571 Analytic number Theory I, Spring Term 2025, Problems 13
Return by Monday 28th April

This homework is part of the transition from the discrete to the con-
tinuous. See §5.2 of HLM.

1. Suppose that k € N, §; > 0 (1 < j < k) and I is a set of points v €
R* with the property that the open sets {8 € R* : ||3; — ;]| < d;,0 <
B; < 1} are pairwise disjoint. Let N; € N and for n € N = Hf[l, Nj]
let a(n) be arbitrary complex numbers. Define

S(a) =) a(n)e(an).

neN

Prove that Z 1S(¥)]? < Z la(n)|? H(Nj +6;1).

~erl neN
Hint: Try adapting to k-dimensions one of the proofs of the large

sieve inequality.

2. The notation v(x) = vy(x) represents the vector (z,z2,...,2").
Thus the polynomial ayx + - - - + az® = a.v(z). Let

fles N) =Y elaw(n))

and suppose that 1 < m < N.
(i) Prove that

flasN) = 3 e(av(n—m)) = / glos Bim) Y e(—yB)dp.

where on
gla, Bym) =Y e(awv(n—m)+np).
(i) Let M C (NN [1, N]) andn7\14 — card(M). Prove that
fla) < M~ (log2N) sup > |g(cx, B;m)|.
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3. Define the k — 1 dimensional vector «y(m) by
z k-1
av(z—m)= Z aj(—m) + Z "y, (m) + agz”.
=1 h=1

(i) Prove that v, (m) = Z?:h a; (1) (=m)i=h,
1



2

(i) Specialise to the case k = 3. Prove that if m, m’ are two different
elements of M, then

[Bas(m — m) || = [lv2(m) — y2(m )],

[1202(m — m)|| < [lya(m) — ()] + 2N|[r2(m) = 32(m)],
so that if the asm or as are well spaced modulo 1, so are the 7, or the
~v9 and we can make use of question 1. This will happen when as or as
are on minor arcs.
(i) Apply the binomial theorem and interchange the order of sum-
mation. (ii)



