571 Analytic number Theory I, Spring Term 2025, Problems 11
Return by Monday 14th April

Throughout, n is a large integer, Nj, = [n/*|, fu(a) = Z e(az®), and R(n;s,t) denotes

< Ng
the number of solutions in positive integers x1,... ,%s,y1,... ,ys of
ity 4ty =0 (1)

Also we define v = Wlo’ M(q,a) = {a: ‘oz — % < N?)”_S} and 91 denotes the union of
all M(q,a) with 1 < a < ¢ < N¥, (a,q) = 1, and m = (NJ 3 1+ Ny ] \M. Let
Sk(a,a) = X0_, e(aa®/q), v (8) = Xy EmE~Le(mp),

Vi(o, q,a) = ¢~ Sk(q, a)o(a — a/q)

and define Vi () on M by taking Vi (a) to be Vi(a, q,a) on M(q,a). s,t is always one of
the pairs 1,7; 2,5; 3,3

1. Show that )
R(n;s,t) :/0 fa(a)® f3(a)te(—an)da.

1
2. Show that (i) / fala)fy(a)®] dar < nd e,
0

.. ! 2 4 d4e i ! 2a3 a)?| da n%s
(i) /0\f2<a> fa(e)!] da < nd+e, (i) /O}f()f3<)|d < nk*e,

Hint: Combine Holder’s inequality and Hua’s lemma.

3. Show that there is a positive number ¢ such that

0 [ 2@ da <0t @) [ |2 a(e)]da < i

(i) / | Fol0)? o)) dov < ¥ 2.
m
Hint: Dirichlet’s theorem on diophantine approximation and Weyl’s inequality are relevant.

4. Suppose that 1 <a < ¢ < NY, (¢,a) =1, a € M(q,a).

(i) Show that fi(a) — Vi(a, q,a) < n”.

(i) Show that fo(c)* f3(a)t — Va(a, q,a)*Vs(a, g, a)t < nats—stv,
Hint: Observe that f5fi — V3V = (fs — VS fE+ Ve (fL — V).

5. Prove that

(1) /sm ‘fQ(a)SJ%(Oé)t o V2(a)sv3(a)t’ da < n%—’_%_l_éa

(i) R(n;s,t) = /m Vo(a)*Vz(a)te(—an)da + O (n%+%_1_5> :



