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Some History

Christian Goldbach was a German mathematician who was
a professor of mathematics and history in St Petersburg.
On 7 June 1742, from Moscow, he wrote a letter to Euler
(letter XLIII) (a copy of which | will put on the next page)
in which he stated the following conjecture.

Every integer which can be written as the sum of two
primes, can also be written as the sum of as many primes
as one wishes, until all terms are units.

In the margin he than added a second conjecture.

Every integer greater than 2 can be written as the sum of
three primes.

Of course he took 1 to be prime. In a letter dated 30 June
1742 Euler reminded Goldbach of an earlier conversation
they had in which Goldbach had stated a third conjecture
that

Every even number is the sum of two primes and Euler
pointed out that this would follow from the second
conjecture since to represent an even number one of the
three primes has to be 2.
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for this it is essential to include 1. Without 1 one needs
k < n/2. | suspect that either way it is likely to be
amenable to modern methods, at least if one starts with
three or four primes rather than two.
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® The first assertion that if a number n could be written as

a sum of two primes, then it could also be written as the
sum of k primes for any k with 2 < k < n is curious, and
as far as | am aware, has never been addressed. Of course
for this it is essential to include 1. Without 1 one needs

k < n/2. | suspect that either way it is likely to be
amenable to modern methods, at least if one starts with
three or four primes rather than two.

Today we would state these conjectures as follows. Every
even integer greater than 2 can be written as the sum of
two primes.

Every odd integer greater than 5 can be written as the
sum of three primes.

These have become known as the Goldbach binary and
ternary problems.



® There is nothing of consequence in the literature until
1871.
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There is nothing of consequence in the literature until
1871.

Spottiswoode, then President of the London Mathematical
Society, in his account of communications received during
the meeting of 9th November 1871 describes at some
length researches that Sylvester had been undertaking on
the behaviour of

R(n) = card{p1,p2 : p1 + p2 = n} (1)

when n is even.
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should be a good approximation to R(n), and further
asserts that this is confirmed by the known calculations.
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should be a good approximation to R(n), and further
asserts that this is confirmed by the known calculations.

® The product here is quite interesting. A simple argument
based on the observation that a number x is divisible by p
with probability % leads instead to the expression

| T2 TP ®
p;\nf
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before Mertens theorems
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® Of course, the prime number theorem was twenty odd
years in the future, and it would be another three years
before Mertens theorems

® The underlying difficulty with probabilistic methods is that

the series
>
P P

diverges.
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show that for even n
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S(n) ~ 277 CM p—-
where C is the, so called, twin prime constant

c=2I1 (1- 2 33)

p>2
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Ternary show that for even n

Goldbach ( ) 1

Problem ™ n p—
-

Robert C. S(n) ~ 26 CI 2

Vaughan ogn P —

Some History

where C is the, so called, twin prime constant
c=2[T(1- ;25
p>2

® and to deduce as Landau [1900] did in reference to similar
work of Stackel [1896] that

2
R(n
ng; Iogx)
whereas
X2
Zs ~2e” Vm, 2¢7 = 1.1229....
X

n<x



® Two substantial lines of attack arose almost
simultaneously. Sieve methods we have already seen. The

other, the seminal paper of Hardy and Ramanujan (1916)
on partitions, does not mention Goldbach.
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Hardy and Ramanujan

Two substantial lines of attack arose almost
simultaneously. Sieve methods we have already seen. The
other, the seminal paper of Hardy and Ramanujan (1916)
on partitions, does not mention Goldbach.

The idea is that for functions R(n) of interest

=> R(n)z"
n=0

converges for |z| < 1 but has singularities on |z| = 1. By
the Cauchy integral formula

R(n) = 2:7[” / F(z)z~"1dz

where C = {pe®™ :0 < 0 <1} and 0 < p < 1, which can
be approximated near singularities.



® Typically for functions of arithmetical interest the

behaviour of f(z) can be ascertained quite precisely if

z =re(a/q +p)

e(a) _ e27ria

with r “close” to 1 but § “small” and g “not too large”
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® Typically for functions of arithmetical interest the
behaviour of f(z) can be ascertained quite precisely if

2mic

z=re(a/q+p) e(la)=e

with r “close” to 1 but 8 “small” and g “not too large”.
® Suppose that R(n) is the number of solutions of
X12 +- X2 = n with x; > 0. Then

ZR " = g(z)° where g(z Zz

® |letz be as above and let us sort the terms accordlng to
their residue class modulo g. Then

= Zz" Z e(am?/q) Z r”Ze(ﬁnz).

n=0 m=1 n=mmod q



o) =3 " -

Z (am*/q) >
m=1

n=mmod q

r”ze(ﬂnz).

«O> < Fr «E»r» «E»

Q>



* g(2)= ZZ

S elamfa) 3
m=1

r"e(Bn?).
n=mmod q
® When r is cIose to 1 and 3 is small we can approximate
the sum over n by an integral and obtain

g(z)~q 1S(q, a)l(3/2)(1 — re(B)) 1/2
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® When r is close to 1 and B is small we can approximate

Hardy and the sum over n by an integral and obtain

Ramanujan

g(z) ~ q5(q. )l (3/2)(1 — re(B)) /2.

q
® Here S(q, a) is the Gauss sum S(q, a Z e(am?/q).
m=1
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q

= 22”2 = Z (am?/q) Z r"ze(ﬁnz).
n=0

m= n=mmod q
When r is close to 1 and B is small we can approximate

the sum over n by an integral and obtain

g(z) ~ q5(q. )l (3/2)(1 — re(B)) /2.

q
Here S(q, a) is the Gauss sum S(q, a Z (am?/q).

This estimate can be made sufficiently pr e that it is of
utility on the whole of C.
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= 22"2 = Z (am?/q) Z r"ze(ﬁn2).
n=0

m= n=mmod q
When r is close to 1 and B is small we can approximate

the sum over n by an integral and obtain

g(z) ~ q5(q. )l (3/2)(1 — re(B)) /2.

q
Here S(q, a) is the Gauss sum S(q, a Z (am?/q).

This estimate can be made sufficiently pr e that it is of
utility on the whole of C.

In other problems, such as Goldbach or Waring the
approximation for g(z) was only good for a small subset of
C and a new idea was required.
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q

= 22"2 = Z (am?/q) Z r"ze(ﬁn2).
n=0

m= n=mmod q
When r is close to 1 and B is small we can approximate

the sum over n by an integral and obtain

g(z) ~ q5(q. )l (3/2)(1 — re(B)) /2.

q
Here S(q, a) is the Gauss sum S(q, a Z (am?/q).

This estimate can be made sufficiently pr e that it is of
utility on the whole of C.

In other problems, such as Goldbach or Waring the
approximation for g(z) was only good for a small subset of
C and a new idea was required.

The division of C into good and bad arcs lead to the terms
“major arcs” and “minor arcs”.
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e are on Waring's problem, and the seventh of which never
appeared in print.
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hypothesis and they deferred this work until their method
had established its provenance with unconditional
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Froblem ® In 1919 Hardy and Littlewood set themselves the task of
T/Zl?.:;ai. developing the fundamental ideas of the Hardy and

Ramanujan paper. This eventually saw the light of day as
the series of eight papers with the generic title “On some
problems of partitio numerorum”, the first two of which
e are on Waring's problem, and the seventh of which never

appeared in print.

® The first questions they examined were the Goldbach
conjectures. Eventually they realised that they could only
make progress by assuming the generalised Riemann
hypothesis and they deferred this work until their method
had established its provenance with unconditional
theorems.

® However papers Il (1922) and V (1924) are concerned
with the Goldbach conjectures.



® Hardy and Littlewood used the generating function

f(z) =gz g(z) =Y (logp)z".
P
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f(z) =g(2)*, &(z) = (logp)z”.
P

Hardy and ® To describe these results | am going to make an

Littlewood innovation that only came later, due to Vinogradov. Let
S(e) = (log p)e(ap)
p<n

Then

1
rs(n) = Z log py ...logps = /0 S(a)’e(—an)da.

P1,---,Ps
pit-+ps=n
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® If we sort the primes counted by F according to their

Robert C. .
Vaughan residue classes modulo g, and we apply results that follow
from the generalised Riemann hypothesis, when (g,a) = 1,
1(q) L1
H.ardy and (a/q + 5) (b(q) Z e(ﬁm) + O ((q + qn‘ﬁ‘)z 2 ) .
Littlewood m=2

® Dirichlet's theorem on diophantine approximation says
that, given Q > 1 and a € R, there are g < @ and a with
(g,a) =1 sothat | —a/q| < ¢ 'Q7 L Let B=a —a/q.
Then the error term above is

0 ((@+n/Q)ni+)

and the optimal choice Q = n gives O(n%“)_
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® Thus Hardy and Littlewood were able to treat rs(n)
Fs/c;buegrﬁai' whenever s > 3 and they established, on the generalised
Riemann hypothesis, that, when n =s (mod 2),

g ()~ (5,75—_;)!65(”)
e N
o (1062 1)

ptn

pln



® \When s = 2 they were unable to prove anything quite as
precise but they could establish the following

2|m

S (r(m) — m&a(m))® = 0 (n3+°)
m=1

where

Ga(n) = CH (Z_:;) _

p>2
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Robert C. . . .
Vaughan precise but they could establish the following
i 2 5.
Z (r2(m) — m&Sa(m))” = O ( n2
m=1
Hardy and Z‘m

Littlewood

where

& (n)=C]] (Z:;) .

pln
p>2

® This is, perhaps, the strongest evidence we have that for
even n,

ra(n) ~ nSy(n).



® Of course, why stop there. How good an error term should
one expect? Well, one could speculate that

ra(n) = nGSy(n) + O(n%"'a)

and if true, then this would be essentially best possible.
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Froblem e Of course, why stop there. How good an error term should

Robert C.

Vaughan one expect? Well, one could speculate that

1
ra(n) = nGa(n) + O(n2"*)

Hardy and and if true, then this would be essentially best possible.
Hitleneod ® Montgomery and Vaughan [1973] have proved

unconditionally that

Z (r2(m) — m62(m))2 =Q (n2(|og n)2) :

m=1
2|m



® Returning to

n

2|m

Z (ra(m) — m62(m))2 =0 (n%ﬁ)

m=1

it follows quite easily that the exceptional set
E(x) = card{m : 2|m,m < x, rn(m) # 0}

satisfies

E(x) < x2te,

«O> «Fr «=>»

«E)»
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2 S+e
g (r2(m) — m&,(m))” = O (n> .
m=1
2|m
H.ardy and
Littlewood it follows quite easily that the exceptional set

E(x) = card{m : 2|m,m < x, rn(m) # 0}

satisfies X
E(x) < x27=.

® Of course, this assumes the generalised Riemann
hypothesis.



® |n 1937 Vinogradov proved the following.

Let

S(@) = e(ap).

Suppose that g€ N, a€ Z, (g,a) = 1 and |a — a/q| < q~2.
Then

S(a)=0 (n(log n2(q 2 +(n/q)"2) + nexp ( — 3+/log n))

«O» «Fr «=»
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Theorem 1 (Vinogradov 1937)
Let

S(@) = e(ap).

p<n

Vinogradov Suppose that g € N, a€ Z, (q,a) =1 and |a — a/q| < g 2.
Then

S(a)=0 (n(log n)%(q_% + (n/q)_%) + nexp (— 3+/log n))

® This gives non-trivial estimates when (a,q) = 1 and

(log )" < < n(log n) ™, |a — a/q| < (log n)*n~"q""
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® |n 1937 Vinogradov proved the following.
Robert C.
Vaughan

Theorem 1 (Vinogradov 1937)
Let

S(@) = e(ap).

p<n

Vinogradov Suppose that g € N, a€ Z, (q,a) =1 and |a — a/q| < g 2.
Then

S(a)=0 (n(log n)%(q_% + (n/q)_%) + nexp (— 3+/log n))

® This gives non-trivial estimates when (a,q) = 1 and
(logn)* < g < n(logn)™, |a — a/q| < (log n)n g

® One can think of these intervals as being “minor arcs”.



® Thus Vinogradov [1937] was able to establish that if n is
odd, then

n2
R3(n) ~ m@g,( )
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® Thus Vinogradov [1937] was able to establish that if n is

odd, then

Rs3(n) ~ Wéﬁ(n).

Helfgott has recently refined the method considerably so
as to show that

R3(n) >0 (n> ng,n odd)

with a decent value for ng which apparently enables the
n < ng to be checked, and so establishes the Goldbach
ternary conjecture.



® Of course the method also gives

n

m=1

> (Ra(m) — lig(m)&3(m))?* < n*(log n) A
2|m

for any fixed positive number A, and consequently

E(x) < x(log x)™A.
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® Of course the method also gives

n

m=1

> (Ra(m) — lig(m)&3(m))?* < n*(log n) A
2|m

for any fixed positive number A, and consequently

E(x) < x(log x)™A.
® Chudakov, van der Corput, Estermann independently
[1937].
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® Montgomery and Vaughan [1975] pushed these ideas
further and obtained

E(x) < x17°
for some positive number 6.
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further and obtained

E(x) < x17°
for some positive number 6.

° = ﬁ Jing-Rung Chen and Pan Cheng Dong [1979].
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® Montgomery and Vaughan [1975] pushed these ideas
further and obtained

E(x) < x17°

for some positive number 6.

° = ﬁ Jing-Rung Chen and Pan Cheng Dong [1979].
® § =0.121 Wen Chao Lu [2010]
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for some positive number 6.
_ ® § = 155 Jing-Rung Chen and Pan Cheng Dong [1979].
Vinegradox ® §=0.121 Wen Chao Lu [2010]

Pintz has claimed § = 3.
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Chapter 7 The

Ternary
Goldbach
Problem
R, ® We have already seen in homeworks 8,9, 10, the modern
version of Vinogradov's theorem
Theorem 2
Let
S(a) = (logp)e(ap).
Vinogradov p<n

Suppose that (q,a) = 1 and |a — a/q| < q~2. Then

S(a) < n(log n)% (q_1/2 +n 154 (n/q)_1/2> .



Math 571 . .
Chapter 7 The ® | et me now outline the proof of the following theorem.

Ternary
Goldbach

Problem Theorem 3
Vo We have
1 _
r3(n) = 563(n)n2 + OA(nz(Iog n) A)
where

SRS (N =]



Math 571 . .
Chapter 7 The ® | et me now outline the proof of the following theorem.

Ternary
Goldbach

Problem Theorem 3
Robert C.
Vaughan We have

r3(n) = %63(”)”2 + Oa(n*(log n)~*)

where

SRS (N =]

® Let 8 = (7,1 + 7| for some choice of 7, yet to be made.
Then

r3(n):/u5(a)3e(—om)da.



Math 571 . .
Chapter 7 The ® | et me now outline the proof of the following theorem.

Ternary
Goldbach

Problem Theorem 3
Vo We have
1 _
r3(n) = 563(n)n2 + OA(nz(Iog n) A)
where
Vinogradov 1 1
=TT (1+ ——— 1———— ).
=11 1+ 5=) 11 (5=
n pln

® Let 8 = (7,1 + 7| for some choice of 7, yet to be made.
Then

r3(n):/u5(a)3e(—om)da.

® \We need to have some understanding of how to
approximate real numbers « by rational numbers a/q.



® The next theorem, due to Dirchlet, has a really neat proof.
Suppose that Q > 1 and o € R. There there is a g < Q and

an integer a such that (q,a) =1 and |a — 1/q| < m.

«Or «Fr «=>»

« =
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e 7 T Dirchlet

Chapter 7 The

Ternary

Goldbach

Problem

Robert C.

Vaughan

® The next theorem, due to Dirchlet, has a really neat proof.
Theorem 4
Suppose that Q@ > 1 and o € R. There there is a q < Q and
an integer a such that (q,a) =1 and | — 1/q| < 1+LQJ)
Vinogradov

® Proof. Consider the 1 + | Q] intervals
= [(n—1)/(1 + [Q1), n/(1+ |Q])) with
1<n<1+]|Q]. Ifthereisa g < Q such that
aq— |ag] € l, or € llﬂQJ, then we are done. Hence we
can suppose that at least one of the remaining /, contains
agqi — |agi] and agy — |agz] for some g1 # g2. Then we
can take ¢ = g2 — q1].



Math 571 ® When « is close to a rational number a/q with g small,
Chapter 7 The

Temary say a = a/q + [ with  small (whatever that many mean)
Problem we can hope to approximate to
Robert C.
Vaughan
: S(a) = (logp)e(ap)
p<n

by sorting the primes according to residue classes modulo
q.

Vinogradov



Math 571 ® When « is close to a rational number a/q with g small,
Chapter 7 The

Temary say a = a/q + [ with  small (whatever that many mean)
Problem we can hope to approximate to
Robert C.
Vaughan
: S(a) = (logp)e(ap)
p<n

by sorting the primes according to residue classes modulo
q.

® Moreover all but a small number of the primes are in
reduced residue classes, so we can expect that

Vinogradov

~ > elar/q) Y (logp)e(Bp)
r=1

(r.g)=1 p=rp(§1,;d q)
qf S efar/q) Z () S (log p)x(p)e(p)



Math 571 ® When « is close to a rational number a/q with g small,
Chapter 7 The

Temary say a = a/q + [ with  small (whatever that many mean)
Problem we can hope to approximate to
Robert C.
Vaughan
: S(a) = (logp)e(ap)
p<n

by sorting the primes according to residue classes modulo
q.

® Moreover all but a small number of the primes are in
reduced residue classes, so we can expect that

Vinogradov

~ > elar/q) Y (logp)e(Bp)
r=1

<n
(r,q)=1 p=rp(;10d q)
1 q
= 5 Y ear/a) D x(r)Y_(logp)x(p)e(Bp)
(rrq:)lz1 x (mod q) p<n

® The error in the first step will be < (log q) log n



Math 571
Chapter 7 The
Ternary

Goldbach ® Thus S(«a)

Problem
Robert C.

(ot x(meda) o psr
1 q
S o 2 2 clar/ann)} (s )
S X (med @) Tty -
1

x (mod q) p<n

q
Vaughan ¢1 Z e(ar/q) Z y(r)Z(logp)X(p)e(ﬁP)



Math 571
Chapter 7 The
Ternary

Goldbach ® Thus S(«)
Problem
Robert C. q
Vaughan
: Z e(ar/q) > X(r)D (log p)x(p)e(Bp)
=1 x (modq)  p<n
(r,q)zl
1 q
S IR SELER T
F 4 (mod q) , r=1 p<n
Inogradov (r7q):1
1
S, > x(a)7(x) > _(log p)x(p)e(5p)-
(mod q) p<n

* We might expect, if 3 is fairly small and g < (log n)*, to
be able to use the Siegel-Walfisz theorem to replace the
last sum by an error term except when Y is the principal
character. In that case 7(xo0) = p(q).



Math 571
Chapter 7 The
Ternary

Soldbach ® Putting it all together we have
R, Theorem 5
There is a positive constant ¢ such that if A> 1 is a fixed
positive real number, g < (logn)?, (a,q) =1, a = a/q + B
and |B| < (log n)Anfl, then
Vinogradov S(a) = ¢( ) Z e(Bm) + Oa (n exp (— cy/log n))
q

m<n



Math 571
Chapter 7 The

Ternary

Soldbach ® Putting it all together we have

R, Theorem 5
There is a positive constant ¢ such that if A> 1 is a fixed
positive real number, g < (logn)?, (a,q) =1, a = a/q + B
and |B| < (log n)Anfl, then

Vinogradov S(a) = ¢( ) Z e(Bm) + Oa (n exp (— cy/log n))
q

m<n

® The only serious detail in the proof is in dealing with

> x(p)e(Bp)

p<n



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

® When x # xo have

> x(p)e(

p<n

e) = - x(p) e(6n) - [ 2rine(pe)et

p<n

— e(omi(nix) - [ o6 2mipe(se)de
< (14 |B|n)nexp ( — c’/log n).



Math 571 ® When x # xo have

Chapter 7 The

e S x(e)e(n) = X a(o) (etom - [ 2mie(at)ce)
Robert C. p<n p<n P

— e(omi(nix) - [ o6 2mipe(se)de
< (14 |B|n)nexp ( — c’/log n).

® When x = xo there is a main term to deal with.

Vinogradov



Math 571 ® When x # xo have

Chapter 7 The

Ternary n
g S x(e)e(n) = X a(o) (etom - [ 2mie(at)ce)
Robert C. p<n p<n P
Vaughan n
— e(Ima(mx) ~ | ol x2nise(pr)de
2
< (14 |B|n)nexp ( — c’/log n).
® When x = xo there is a main term to deal with.
Vinogradov ® The slickest way is to write

9t x0) = [t] + O (nexp ( — ¢'v/logn) )

and use the fact
[t]=>)"1

m<t
to invert the above process to give a main term of

Z e(Bm).

m<n



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

® We now have two kinds of « for which we have
information. Hopefully every « is of one kind or the other.

Vinogradov



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

® We now have two kinds of « for which we have
information. Hopefully every « is of one kind or the other.

® We define major and minor arcs (well intervals really, but
Hinegio the term “arc” is retained as a form of homage to the
original work of Hardy and Littlewood) as follows.



Math 571 ® Given a,g € Nwith 1 < a < q < (log n)A and (a,q) =1

Chapter 7 The

Ternary we define

Goldbach

Problem _1 A
Robert C. m(q7 a) = {Oé : |Oé - a/q’ S n (log n) }
Vaughan

In most situations it is more natural to consider shorter
intervals |a — a/q| < g~ n"!(log n)#, but in the present
context the longer intervals lead to some simplifications.

Vinogradov



Ll ® Given a,g € Nwith 1 < a < q < (log n)A and (a,q) =1
apter e .
Ternary we deﬁne

Goldbach
M(q,a) = {a:|a—a/ql < n~(logn)*}.

Problem

Robert C.
Vaughan

In most situations it is more natural to consider shorter
intervals |a — a/q| < g~ n"!(log n)#, but in the present
context the longer intervals lead to some simplifications.

® These are the major arcs and we take 91 to be their union.

Vinogradov



Math 571 ® Given a,g € Nwith 1 <a< g < (logn)* and (a,q) =1

Chapter 7 The

Ternary we deﬁne

Goldbach

Problem 1 A

Robert C. m(q7 a) = {Oé : |Oé - a/q’ S n (log n) }

Vaughan
In most situations it is more natural to consider shorter
intervals |a — a/q| < g~ n"!(log n)#, but in the present
context the longer intervals lead to some simplifications.

® These are the major arcs and we take 91 to be their union.
Vinogradov ® Now let ¢ = (7,1 + 7] where 7 = n"%(log n)* and let

m =\ M.



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

Given a,g € Nwith 1 < a < g < (logn)” and (a,q) =1
we define

M(q,a) = {a:|a—a/q| < n~*(log n)}.

In most situations it is more natural to consider shorter
intervals |a — a/q| < g~ n"!(log n)#, but in the present
context the longer intervals lead to some simplifications.
These are the major arcs and we take 91 to be their union.
Now let $f = (7,1 + 7] where 7 = n~%(log n)* and let

m =\ M.

By Dirichlet’s theorem on diophantine approximation given
o € m, there are g, a with (q,a) =1, g < n(log n)~* and
lo — a/q| < g tn~1(log n)*. Moreover, since a ¢ I we
have g > (log n)*. Hence, by Theorem 2, for & € m

S(a) < n(logm)? (q7/2 + nY/% + (n/q)1/?)

< n(log n)>=A)/2,



G ® This together with Parseval and Chebysev's theorem which

T .
Goldbach gives
Problem

24, — }: 2
Robert C. / ’5(@)’ dOé — (IOg P) <n |og n
Vaughan U PS”

enables us to give a satisfactory treatment to the minor
arcs

Theorem 6
We have

Vinogradov
S()Pda < n*(log n) A2,

m



ot ® This together with Parseval and Chebysev's theorem which

T .
Goldbach glives
Problem

24~ — }: 2
Robert C. / ’5(04)’ dO[ — (IOg P) <n |og n
Vaughan U PS”

enables us to give a satisfactory treatment to the minor
arcs

Theorem 6
We have

Vinogradov

1S(a)|Pda < n?(log n)7=A)/2,

m

® |t remains to deal with the major arcs. Generally in
applications of the Hardy-Littlewood method the minor
arcs are the hard part, the part where some innovation is
required to make progress, and this was originally done by
Vinogradov. Typically the major arcs are more routine,
and here they were essentially treated earlier by Hardy and
Littlewood.



Math 571

Chapter 7 The
e ® We have seen that if (q,a) = 1, g < (log n)* and
roblem B = a — a/q satisfies || < n~1(log n)A, then
Robert C.
Vaughan
5(04) — MT(ﬁ) +E
¢(q)
where .
Vinogradov T(ﬂ) = Z e(IBm)
m=1
and

E < nexp(—c\/logn).



Math 571
Chapter 7 The

e ® We have seen that if (q,a) = 1, g < (log n)* and
e B = a — a/q satisfies || < n~1(log n)A, then
Robert C.
Vaughan
g St) = X9 75y
¢(q)
where ]
. () =3 e(8m)
inogradov —
and

E < nexp(—c\/logn).

® Then as |T(B)| < n we have

1(q)
S(a)® = 5(q)? T(B)*+ 0 <n3 exp (— cy/log n))




® \We have

wa)
S(a)® = R T(B)3+O(n exp(—c\/logn))

DA



Math 571

Chapter 7 The ° We have
Ternary
Brobiem 1(9)
Robert C. 5(04)3 = #(q)3 T(ﬁ) +0 (” exp ( \/@))
Vaughan

® Integrating over M(g, a) and summing over a,

Z / (—an)da
m(qva)

(aq

Vinogradov

An—l

- o) | T (6e(—pm)ds

—(log n)An—1

+ 0 (6(q)(log ) n?exp ( — c\/logn) )



Math 571
CGhapter 7. The ® We have

Ternary
Goldbach
roblem mq
RF;b:rlt c 5(04)3 = ¢((q))3 T(ﬁ) +0 (” exp ( \/@))
Vaughan
® Integrating over M(g, a) and summing over a,
Z / (—an)da
Vinogradov (a q m(q’a)
A, —1
M(q)Cq(n) /(Iogn) n 3
= —F3 T(B)’e(—pn)dp
o - gogmpint (B) e(—pn)

+ 0 (6(q)(log ) n?exp ( — c\/logn) )

® Observe that the main term has factored into two
independent pieces, a local, or “g-adic” piece, and a piece
which, in some sense, corresponds to R. cq4(n) is the
Ramanujan sum which we studied in homework 3.



Math 571 ® We now sum over the g < (log n)*,
Chapter 7 The
Ternary

Goldbach
Problem Z / Oén)dO[
I?/ober; C. m(q@)
aughan (a q)

An—1

M(q)Cq(n) /(Iogn) n 3
= ———a T(B)’e(—pBn)dp
¢(Q)3 —(log n)An—1 (B) ( )

+ O<¢(q)(|og n)”An? exp (—cy/log n))

Vinogradov



Math 571 ® We now sum over the g < (log n)*,
Chapter 7 The

Ternary
Goldbach
Problem Z / om)da
I?/oberrt] G m(q a)
aughan (a q
An—1
M(q)Cq(n) /(Iog n)%n 3
= BN T(8)%e(—Bn)df
¢(Q)3 —(log n)An—1 (B) ( )
+ O<¢(q)(|og n)”An? exp (—cy/log n))
Vinogradov

° u a)3e(—
Th s/mS( e
=&(n, (log n)A)J(n) + O((Iog n)34n? exp (— cy/log n))

where

&(n, Q)= m(a)cq(n)(q) >,

a<Q

(log n)A
J(n) = / )  T(B)’e(~pn)dp



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

Thus /9ﬁ5(a)3e(—an)da
= &(n, (log n)*)J(n) + O(n2 exp (— c’\/@))
&(n, Q) =Y ua)cq(n)d(a) >,

9<@

(log n)An—1
soy= [0 T e(-pnyds

—(log n)An—1



Chper 7 The ® Thus / S(a)*e(—an)da
Ternary m
Goldbach
Problem
Rober . — &(n, (log n)") J(n) + O(n?exp ( — ¢'+/Iog )
&(n Q)= u(a)cg(ne(q) 2,
a<Q
(log n)An—1
Vinogradov J(n) :/ T(ﬁ)3e(_/8n)dﬁ
—(log n)An—1

® Thesum T(B8) = ."_, e(n) satisfies T(B) < ||3]| L.



Chper 7 The J Thus/ S(a)*e(—an)da
m

Ternary
Goldbach
Problem

Robert C. = 6(”, (log n)A)J(n) + O(n2 exp ( — c’/log n))

Vaughan

&(n, Q) =Y ua)cq(n)d(a) >,

9<@
(log n)An—1
Vinogradov J(n) = / T(ﬁ)3e(_/8n)dﬁ
—(log n)An—1

® Thesum T(B8) = ."_, e(n) satisfies T(B) < ||3]| L.
® Thus

/ | T(8)°dB
(log n)An—1<|B|<1/2

1/2
<</ B73dB < n*(log n)~%A.
(1

og n)An—1



® \We have just shown that

_ 1/2 3 —2A 2
J(n) = / T(8)3e(—Bn)ds + O((log n)2An?)
—1/2

«O> «Fr «=>»

«E)»
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Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

® \We have just shown that
1/2
Jn) = [ T(8)e(~pm)d + Of(log m)Ar?)
—-1/2

® The integral here simply the number N of choices of m; so
that my + my + m3 = n.



Math 571
Chapter 7 The

Ternary
ocbach ® \We have just shown that
Robert C. 1/2
Vaughan
s = [ T e(=n)d-+ O((og ) ')
—1/2
® The integral here simply the number N of choices of m; so
Vinogradov ® Since the number of choices of my, my with my + my =/

is [ — 1 it follows that

S (n—l—m3):%(n—1)(n—2).

1<m3<n-2



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

We have just shown that

1/2
J(n) = / T(ﬁ)3e(—,6’n)dﬁ + O((Iog n)_2An2)
—-1/2

The integral here simply the number N of choices of m; so
that my + my + m3 = n.
Since the number of choices of my, my with my +mp =/
is I — 1 it follows that )
N= ) (n—1=ms)=S(n—1)(n—2).

1<m3<n-2
Hence

J(n) = %nQ + O((log n)_2An2).

We now have to deal with S(n, Q).



° We hQVe

&(n, Q) = >_ p(a)cq(mla)
g<Q
with Q = (log n)*.

)

<O < Fr <=

«=»

Q>
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Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

® \We have

&(n, Q) =Y ua)cq(n)d(a) >,

with Q = (log n)A.

a<@Q

e Trivially [cq(n)| < ¢(q) so
> u@)cg(md(a) 2 < > u(q)’d(q)

g>Q

a>Q

< Q2> u(a)’d é(q) 2.

q=1



Math 571 ® \We have
Chapter 7 The

e &(n, Q)= u(q)cg(n)(q) >,
Problem q<Q

Robert C. -

Vaughan Wlth Q — (log n)A.

e Trivially [cq(n)| < ¢(q) so
> u@)cg(md(a) 2 < > u(q)’d(q)

a>Q a>Q
o
Vinogradov _ _
- < Q2> u(a)’d é(q) 2.
gq=1
® Here the infinite series has the absolutely convergent Euler

pl/2
product H 1+ W )

p



Math 571 ® \We have
Chapter 7 The

e &(n, Q)= u(q)cg(n)(q) >,
Problem q<Q

Robert C. -

Vaughan Wlth Q — (log n)A.

e Trivially [cq(n)| < ¢(q) so
> u@)cg(md(a) 2 < > u(q)’d(q)

a>Q a>Q

< Q2> u(a)’d é(q) 2.

q=1

Vinogradov

® Here the infinite series has the absolutely convergent Euler

H ( pl/2 )
product 1+ 5 |-
5 (p—1)

® Thus &(n, Q) = &(n) + O(Q*1/2) where &(n) =

> o) (- )

ptn pln




Math 571
Chapter 7 The

Sy ® Putting it all together we have established the following
Problem theorem.

Robert C.

Vaughan Theorem 7

For every fixed B > 1 and every odd n we have

> (ogpr)log pe)(log ) = >-6(n) + Os (2 (log n) )

P1,pP2,P3

Vinogradov p1tpatp3=n

where

&(n) =Y pu(q)cq(n)e(q) >
g=1

(o) 0 o)

pln
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Robert C.
Vaughan

Vinogradov

® Another theorem which can be proved by the method.

Theorem 8

For every fixed B > 1 and every n we have
Z |ra(m) — m&o(m)[* < n®(logn)~B
m=1

where ry(m) = Z (log p1)log p2), G2(m) =

p1+p2=m
p(p —2) P
(%02 "
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Vinogradov

® Another theorem which can be proved by the method.

Theorem 8

For every fixed B > 1 and every n we have
Z |ra(m) — m&o(m)[* < n®(logn)~B
m=1

where ry(m) = Z (log p1)log p2), S2(m) =

p1+p2=m
p(p —2) P
(%02 "

® Note that any terms with m odd contribute < nlog n.
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Robert C.
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Vinogradov

® Another theorem which can be proved by the method.

Theorem 8

For every fixed B > 1 and every n we have

Z |ra(m) — m&a(m)|* < n®(logn)~8

where ry(m) = Z (log p1)log p2), S2(m) =

p1+p2=m
p(p —2) P
(%) "

® Note that any terms with m odd contribute < nlog n.
® Consequently we have

Corollary 9

For every fixed B > 1
card{m < n:2|m,m # p1 + p2} < n(logn)~5.



Math 571
Chapter 7 The

Ternary n

ot S Ira(m) — m&a(m)> < n(logn)~®,
Robert C. m=1

Vaughan 2|m

- p(p —2) p
62(m)_g<(p—1)2>g(p—l)

e To prove card{m < n:2|m,m # py + p} <p n(logn)~8

Vi dov
eRnee note that for 2|m we have

62(”’1) >1



Math 571
Chapter 7 The

Ternary n

ot S Ira(m) — m&a(m)> < n(logn)~®,
Robert C. m=1

Vaughan 2|m

- p(p —2) p
62(m)_H<(/3—1)2>}|1(P—1)

ptm
_ ® To prove card{m < n:2|m,m # p1 + p2} <g n(logn)~5
Vinegradox note that for 2|m we have
62(”’1) >1
® Thus

n*card{n/2 < m<n:2\mm# py+ p2}

<Y ra(m) = m&y(m)?
m=1

2|m



Math 571
Chapter 7 The

Ternary n

ot S Ira(m) — m&a(m)> < n(logn)~®,
Robert C. m=1

Vaughan 2|m

p(p —2) p
sa(m) =TT (PE2) I
—1)2 —1
i (p—1) s (p—1)
e To prove card{m < n:2|m,m # py + p} <p n(logn)~8
note that for 2|m we have

62(”’1) >1

Vinogradov

® Thus
n*card{n/2 < m<n:2\mm# py+ p2}
n
<D Ira(m) — m&a(m)[?
m=1
2|m

® Replace n by [n27%| and sum over k



® \We have

ra(m) = Rop(m) + Ru(m)
where

R%(m):/%S(a)ze(—am)da

«O> «Fr «=>»

«E)»
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® \We have

ra(m) = Rop(m) + Ru(m)
where

R%(m):/ S(a)?e(—am)da.
B
® By Bessel's inequality

S [Ra(m)P? < /m 15()[*da < n*(log n)°~*,

«O> «Fr «=>»

«E)»

DA



T Proof of Theorem 8
arh
Problem

Robert C. ® \We have
Vaughan

ra(m) = Ryp(m) + Rn(m)

where

Rg(m):[BS(a)ze(—am)da.

® By Bessel's inequality

Vinogradov
S Ra(m)f? < / 15(a)[*da < n(log m)°A,

m m

® SO we can concentrate on

> [Rm(m) — m&z(m)f?,
m=1

so just another tricky endgame.



® As in the ternary case, for a € 9(q, a) we have
5(a)2 :u(q)
¢(q)?

T(8)? + O (n* exp(—cv/log n))
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Ternary

Goldbch ® As in the ternary case, for a € 9(q, a) we have
Vaughan S(@)? = /;Eqiz T(B)*+ 0 (n exp(— \/@))
® Thus Ryn(m / S(a m)da =
Vinogradov & (m, (log n)*) Jo(m) + O((Iog n)*An?exp (— \/@))

where
Sa(m, Q) = > 1(q)*cq(m)d(q) >,
a<Q

Ap—1

(log n)n
hin) = [ T()%e(—Bm)dp

—(log n)An—1
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Mt 7L Rox(m) = &5 (m, (log n)*) J(m) + O(n2 exp (— c’+/log n)),
apter e

Ternary

Goldbach

Problem ,LL(q)2
Robert C. 62(’77, Q) = Z

cq(m),
Veughen e ¢(q)2 7
(log n)An—1
(m) = / T(8)2e(—Bm)d8.
(log n)An—1
Vinogradov i We have J2(m) = /21 T(5)2e(_ﬁm)dﬁ + O(n(IOg n)_A)



Math 571 Rox(m) = &5 (m, (log n)*) J(m) + O(n2 exp (— c’+/log n)),
Chapter 7 The

Goldbach (q)?
Problem
Go(m, Q) = cq(m),
¢ 2(m, Q) ZQ (g2 (™)
(log n)An—1
Jz(m):/ T(B)%e(—pm)dp.
(log n)An—1
7
v ® We have Jo(m) = [ T(3)e(~pm)d5 + O(n(log n) )
-3

* and G2(m, Q) < Y 1(q)*¢(q) ' < log Q.

a<Q
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Goldbach

2
Problem (‘52([77, Q) _ Z ,u(q) Cq(m),

Robert C.

2
Vaughan CISQ ¢(q)

(log n)An—1
) = | T(8)e(—Bm)ds.

—(log n)An—1

Vinogradov b We haVe J2(m) = /2

1

T(B)*e(—Bm)dB + O(n(log n)_A)

2
* and G2(m, Q) < Y 1(q)*¢(q) ' < log Q.
a<Q
e |f m < n, the integral is m — 1, so

> |Rm(m) — m&2(m)[?
m=1

n 2
< Z ‘mGz(m, log” n) — m&y(m)| + n3(log n)~2A.

m=1



n
QTS [Ryg(m) — ms(m)|?
m=1

Ternary

Goldbach

Problem n

Robert C A 2 3 2A

ober . -

Vaughan < E ‘m62(m, log™ n) — m(‘52(m)’ + n°(log n)~<".
m=1

® This is a tricky because we have to use the cancellation in
cq(m). We can try cq(m) = Z ru(q/r) and this gives

rl(q,m)
Vinogradov



Math 571
Chapter 7 The
Ternary
Goldbach
Problem

Robert C.
Vaughan

Vinogradov

Y |Rm(m) — m&2(m)[?
m=1

n 2
< Z ‘m62(m, log" n) — m(‘52(m)’ + n3(log n) A,
=1

® This is a tricky because we have to use the cancellation in
cq(m). We can try cq(m) = Z ru(q/r) and this gives
rl(q,m)

> M m - ZW

Q<q<R Q/r<s<R/s

S i)



Math 571
Chapter 7 The
Ternary
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Problem

Robert C.
Vaughan

Vinogradov

Y |Rm(m) — m&2(m)[?
m=1

n 2
< Z ‘m62(m, log" n) — m(‘52(m)’ + n3(log n) A,
=1

® This is a tricky because we have to use the cancellation in
cq(m). We can try cq(m) = Z ru(q/r) and this gives
rl(q,m)

> M m - ZW

Q<g<R Q/r<s<R/s

S i)

® The sum over s converges nicely so we are left to bound

Z¢ min(1,r/Q)



n
QTS [Ru(m) — ms(m)]?

Ternary
Goldbach
Problem n 5
R, < Z ‘mGQ(m, log” n) — m(‘52(m)’ + n3(log n)~2A,
=1
® This is a tricky because we have to use the cancellation in
cq(m). We can try cq(m) = Z ru(q/r) and this gives
rl(q,m)
Vinogradov L4
1(q)> p(rs)*u(s)
> Hapelm =3 i %M
Q<q<R Q/r<s<R/s

® The sum over s converges nicely so we are left to bound

qu min(1,r/Q)

e We would want to apply this when Q = (log n)*#, but
unfortunately there are m < n for which d(m) is
substantially larger than this.
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Robert C.
Vaughan

Vinogradov

n

Y |Rm(m) — m&2(m)[?

m=1
2
(g q
< ”22 Z q)2 Z e(am/q)| + n*(log n)=A,
m=1|g>log” n (aac;:)l:l

e When Q@ < R < R’ <2R by the dual of the large sieve

2
. u 9? <
> LY elomfa
m=1 | R<q<R'’ q a=1
(a,9)=1

[y

< (n+ R™2 Z o(q

R<q<R’
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Problem

Robert C.
Vaughan

Vinogradov

n

Y |Rm(m) — m&2(m)[?

m=1
2
(g q
<<”2Z Z q)2 Z e(am/q)| + n*(log n)=A,
m=1|g>log” n (aac;:)l:l

e When Q@ < R < R’ <2R by the dual of the large sieve

2
. u q ?
e(am/q)
(a,9)=1
< (n+ R™2 Z o(q
R<q<R’

® Thus (logn)? < g < n contributes < n(log n)?=2A.
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Robert C.
Vaughan

Vinogradov

n

Y |Rm(m) — m&2(m)[?

m=1
2
(g q
<<”2Z Z q)2 Z e(am/q)| + n*(log n)=A,
m=1|g>log” n (aac;:)l:l

e When Q@ < R < R’ <2R by the dual of the large sieve

2
. u q ?
e(am/q)
(a,9)=1
< (n+ R™2 Z o(q
R<q<R’

® Thus (logn)A < g<n contributes < n(log n)>=2A,

® For the ¢ > n we can use Z P BE in(1,r/n) < n /2.

rlm




® Vinogradov and Hua [1965] extended the method to

> e(ap”)

p<X
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Waring

® Vinogradov and Hua [1965] extended the method to

> e(ap)

p<X

® There is a large body of work on the solubility of
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Ternary

i * Vinogradov and Hua [1965] extended the method to

Robert C.

Vaughan Z e(apk)

p<X
® There is a large body of work on the solubility of

Goldbach- . . .
Waring ® There are also many rather different applications.

Vinogradov [1938] obtains non—trivial bounds for

> x(p+a) x#xo modq.
p<x

See Friedlander, Gong and Shparlinski [2010].



® Another application of Vinogradov's method, due to
Piatetski—Shapiro [1953] states that when 1 < ¢ <

12
11
card{n < x : [n°| prime} ~

clogx’
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® Another application of Vinogradov's method, due to

T/Zl?.:;a(l:‘n. Piatetski—Shapiro [1953] states that when 1 < ¢ < %
card{n < x : | n°| prime} ~ )
{n < x: (€] prime} ~ 2
® There are quite a number of papers increasing the upper
bound for ¢. The best that | have seen is
Warig 243

l<c<®_118..
=< %508

due to Rivat and Wu [2001]



® The Hardy—Littlewood method is quite effective for

ternary problems, but much less so for binary problems.
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Chapter 7 The Hardy and Littlewoood

Ternary
Goldbach
Problem

® The Hardy—Littlewood method is quite effective for
Fs/oabuegrﬁai' ternary problems, but much less so for binary problems.

® However it has been quite successful in creating
conjectures. The procedure is quite simple. One assumes
without proof that the arcs one cannot handle, the “minor
arcs’, make a negligible contribution! In this way they
were able to write down a large class of plausible
conjectures.

Twin primes

and prime
k—tuples
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Twin primes
and prime
k—tuples

Hardy and Littlewoood

® The Hardy—Littlewood method is quite effective for

ternary problems, but much less so for binary problems.
However it has been quite successful in creating
conjectures. The procedure is quite simple. One assumes
without proof that the arcs one cannot handle, the “minor
arcs’, make a negligible contribution! In this way they
were able to write down a large class of plausible
conjectures.

One such is the following. Let

Yar(x) = D A(m)A(n—2k).
2k<n<x

Then
Pak(x) ~ xG2(2k) as x — oo



Math 571 Hardy and Littlewoood

Chapter 7 The

Ternary

Goldbach

problem ® Whilst this seems well out of reach, Lavrik [1960] (van der
Vaughan Corput [1937] had earlier shown something similar but

with the sum over n replaced by a sum restricted to primes
p for which p — 2k is also prime) has shown that

D7 (Wau(x) — (x — 2k)G,(2k))* < x*(log x) 4.
k<x/2

Twin primes
and prime
k—tuples
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Goldbach

problem ® Whilst this seems well out of reach, Lavrik [1960] (van der
Vaughan Corput [1937] had earlier shown something similar but

with the sum over n replaced by a sum restricted to primes
p for which p — 2k is also prime) has shown that

D7 (Wau(x) — (x — 2k)G,(2k))* < x*(log x) 4.
k<x/2

® \We shall see later that this has its uses.

Twin primes
and prime
k—tuples
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Twin primes
and prime
k—tuples

Hardy and Littlewood

® Another of the Hardy and Littlewood conjectures concerns

k—tuples of primes. Suppose that h = hy,..., hy and let
v(q) = v(qg; h) be the number of distinct residue classes
modulo g amongst the h. Let

mk(x;h) = card{n < x:n+ hy,...,n+ hy all prime}

and suppose that for every g € N we have v(q) < g. Then

X

mlah) ~ gk

Sk(h)

k—1

— 1)

k—1

I p* —v(p)p

—k
where S (h H P P (o= 1)

pla
and A= ] |h,-—hjy.

1<i<j<k
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