where b(g) is the number of solutions of

k

k k
'X_j:y1+"

Y (G y < N J =271
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o Also |f(a)? =

Fla)?  f(—a)? Zb

where b(g) is the number of solutions of

k

® Then Zb(g):
g

hypothesis b(0) =

O)Zj = N? and on the inductive

1 , .
/ 1f(a))? da < N¥ e,
0
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o Also |f(a)]? = f(@)?  f(—a)® Zb

where b(g) is the number of solutions of

Mo =y Oy S NS =27T)

® Then Z b(g) = f(O)Qj = N? and on the inductive

1 ‘ .
hypothesis b(0) = / If(a)? dow < NZ 72,
0

® \We have

1 . . 1 .
/o () da < N/0 @)Y
g

c(g)e(ag)da



Math 571, e Also ‘f(a)‘? — f(a)zf 1 2! 1 Zb
Spring 2025,

Waring's

Simlest where b(g) is the number of solutions of
Upper Bound P p . . .
Robert C. Xp+oexg =y by (XY SN S =270)
Vaughan

® Then Z b(g) = f(O)Qj = N? and on the inductive

1 ‘ .
Weyl hypothesis b(0) :/ |f(a)|2jda <« NZ-ite
0

differencing
® \We have
1 j H . 1 .
/0 F()]?" da < N? =371 /O (@)Y c(g)e(ag)da
g

® and so by Parseval

1 . .
[ 1@ do < NS blge(e)
g
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Ao [F(0) = flaf" A=) = 3 ble)

where b(g) is the number of solutions of
Mo =y Oy S NS =27T)
Then Z b(g) = f(O)Qj = N? and on the inductive

1 ‘ .
hypothesis b(0) = / If(a)? dow < NZ 72,
0
We have

! 2i 2d—j—1 ! 2
a /e a Y —j— a)l? c(g)e(a Q
/Orf( )2 da < N /0|f( ) Z (g)e(ag)d

and so by Parseval
1 , o
/ ()2 da < NZ =71 Z b(g)c(g)

The term g =0 is < N2 i~ 1N2J—J+5Nj N2—j—14e
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Also |f()]? = f(a)? (=) Zb

where b(g) is the number of solutions of
ook =yl by gy < NS = 2)

Then Z b(g) = f(O)Qj = N? and on the inductive

1 ‘ .
hypothesis b(0) = / If(a)? dow < NZ 72,
0
We have

! 2i 2d—j—1 ! 2
a /e a Y —j— a)l? c(g)e(a Q
/Orf( )2 da < N /0|f( ) Z (g)e(ag)d

and so by Parseval
1 . .
/ F(0) 2 da < N? 571 Z b(g)c(e)

The term g =0 is < NZ—i— 1N2J—J‘|F5NJ N2 —j—14e
and those g # 0 <« N? -1 >g b(g)NE < N2 Lte
which completes the proof.



® Recall we are counting the number of solutions of

X]l_(+"‘Xsk=n-
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® Recall we are counting the number of solutions of

x{‘—k---xsk:n.

® For the major arcs we will need to have g somewhat

smaller than n'/k, so we define
P = n/k
for some smallish v which could be
1
V= ——.
100
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® Recall we are counting the number of solutions of

X{(—F"'Xé(:n.

® For the major arcs we will need to have g somewhat

smaller than n'/k, so we define
P = n/k
for some smallish v which could be
1
V= ——.
100

® Now we define a typical major arc to be an interval

M= {a:|a—a/q| < P/n}.
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Recall we are counting the number of solutions of

X{(—F"'Xé(:n.

For the major arcs we will need to have g somewhat

smaller than n'/k, so we define
P = n/k
for some smallish v which could be
1
V= ——.
100

Now we define a typical major arc to be an interval
M= {a:|a—a/q| < P/n}.

If a/q # a'/q’, then
la/q—2a/q'| = |aq’ — a'ql/(qd') > 1/(aq’).
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The Minor
Arcs

Recall we are counting the number of solutions of

X{(—F"'Xé(:n.

For the major arcs we will need to have g somewhat

smaller than n'/k, so we define
P = n/k
for some smallish v which could be
1
V= ——.
100

Now we define a typical major arc to be an interval
M= {a:|a—a/q| < P/n}.

If a/q # &' /q’, then
a/q—3a/q'| = |aq' — d'ql/(aq’) = 1/(qq).
Thus certainly the major arcs will be disjoint when g < P.



Math 571, ® Recall we are counting the number of solutions of
Spring 2025,

Waring’ k k
it X[+ Xg =N
Simplest
U (Betmme ® For the major arcs we will need to have g somewhat
Robert C smaller than n'/¥, so we define
aughan
P = n/k
for some smallish v which could be
1
V= ——.
The Minor ]‘OO
fres ® Now we define a typical major arc to be an interval

M= {a:|a—a/q| < P/n}.

e If a/q+#4d'/q, then
la/q—3a'/d'| =|aq' — 3q|/(ad') = 1/(aq).
® Thus certainly the major arcs will be disjoint when g < P.
® Hence we define 91 to be their union with 1 <a<qg<P
and (a,q) = 1.
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U (Betmme ® For the major arcs we will need to have g somewhat
Robert C smaller than n'/¥, so we define
aughan
P = n/k
for some smallish v which could be
1
V= ——.
The Minor ]‘OO
fres ® Now we define a typical major arc to be an interval

M= {a:|a—a/q| < P/n}.

e If a/q+#4d'/q, then
a/q—3a/q'| = |aq' — d'ql/(aq’) = 1/(qq).
® Thus certainly the major arcs will be disjoint when g < P.
® Hence we define 91 to be their union with 1 <a<qg<P
and (a,q) = 1.
® Then M C U = [r,1+ 7] where 7 = P/N



Math 571, ® Recall we are counting the number of solutions of
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Waring’ k k
it X[+ Xg =N
Simplest
U (Betmme ® For the major arcs we will need to have g somewhat
Robert C smaller than n'/¥, so we define
aughan
P = n/k
for some smallish v which could be
1
V= ——.
The Minor ]‘OO
fres ® Now we define a typical major arc to be an interval

M= {a:|a—a/q| < P/n}.

e If a/q+#4d'/q, then
a/q—3a/q'| = |aq' — d'ql/(aq’) = 1/(qq).
® Thus certainly the major arcs will be disjoint when g < P.
® Hence we define 91 to be their union with 1 <a<qg<P
and (a,q) = 1.
® Then M C U = [r,1+ 7] where 7 = P/N
® and we define the minor arcs by m = §1\ 91



® Theorem 8.6. There is a positive number § such that if
s > 2K, then / |f ()P da < nx
m

—1-95
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® Theorem 8.6. There is a positive number § such that if
s > 2k, then / [f(@)[Sda < nk=179,
m
® Proof. By Dirichlet's theorem on diophantine

approximation given a € m there are a, g with (a,q) = 1,
1
q<n/Pand |a— a/ql < griarpy < P/(an).
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® Theorem 8.6. There is a positive number § such that if

s > 2k then

[f(@)[Sda < nk=179,

m
® Proof. By Dirichlet's theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,
g<n/Pand|a—a/q|l < m < P/(qn).
e If g <P, then we cannot have a > g, for then
a>2- B>

agq

qn =

1+f—— > 1+— contradicting o € 4, so
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Theorem 8.6. There is a positive number § such that if
s> 2k, then/ I ()[*dar < ni 10,

m
Proof. By Dirichlet’s theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,

g <n/Pand |a—a/q| < W < P/(qn).

If g < P, then we cannot have a > g, for then
a>f—%_1+f——>1+—contrad|ct|nga€il SO
a<gq.

Also a € 4l implies that P/n < awso a > 1.
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Theorem 8.6. There is a positive number § such that if
s> 2k, then/ I ()[*dar < ni 10,

m
Proof. By Dirichlet’s theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,

g <n/Pand |a—a/q| < W < P/(qn).

If g < P, then we cannot have a > g, for then
a>f—%_1+f——>1+—contrad|ct|nga€il SO
a<gq.

Also a € 4l implies that P/n < awso a > 1.
Therefore g < P would imply that o € 9M1.
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Theorem 8.6. There is a positive number § such that if

s> 2k, then/\f( o da < ni1-0,

Proof. By Dirinéhlet's theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,
g<n/Pand|a—a/q| < m < P/(gn).
If g < P, then we cannot have a > g, for then

o> 7—5 > 1+f—— > 1+— contradicting o € 4, so
a<gq.
Also a € 4l implies that P/n < awso a > 1.
Therefore g < P would imply that o € 9M1.

Hence we have P < g < n/P.
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Theorem 8.6. There is a positive number § such that if

s> 2k, then/\f( o da < ni1-0,

Proof. By Dirinéhlet's theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,
g<n/Pand|a—a/q| < m < P/(gn).

If g <P, then we cannot have a > g, for then

a> -2 f—% > 1+f—— > 1+— contradicting o € 4, so
a<gq.

Also a € 4l implies that P/n < awso a > 1.

Therefore g < P would imply that o € 9M1.

Hence we have P < g < n/P.

Thus, Weyl's inequality f(a) < n'/k=% for a suitable small
d = 0(k).
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Theorem 8.6. There is a positive number § such that if

s> 2k, then/\f( o da < ni1-0,

Proof. By Dirinéhlet's theorem on diophantine
approximation given a € m there are a, g with (a,q) = 1,
g<n/Pand|a—a/q| < m < P/(gn).

If g <P, then we cannot have a > g, for then

a> -2 f—% > 1+f—— > 1+— contradicting o € 4, so
a<gq.

Also a € 4l implies that P/n < awso a > 1.

Therefore g < P would imply that o € 9M1.

Hence we have P < g < n/P.

Thus, Weyl's inequality f(a) < n'/k=% for a suitable small
d = 0(k).

Therefore, by Hua's Lemma with j = k we have for any
s>k

[ (@) Pda < e iy
m



® Now we are in the endgame.
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® But as usual this will be the longest part.
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e But as usual this will be the longest part.

® On each major arc we will use the approximation

f(a) = g *S(q,a)v(B) + O(q + gn|B])
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Now we are in the endgame.
But as usual this will be the longest part.

On each major arc we will use the approximation

f(a) = g *S(q,a)v(B) + O(q + gn|B])

and so we need to understand the properties of S(q, a)

and v(p).
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Now we are in the endgame.
But as usual this will be the longest part.

On each major arc we will use the approximation

f(a) = g *S(q,a)v(B) + O(q + gn|B])

and so we need to understand the properties of S(q, a)
and v(f3).

The latter of these is the easiest to deal with.
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Now we are in the endgame.
But as usual this will be the longest part.

On each major arc we will use the approximation

f(a) = g *S(q,a)v(B) + O(q + gn|B])

and so we need to understand the properties of S(q, a)
and v(f3).
The latter of these is the easiest to deal with.

It is periodic with period 1, so we can concentrate on the
interval [-1/2,1/2].



® Lemma 8.7. Suppose that |3| < % Then

v(8) < min(n*/%, |5|7H5).
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v(B) < min(n"/*,|B|71/k).
® Proof. We already saw in the proof of Theorem 8.1 that
S kLt = a4 o)

arcs _ySX



® We can suppose that |3| > n~!
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® We can suppose that |3| > n~!

® Let x = [|3|7t]. Then E:k_lyl/k_1 < |BIM*

y<x
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pper Boun
Robert C. ® Let x = ||B|7!]. Then E KLy k=t | B M K
Vaughan }/SX
eand Y khyMEle(gy) =k Ikt Y e(By)
x+1<y<n x+1<y<n
n 1 1
e
e x+1 x+1<y<u
e major

arcs
n

< k_lnl/k_1|ﬁ_1—|—/ k_l(l—k_l)ul/k_2|ﬁ|_1du
x+1

< (X-l— 1)1/k71’ﬂ‘71 < |5’71/k'



® The Gauss sum

q

S(g.a) = _e(ax*/q)

x=1
is more interesting.
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x=1
is more interesting.
® There is a crude, but adequate for our purposes, bound for
this.
® Lemma 8.8. Suppose that a € Z,q € N and (a,q) = 1.
The major
arcs Then

S(q,a) < gt~2" "+
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The Gauss sum
q
Z e(ax¥/q)
x=1

is more interesting.

There is a crude, but adequate for our purposes, bound for
this.

Lemma 8.8. Suppose that a € Z,q € N and (a,q) = 1.
Then -
S(g,a) < g2

Proof. This follows immediately by Weyl's inequality, with

Q=gq, a=a/q V=aqg xk
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The Gauss sum
q
Z e(ax¥/q)
x=1

is more interesting.

There is a crude, but adequate for our purposes, bound for
this.

Lemma 8.8. Suppose that a € Z,q € N and (a,q) = 1.
Then -

S(g,a) < ¢'7% FF
Proof. This follows immediately by Weyl's inequality, with
Q=q, a=a/q V=ag'x~
It is possible to do much better than this, and we may
examine this later.



¢ Importantly S(q, a) has a multiplicative property which we
will use later.
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® Importantly S(q, a) has a multiplicative property which we
will use later.

® Lemma 8.9. Suppose that a,b€ Z, q,r € N and
(a,q) = (bmr) =(q,r) =1. Then

S(gr,ar + bg) = S(q,a)S(r, b).



Math 571, ® Importantly S(q, a) has a multiplicative property which we
pring '

e will use later.
Simplest ® Lemma 8.9. Suppose that a,b€ Z, q,r € N and

Upper Bound

Robert C. (a, q) = (bmr) — (q, r) =1. Then
Vaughan

S(gr,ar + bg) = S(q,a)S(r, b).

® Proof. tr 4+ uq runs over a complete set of residues
modulo gr and t and u do modulo g and r respectively.

The major
arcs



Math 571, Importantly S(g, a) has a multiplicative property which we

Spring 2025, .
e will use later.
Simplest ® Lemma 8.9. Suppose that a,b€ Z, q,r € N and

Upper Bound

Robert C. (a, q) = (bmr) — (q, r) =1. Then

Vaughan
; S(gr,ar + bg) = S(q,a)S(r, b).
® Proof. tr 4+ uq runs over a complete set of residues
modulo gr and t and u do modulo g and r respectively.
® Thus
The major . "
arcs S(qr, ar + bq) :ZZ (arktk/q + bg*u* /r)

t=1 u=1
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Importantly S(g, a) has a multiplicative property which we
will use later.

Lemma 8.9. Suppose that a,b € Z, q,r € N and
(a,q) = (bmr) =(q,r) =1. Then

S(gr,ar + bg) = S(q,a)S(r, b).

Proof. tr + ug runs over a complete set of residues
modulo gr and t and u do modulo g and r respectively.

Thus

q r
S(qr, ar + bq) :ZZ (arktk/q + bg*u* /r)

t=1 u=1

and tr and ug run over complete sets of residues modulo g
and r as t and u do respectively.
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Importantly S(g, a) has a multiplicative property which we
will use later.

Lemma 8.9. Suppose that a,b € Z, q,r € N and

(a,q) = (bmr) =(q,r) =1. Then

S(gr,ar + bg) = S(q,a)S(r, b).

Proof. tr + ug runs over a complete set of residues
modulo gr and t and u do modulo g and r respectively.

Thus

q r
S(qr, ar + bq) :ZZ (arktk/q + bg*u* /r)

t=1 u=1

and tr and ug run over complete sets of residues modulo g
and r as t and u do respectively.

Thus it suffices to understand S(g, a) when q is a power
of a prime. It turns out that S(q, a) < ¢'~'/* and that
sometimes the sum is this large, although often it is
smaller, as we saw in homework 4 in the prime case.
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e Recall that P = n*/k for some smallish v and we defined
the major arcs by M = {« : | — a/q| < P/n} and took
9 to be their union with 1 < a< g < P and (a,q) = 1.
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e Recall that P = n”/¥ for some smallish v and we defined
the major arcs by M = {« : | — a/q| < P/n} and took
9 to be their union with 1 < a< g < P and (a,q) = 1.

® Now write 3 = a —a/q and E = f(a) — g~ *S(q,a)v(B)
so that E < q + gn|S| < P.



Math 571, e Recall that P = n*/k for some smallish v and we defined

Sprin X
E{Vailr?:? the major arcs by M = {a : |a — a/q| < P/n} and took
USimpéest-d f):n to be their union Wlth 1 S a S q S 'D and (aa q) =1
pper Boun
Coert ® Now write 3 = a —a/q and E = f(a) — g~ *S(q,a)v(B)
Veugien so that E < g + gn|B| < P.
® Then f(a)* = (q7'5(q, a)v(B) + E)s so that, when
(a,9) =1,

f(@)° —q°S(q,a)°v(B)°
< (q7MIS(a. a)v(B))HE| + |El°
o <nTP+P TP,



Math 571, Recall that P = n”/k for some smallish v and we defined

Spring 2025,

P the major arcs by 9 = {« : |a — a/q| < P/n} and took
USimpéest-d m to be their union with 1 S a S q S P and (aa q) =1

pper Boun

Coert ® Now write 3 = a —a/q and E = f(a) — g~ *S(q,a)v(B)

Vaughan so that E < g + gn|S5| < P.

® Then f(a)* = (q7'5(q, a)v(B) + E)S so that, when
(a,q) =1,
f(e)® —q°S(q,a)°v(B)°
< (q7"S(q, 2)v(B)|)* 1 |E| + |Ef*

HE <nTP+P <ATP.

® Now integrating over 9t(q, a) we obtain

/ (F(2)* — ~5(q, a)*v(B)*) e(—an)da
M(q,a)

< g nFp2,



P

. / (F(a)* — q~*S(q, a)*v(B)*) e(~an)da <
M(q,a)
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o / (f(@)* — g °5(q,a)°v(B)°) e(—an)da <
M(q,a)

o et K =21k Th

a*Is(@.a)l [,

® Thus

where &(n; Q) =

1
<IBI<3

en

MEds < q v [ 57e/kd

< g (qn/P)E

1/2
/ f(a)’e(—an)da—&(n; P)/ v(B)e(—np)dp < A
~1/2
> Z q°S(q,a)°e(—an/q) and
g<Q  a=1
(a,9)=1

AZ(

qg<P

1P2 + q;—sK+e(n/P)f—1)
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® Thus
1/2
/ f(a)’e(—an)da—G&(n; P)/ v(B)’e(—np)dp < A
m

—-1/2

where &(n; Q) = Z Z g °S(qg,a)’e(—an/q) and

g<Q a=1
(a,9)=1

A= Z( “1p2 4 gi- sK+6(n/P)f—1)

qg<P
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® Thus
1/2

/ f(a)’e(—an)da—G&(n; P)/ v(B)’e(—np)dp < A
m ~1/2
where &(n; Q) = Z Z g °S(qg,a)’e(—an/q) and
q<Q
(aq) 1
A — Z <n5%—1p2 + q%—sK+e(n/P)%—1) )
g<P

o Thus A < n'% “1P3 4 pi~1pl-sk+te « pi-1p-1
provided that sK > 2, i.e. s > 2k,
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® Thus
1/2

/ f(a)’e(—an)da—G&(n; P)/ v(B)’e(—np)dp < A
m

—-1/2

where &(n; Q) = Z Z g °S(qg,a)’e(—an/q) and

q<Q
(a q) 1

A — Z <n5%—1p2 + q%—sK+5(n/P)%—1) )

q<P

o Thus A < n’% ~1P3 4 pi—1pl-skts « pi-1p-1
provided that sK > 2, i.e. s > 2k,

® We also have Z g °S(q,a)°e(—an/q) < q*~**¢ and

a=1
(a,9)=1
S0 Z Z q -sg q, ( an/q) < p2—sK+e < n—6
q>P a=1
(a,9)=1

for some § > 0 provided that s > 2.



1/2
* Fina”y/

v(B)e(=An)df <
e

1/2 ] »
/—1/2 (m)

df < ni1

<O < Fr <=

«=»

Q>
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1/2
o Finally/ v(B)e(—pBn)dp <

~1/2

1/2 n s/k -
—_— df <« nk™ .
/_1/2<1+”W> ’

® Thus we have shown that for some § > 0

/ f(a)’e(—an)da — &(n)J(n) <« ni—1-0
m

where &(n) = Z Z g °S(q,a)°e(—an/q) and
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1/2
o Finally/ v(B)e(—pBn)dp <

-1/2

1/2 n s/k -
—_— df <« nk™ .
/_1/2<1+”W’> ’

® Thus we have shown that for some § > 0

/ f(a)’e(—an)da — &(n)J(n) <« ni—1-0
m

where &(n) = Z Z g °S(q,a)°e(—an/q) and

1/2
J(n) = /_1/2 v(B)’e(—nB)dp

® Combining this with Theorem 8.6 we have
Theorem 8.10. Suppose that s > 2% Then there is a
0 > 0 such that for every large n we have

rs(n) = &(n)J(n) + O(nk~179).



® There are now two further tasks to perform.
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® There are now two further tasks to perform.
® What is the size of J(n)?
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There are now two further tasks to perform.
What is the size of J(n)?

Hopefully bigger than ni 1.
And do we always have &(n) > 1?7
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There are now two further tasks to perform.

What is the size of J(n)?

Hopefully bigger than ni 1.
And do we always have &(n) > 1?7

The first holds when s > k, but the second can fail for
quite big s.
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There are now two further tasks to perform.
What is the size of J(n)?
Hopefully bigger than ni 1.

And do we always have &(n) > 1?7

The first holds when s > k, but the second can fail for
quite big s.

For example k = 4 and s = 15.



Math 571,
Spring 2025,
Waring's
Problem:
Simplest
Upper Bound

Robert C.
Vaughan

The major
arcs

There are now two further tasks to perform.
What is the size of J(n)?
Hopefully bigger than ni 1.

And do we always have &(n) > 1?7

The first holds when s > k, but the second can fail for
quite big s.

For example k = 4 and s = 15.

Fortunately it does hold when s > 2k,
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® To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then
x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).
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® To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then
x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).

® Now x(1 + 3x) is always even, so any fourth power is
always =0 or 1 (mod 16).
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® To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then
x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).

® Now x(1 + 3x) is always even, so any fourth power is
always =0 or 1 (mod 16).

e Now consider n = 2%k x 31.
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To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then

x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).

Now x(1 + 3x) is always even, so any fourth power is
always =0 or 1 (mod 16).

Now consider n = 2%k x 31.

If nis the sum of 15 fourth powers, then they must all be
even, so n2~% is also the sum of 15 fourth powers, and so
on.
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To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then

x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).

Now x(1 + 3x) is always even, so any fourth power is
always =0 or 1 (mod 16).

Now consider n = 2%k x 31.

If nis the sum of 15 fourth powers, then they must all be
even, so n2~% is also the sum of 15 fourth powers, and so
on.

Hence 31 would have to be the sum of 15 fourth powers.
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To see that there is a problem when kK = 4 and s = 15,
observe first that if x is odd, say x =2y + 1, then

x* = (2y +1)* =1+ 4(2y) +6(2y)? = 1 + 8x(1 + 3x)
(mod 16).

Now x(1 + 3x) is always even, so any fourth power is
always =0 or 1 (mod 16).

Now consider n = 2%k x 31.

If nis the sum of 15 fourth powers, then they must all be
even, so n2~% is also the sum of 15 fourth powers, and so
on.

Hence 31 would have to be the sum of 15 fourth powers.

But it isn't!. You have 31 < 3% so you can only use 1% and
2% and then you can only use at most one 2% and there
are not enough 1# to add up to 31.



® The function J(n) is easy to bound. By orthogonality we
have

Jn)y= D k0a...x) VKT
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® The function J(n) is easy to bound. By orthogonality we

have
Jn)y= > ka...x)VE

X1ye5Xs

X1+ F+Xs=n
e Consider x1,...xs—1 with n(s™ — &) > x; < n(s7! + §).

® When § < y we would have

s(s 1

n(s71=6(s—1)) < n—(xi+--+x-1) < n(s 1 +5(s—1))
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have
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Consider x1,...xs—1 with n(s™! — &) > x; < n(s7! + §).

When § < y we would have

s(s 1
n(s71=6(s—1)) < n—(xi+--+x-1) < n(s 1 +5(s—1))
and so there is an xs with

n(s7t—d(s = 1)) <x < n(s7t+ (s — 1))

and x; + -+ xs = n.
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The function J(n) is easy to bound. By orthogonality we

have
Jn)y= > ka...x)VE

X1ye5Xs

X1+ F+Xs=n
Consider x1,...xs—1 with n(s™! — &) > x; < n(s7! + §).
When § < s(s 7y we would have
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The function J(n) is easy to bound. By orthogonality we

have
Jn)y= > ka...x)VE

X1ye5Xs

X1+ F+Xs=n
Consider x1,...xs—1 with n(s™! — &) > x; < n(s7! + §).

When § < y we would have

s(s 1
n(s71=6(s—1)) < n—(xi+--+x-1) < n(s 1 +5(s—1))
and so there is an xs with

n(s7t—d(s = 1)) <x < n(s7t+ (s — 1))

and x; + -+ xs = n.
Thus these x; contribute

> ns—l(nS)l/k—l _ ns/k—l‘

Hence

n¥/k1 <« J(n) < n/k=1,

the upper bound coming from our bound for the integral.
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® The above is a method which works in most
circumstances. Here we can do better.

® Theorem 8.11. Suppose that s > 2. Then
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® The above is a method which works in most
circumstances. Here we can do better.

® Theorem 8.11. Suppose that s > 2. Then
r1+1)°
r(z)

® Proof. This is by induction on s. Both the initial case
s = 2 and the inductive step depend on the following
lemma.

J(n) = nf*1+o(n%*1*%>.
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The above is a method which works in most
circumstances. Here we can do better.

Theorem 8.11. Suppose that s > 2. Then

1)s )
J(n) = Mn%*1 + 0 (n%*17?> .

r(z)

Proof. This is by induction on s. Both the initial case
s = 2 and the inductive step depend on the following
lemma.

Lemma 8.12. Suppose that o, 5 are real numbers with
a>pB>0and p <1 Then

n—1
. - eI
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e Lemma 8.12. Suppose that a, 5 are real numbers with
a>pB>0and <1 Then

Mo+ B)

® Proof. If o+ 3 =2 and a = 1, then the sum in the
lemma is trivial.
® When a + 3 # 2, consider g(x) = x%71(n — x)*~1.

”z—:l mﬁ—l(n _ m)a—l — r(a)r(ﬁ) na—l—ﬁ—l +0 (na—l) )
m=1



Math 571,
Spring 2025,
Waring's
Problem:
Simplest
Upper Bound

Robert C.
Vaughan

The major
arcs

Lemma 8.12. Suppose that a, 5 are real numbers with
a>pB>0and <1 Then

n—1
B—17, a—1 __ r(a)r(ﬁ) a+p—1 a—1

mzzlm (n—m) _7F(oz—|—ﬁ)n +0 (n* 7).
Proof. If « + 8 =2 and a = 1, then the sum in the
lemma is trivial.
When o + (3 # 2, consider g(x) = x#~1(n — x)*~1.
lfa+B=2and a#1, g(x) =(n/x —1)*"! which is
monotonic.
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Lemma 8.12. Suppose that a, 5 are real numbers with
a>pB>0and <1 Then

n—1
B—17, a—1 __ r(a)r(ﬁ) a+p—1 a—1

mzzlm (n—m) 7F(a—|—ﬂ)n +0 (n* 7).
Proof. If « + 8 =2 and o = 1, then the sum in the
lemma is trivial.
When o + (3 # 2, consider g(x) = x#~1(n — x)*~1.
lfa+B=2and a#1, g(x) =(n/x —1)*"! which is
monotonic.
Then the interval (0, n) this has at most one stationary
point given by (a + 3 —2)x = (8 — 1)n.
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point given by (a + 3 —2)x = (8 — 1)n.

® Thus this interval can be divided into two (or one if X =0
or n) intervals (0, X), (X, n) such that g is monotonic on
each interval.
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® Proof. If o+ 3 =2 and a = 1, then the sum in the
lemma is trivial.
® When a + 3 # 2, consider g(x) = x%71(n — x)*~1.
e lfa+B=2and a#1, g(x)=(n/x—1)*"1 which is
monotonic.
The major ® Then the interval (0, n) this has at most one stationary
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point given by (a + 3 —2)x = (8 — 1)n.

® Thus this interval can be divided into two (or one if X =0
or n) intervals (0, X), (X, n) such that g is monotonic on
each interval.

® Thus our sum is

n—1
/ g(x)dx + O(n®~1 4 pfta=2),
1



¢ g(X) = Xﬂ—l(n B X)a_l

n—1
/ glx)dx + O(na—l + nﬁ+a—2).
1

(o B =

«E>»

Q>



¢ g(X) = Xﬂ—l(n B X)a_l

n—1
/ glx)dx + O(na—l + nﬁ+a—2).
1
® Also

1 n
/ S / g(x)dx < n?1
0 §

(o B =

«E>»
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£() = X7 1{n - x)°!

n—1
/ g(x)dx + O(n®~1 4 nPta=2),
1

Also

1 n

/ g(x)dx < n* L, / g(x)dx < n®L.
0 n—1
Hence the sum is
n
/ g(x)dx + O(no‘_l).
0

By a change of variable x = yn the integral here is

1
nﬁJral/O yﬁfl(l . y)afldy
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G / g(x)dx + O(n*1 4 nPre-?),
Upper Bound 1

Fi/c;buegrﬁai' e Also

1 n
/ g(x)dx < n* L, / g(x)dx < n®L.
0 n—1
® Hence the sum is

/O" g(x)dx + O(n®™1).

® By a change of variable x = yn the integral here is

1
nﬁJral/O yﬁfl(l . y)afldy
and the new integral is the beta function which is well

known to be
M)l (8)

MNa+28)
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® The lemma establishes the case s = 2 of the theorem.

® For s > 2 we have

Jsy1(n Zk mi— LJo(n — m)

® and so the general result follows by an easy induction.
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The lemma establishes the case s = 2 of the theorem.

For s > 2 we have

Jsy1(n Zk mi— LJo(n — m)

and so the general result follows by an easy induction.

Thus we can summarize everything so far by a theorem.
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The lemma establishes the case s = 2 of the theorem.

For s > 2 we have

Js+1(n Z kmi- Js(n — m)

and so the general result follows by an easy induction.
Thus we can summarize everything so far by a theorem.

Theorem 8.13. Let rs(n) denote the number of
representations of n as the sum of s k-th powers of
positive integers. Suppose that s > 2%. Then there is a
0 > 0 such that for every large n we have

rs(n) = r(17+lk)sc‘3(f7)f7%—1 + O(ni~179).
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If s > 2k, then we have absolute convergence of

00 q

DI

g=1 a=1
(a,9)=1

Fora,beZ, q,r €N, (a,q) =

S(qr,ar + bqg) =

5(q,a)5(r, b).

7

(bmr) =

ve(—

(q,r

*e(—an/q).

Let‘B Z q S q,
(a q)
Then, when (g, r) = 1, we have B(qr) =
q
) Z Me _
a=1 =

(a,

q)= 1(br)

an/q).

)=1
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If s > 2k, then we have absolute convergence of
© g
=> g °S(q,a)°e(—an/q).
I
Fora,b€Z, q,r €N, (a,q) = (bmr) =(q,r) =1,
S(qr,ar + bg) = S(q,a)S(r, b).
Let B(q Z q °S(q,a)’e(—an/q).

(a q)
Then, when (g, r) = 1, we have B(qr) =

q

) Z Me(—%"—%) — B(q)B().

(a.0)= 1(br)

Hence the terms in the series G(n) are multiplicative.
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® Thus our main concern now is what happens with the
small primes.



Vi ® Theorem 8.14. Suppose that s > 2X. Then for each
pring 2025, .

Waring’ rime

Problegmsz p p

Simplest

Upper Bound T(p) = 1 + Z %(p])
j=1

Robert C.
Vaughan

converges absolutely and so does

&(n) = [15(p).
P

® The absolute convergence, and in particular the bound

B(q) < gl +e—sK < qg'?

The Singular tells us that for some constant C
Series
1< ] 2(p) <« 1.
p>C

® Thus our main concern now is what happens with the
small primes.

® To this end we now begin to explore the local properties of
S(n).
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® Thus we have
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'[*)OO
® This is usually interpreted as the density of the p-adic
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Lemma 8.15. Let M(q; n) denote the number of
solutions of xf + ---xX =n (mod q). Then

Z%(d) = q'*M(q: n).

dlq

Thus we have
T(p) = lim pPIIM(p/; n).
Jj—o0

This is usually interpreted as the density of the p-adic
solutions of

X],.(—|—---—|—XSk:n.
Proof. We start from the orthogonality relation

1< 1 gqlh,

Ze(hr/q)z{o "

qr:l q)( °
Thus

19,9 q
== > D el +--xE = n)/q).

r=1 x1 xs=1

o



[ ) Thus

M(g; n) =

alm=
M=
EMQ

\
Il
—

S (e X = n)/q).
xs=1

<O < Fr <=

«=»
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S5 9) DI SRR
r=1 x1 xs=1

We now sort the r according to the value q/(r,q) = d.
Thus M(q; n) =

= E E E E (F(xf 4 xE—n))
d\q xs=1
(a, d)*

Each x; ranges q/d times over a set of residues modulo d.
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Thus

S5 9) DI SRR

r=1 x1 xs=1

We now sort the r according to the value q/(r,q) = d.
Thus M(q; n) =

3 Z Z a3 )

d xs=1
lg (* d)i

Each x; ranges q/d times over a set of residues modulo d.
Therefor M(q; n) =

d d
*Z Z (@/d)* > ... e(alxf + - xk — n)/d)
dlq X1 Xs=
(al)=
:qs—lz%
dlq

as required.



® Given p choose 7 = 7(p) so that p” is the exact power of
p dividing k, p”| k.
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® Given p choose 7 = 7(p) so that p” is the exact power of
p dividing k, p7| k.

® Now suppose that (a,p) =1 and t > 7+ 1, and there is
an x such that x = a (mod p?).

® For the time being suppose p is odd and g be a primitive
root modulo pt*1. Note that it is also one modulo p?.
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Given p choose 7 = 7(p) so that p” is the exact power of
p dividing k, p7| k.

Now suppose that (a,p) =1 and t > 7 + 1, and there is
an x such that x = a (mod p?).

For the time being suppose p is odd and g be a primitive
root modulo pt*1. Note that it is also one modulo p?.
Choose u,v so g¥ = a (mod pt™!) & x = g“ (mod p?).
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Shmlt ® Now suppose that (a,p) =1 and t > 7+ 1, and there is
Joper Bound an x such that x = a (mod p?).

T/Ztiegrﬁaf.' ® For the time being suppose p is odd and g be a primitive

root modulo pt*1. Note that it is also one modulo p?.
® Choose u,v so g =a (mod pt*l) & x = g (mod p?).
® Then kv = u (mod pt~Y(p — 1)), & p"(k,p — 1)|u and
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Given p choose 7 = 7(p) so that p” is the exact power of
p dividing k, p7| k.

Now suppose that (a,p) =1 and t > 7 + 1, and there is

an x such that x = a (mod p?).

For the time being suppose p is odd and g be a primitive
root modulo pt*1. Note that it is also one modulo p?.

® Choose u,v so g¥ =a (mod pt™!) & x = g“ (mod p?).
® Then kv = u (mod pt~Y(p — 1)), & p"(k,p — 1)|u and

K v = ! (mod p'~
pT(k,p—1)  pT(k,p—1)

Hence ( k pt " p-1
pT(kap*l)7 (kvpil)
is a v/ such that

k p u
v = mod p'~ "
pT(k,p—1) pT(k,p—1) (

1-7 p—1 )
(kap_l)

> =1 and so there

p—1
(kp-1))
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® Choose u,vso g =a (mod p*!) & x=g
® Then kv = u (mod pt~Y(p — 1)), & p"(k,p — 1)|u and

Given p choose 7 = 7(p) so that p” is the exact power of
p dividing k, p7| k.

Now suppose that (a,p) =1 and t > 7 + 1, and there is

an x such that x = a (mod p?).

For the time being suppose p is odd and g be a primitive
root modulo pt*1. Note that it is also one modulo p?.

Y (mod p?).

k u

v = mod p
p(k,p—1) — pT(k,p—1) (

p—1
(kap_l)

> =1 and so there

t—1—7

)

k t—T1 p_l

Hence P
is a v/ such that

k y . p—1

mod pt~ 7T S —— ).

k-1 = ok, p—l) ( hp- 1)
Thus kv/ = u (mod ¢(pt*?)) is soluble, whence so is

x=a (mod p'™).
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When p = 2 things are more complicated since the
multiplicative group of reduced residues modulo 2! is no
longer cyclic when t > 3.

However is easily shown that if k is odd, then x* runs over
a set of reduced residues as x does.
Thus that leaves the case when 7(2) > 0.

In that case we work with t > 7+ 2 as above but with the
generators —1 and 5.

There are more complications of detail but the conclusion
is the same.

The argument above also shows that the number of k-th
power residues modulo p? is

P(p™*?)
(k,o(p™*1))



® Let M*(g; n) denote the number of solutions of

x4+ xk=n (mod q)
with (xq,q) = 1.
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® Let M*(q; n) denote the number of solutions of
XK+ xk=n (mod q)

with (x1,q9) = 1.
® Lemma 8.16. Suppose that T is as above,

_J7+1 whenp>2, orp=2andT =0,
7= T4+2 whenp=2andT >0,

and M*(p”;n) >0 and t > ~. Then

M(p*; n) > plt=1=1),
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® Let M*(q; n) denote the number of solutions of

XK+ xk=n (mod q)
with (x1,q9) = 1.

® Lemma 8.16. Suppose that T is as above,

_J7+1 whenp>2, orp=2andT =0,
T T4+2 whenp=2andT >0,

and M*(p”;n) >0 and t > ~. Then
M(p*; n) > plt=1=1),
o |t follows immediately that
Tp) = p .

® Observe that this lower bound only depends on k and s.



® So now we only have to find a non-singular solution
modulo p”.
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much more general result which | will prove in a while.
Given a positive integer g and a collection A of residue

classes modulo g, its local density p = p(.A) modulo g is
defined by p = gt card(A).
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So now we only have to find a non-singular solution
modulo p?.

There are many ways of doing this.

For example there is an ad hoc argument of Davenport in
his notes on diophantine equations.

However | think it is instructive to proceed through a
much more general result which | will prove in a while.

Given a positive integer g and a collection A of residue
classes modulo g, its local density p = p(.A) modulo g is
defined by p = g~ card(A).

Theorem 8.17. [Cauchy—-Davenport—Chowla] Suppose
that q is a positive integer, that A and B are sets of
residue classes modulo q of local density modulo q, o and
B respectively, that 0 € B and that every non—zero residue
class in B is a reduced residue class modulo q. Then

p(A+ B) > min(l,a+ 8 —1/q).
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® Lemma 8.18. Suppose that
o1(k.p7(p—1))
5> 2T+2
5
Then M*(p”; n) > 0.

when vy =71 +1,
when vy =71 +2 and k > 2,
when p = k = 2.
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s> { o7+2 when v =7+ 2 and k > 2,
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Then M*(p”; n) > 0.
® Proof. When v = 7 + 1 the number of k-th power
¢(p™) ¢(p7)

residues modulo p”7 is N = (k,d)(pT n 1)) = (k,(b(p”))'

® Let B* be the set of k-th power (reduced) residues modulo
p? and let B = {0} U B*.
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ik, p(p—1)) wheny=1+1,
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Then M*(p”; n) > 0.
Proof. When v = 7 + 1 the number of k-th power
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residues modulo p”7 is N = = )
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Let B* be the set of k-th power (reduced) residues modulo

p? and let B = {0} U B*.

Then p(B*) = Np~” and p(B) = (N +1)p~7.
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Proof. When v = 7 + 1 the number of k-th power
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Let B* be the set of k-th power (reduced) residues modulo
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Then p(B*) = Np~” and p(B) = (N +1)p~7.

Now consider B* + (s — 1)B.
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s> { o7+2 when v =7+ 2 and k > 2,
5 when p = k = 2.

Then M*(p”; n) > 0.
Proof. When v = 7 + 1 the number of k-th power
¢(p™) ¢(p7)

. YN _
residues modulo p” is N (k,d)(pT n 1)) (k,(b(pV))'
Let B* be the set of k-th power (reduced) residues modulo
p? and let B = {0} U B*.

Then p(B*) = Np~” and p(B) = (N +1)p~7.

Now consider B* + (s — 1)B.

By Cauchy-Davenport-Chowla and induction we have

p(B* 4 (s — 1)B) > min(1,sNp™7).
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Lemma 8.18. Suppose that

ki (p— 1) wheny=T+1,
s> { o7+2 when v =7+ 2 and k > 2,
5 when p = k = 2.

Then M*(p”; n) > 0.
Proof. When v = 7 + 1 the number of k-th power
¢(p™) ¢(p7)

. YN _
residues modulo p” is N (k,d)(pT n 1)) (k,(b(pV))'
Let B* be the set of k-th power (reduced) residues modulo
p? and let B = {0} U B*.

Then p(B*) = Np~” and p(B) = (N +1)p~7.

Now consider B* + (s — 1)B.

By Cauchy-Davenport-Chowla and induction we have

p(B* 4 (s — 1)B) > min(1,sNp™7).

We should note also that every element of B* + (s — 1)B
is a sum of s k-th powers modulo p” and that at least one
of them is reduced.




® p(B*+ (s —1)B) > min(1,sNp~7).
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® p(B*+ (s —1)B) > min(1,sNp~7).

® When sNp~7 > 1 we are home and dry.
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p(B* + (s —1)B) > min(1,sNp~7).
When sNp™ > 1 we are home and dry.

In other words when s satisfies the hypothesis
p”(k,pT(pfl))

T COR

In the case p =2 and k > 2 we are supposing s > 27 and

we can solve

X +---xK=n (mod 27)

be taking each x; to be 1 or 0 and at least one of them 1.
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p(B* + (s —1)B) > min(1,sNp~7).
When sNp™ > 1 we are home and dry.

In other words when s satisfies the hypothesis
p”(k,pT(pfl))

T COR

In the case p =2 and k > 2 we are supposing s > 27 and

we can solve

X +---xK=n (mod 27)

be taking each x; to be 1 or 0 and at least one of them 1.

The third case has k =2, so that s > 5 and 27 = 8, and is
likewise trivially soluble with 2t x; since sz =0,1lor4
(mod 8).
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Proof. There are various cases to check.

When k > 2 we have 2k > 2k > pp—fl, so the first
condition of the previous lemma will hold.

If k=2, then s > 5 so the last condition also holds.
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possibilities.
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Proof. There are various cases to check.

When k > 2 we have 2k > 2k > pp—fl, so the first
condition of the previous lemma will hold.

If k=2, then s > 5 so the last condition also holds.
When v =7+ 2, so p =2, but k > 2 there are several
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If 7> 2, then k > 27 > 7 + 2, so that 2k > 2712 = 27,

If 7 =1, then k = 2kp with kg > 3, buty=74+2=23, so
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Bringing it all together we have

Theorem 8.19. Suppose that s > 2. Then &(n) > 1.
Proof. There are various cases to check.

When k > 2 we have 2k > 2k > pp—fl, so the first
condition of the previous lemma will hold.

If k=2, then s > 5 so the last condition also holds.
When v =7+ 2, so p =2, but k > 2 there are several
possibilities.

If 7> 2, then k > 27 > 7 + 2, so that 2k > 2712 = 27,
If 7 =1, then k = 2kp with kg > 3, buty=74+2=23, so
that 2k > 26 > 27,

The above argument can be refined to show that

S(n) > 1 when s > 2k and k is not power of 2 and

s > 4k when k = 2/ with j > 2. However this requires
better knowledge of the convergence of &(n).
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