
571 Analytic number Theory I, Spring Term 2025, Problems 11

Return by Monday 14th April

Throughout, n is a large integer, Nk =
⌊
n1/k

⌋
, fk(α) =

∑
x≤Nk

e(αxk), and R(n; s, t) denotes

the number of solutions in positive integers x1, . . . , xs, y1, . . . , yt of

x2
1 + · · ·+ x2

s + y31 + · · ·+ y3t = n. (1)

Also we define ν = 1
100 , M(q, a) =

{
α :

∣∣∣α− a
q

∣∣∣ ≤ Nν−3
3

}
and M denotes the union of

all M(q, a) with 1 ≤ a ≤ q ≤ Nν
3 , (a, q) = 1, and m =

(
Nν−3

3 , 1 +Nν−3
3

]
\M. Let

Sk(q, a) =
∑q

x=1 e(ax
k/q), vk(β) =

∑n
m=1

1
km

1
k−1e(mβ),

Vk(α, q, a) = q−1Sk(q, a)vk(α− a/q)

and define Vk(α) on M by taking Vk(α) to be Vk(α, q, a) on M(q, a). s, t is always one of
the pairs 1, 7; 2, 5; 3, 3

1. Show that

R(n; s, t) =

∫ 1

0

f2(α)
sf3(α)

te(−αn)dα.

2. Show that (i)

∫ 1

0

∣∣f2(α)f3(α)6∣∣ dα ≪ n
3
2+ε,

(ii)

∫ 1

0

∣∣f2(α)2f3(α)4∣∣ dα ≪ n
4
3+ε, (iii)

∫ 1

0

∣∣f2(α)3f3(α)2∣∣ dα ≪ n
7
6+ε.

Hint: Combine Hölder’s inequality and Hua’s lemma.

3. Show that there is a positive number δ such that

(i)

∫
m

∣∣f2(α)f3(α)7∣∣ dα ≪ n
11
6 −δ, (ii)

∫
m

∣∣f2(α)2f3(α)5∣∣ dα ≪ n
5
3−δ,

(iii)

∫
m

∣∣f2(α)3f3(α)3∣∣ dα ≪ n
3
2−δ.

Hint: Dirichlet’s theorem on diophantine approximation and Weyl’s inequality are relevant.

4. Suppose that 1 ≤ a ≤ q ≤ Nν
3 , (q, a) = 1, α ∈ M(q, a).

(i) Show that fk(α)− Vk(α, q, a) ≪ nν .

(ii) Show that f2(α)
sf3(α)

t − V2(α, q, a)
sV3(α, q, a)

t ≪ n
s
2+

t
3−

1
3+ν .

Hint: Observe that fs
2f

t
3 − V s

2 V
t
3 = (fs

2 − V s
2 )f

t
3 + V s

2 (f
t
3 − V t

3 ).

5. Prove that

(i)

∫
M

∣∣f2(α)sf3(α)t − V2(α)
sV3(α)

t
∣∣ dα ≪ n

s
2+

t
3−1−δ,

(ii) R(n; s, t) =

∫
M

V2(α)
sV3(α)

te(−αn)dα+O
(
n

s
2+

t
3−1−δ

)
.


