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Due 21st April

As usual, given a character χ modulo q, τ(χ) =
∑q
x=1 χ(x)e(x/q).

1. (i) Show that

1

ϕ(q)

∑
χ

χ(a)τ(χ) =

{
e(a/q) (a, q) = 1,

0 otherwise.

(ii) Show that for all integers a,

e(a/q) =
∑
d|q
d|a

1

ϕ(q/d)

∑
χ (mod q/d)

χ(a/d)τ(χ).

2. Let N(q) denote the number of pairs x, y of residue classes (mod q) such that
y2 ≡ x3 + 7 (mod q).
(a) Show that N(q) is a multiplicative function of q, that N(2) = 2, N(3) = 3,
N(7) = 7, and that N(p) = p when p ≡ 2 (mod 3).
(b) Suppose that p ≡ 1 (mod 3). Let χ

1
(n) be a cubic character modulo p, and let

χ
2
(n) =

(
n
p

)
be the quadratic character modulo p. Show that
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e
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p
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2
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e
(
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p
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= p+
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p
<
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1
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2
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1
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2
(−7)

)
,

and deduce that |N(p)− p| ≤ 2
√
p. This is the Riemann hypothesis for the elliptic

curve y2 = x3 + 7.
(c) Deduce that N(p) > 0 for all p.
(d) Show that N(2k) = 2k−1 for k ≥ 2, that N(3k) = 2 · 3k−1 for k ≥ 2, that
N(7k) = 6 · 7k−1 for k ≥ 2, and that N(pk) = N(p)pk−1 for all other primes.
(e) Conclude that the congruence y2 ≡ x3 + 7 (mod q) has solutions for every
positive integer q.
(f) Suppose that x and y are integers such that y2 = x3+7. Show that 2 | y, x ≡ 1
(mod 4), and that x > 0. Note that y2 + 1 = (x + 2)(x2 − 2x + 4), so that y2 + 1
is composed of primes ≡ 1 (mod 4), and yet x+ 2 ≡ 3 (mod 4). Deduce that this
equation has no solution in integers. In fact it has no rational solutions either and
the local to global principle is false for this curve.


