Appendix E

Further Topics In Harmonic Analysis

E.1 Quantitative Trigonometric Approximation

Let I = [, 3] be an interval of R with x, its characteristic function, and suppose that
d > 0 is given. Our object is to construct functions S (x) and S_(z) such that

Sy (t) =0 when |t| > 0,
S_(r) < x;(x) < Sy(z) for all x,

and such that the integrals

[si@-x@dn [ y@ -5 @

are small. We do not attempt to determine exactly the extreme values of these integrals,
but the functions constructed are elegant and close to optimal. With S, and S_ in hand,
we use the Poisson summation formula to derive corresponding trigonometric polynomials
T that approximate closely the characteristic function of an arc of T = R/Z. These T+
are useful in a number of connections. We employ them in discussing uniform distribution
(Chapter 16), in deriving the large sieve (Chapter 19), and in determining the mean square
behaviour of Dirichlet polynomials (Chapter 21).
We begin by defining Beurling’s function,

. B = (MY 2y s > ),

n:l

whose basic properties are as follows.

Theorem E.1 The function B(z) above is an entire function such that:
(a) B( ) =1 for all integers n > 0, B(n) = —1 for all integers n < 0;
(b) B’'(n) =0 for all integers n # 0, B'(0) = 2;
(¢) B(z) > sgn(x) for all real x;
(d) B(x) - sgn(r) < min(1,27%);
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(e) B'(r) < min(1,z272);
(f) Bo(oz) —sgn(z) < |z|72e2™ Y where z = = + iy;
(g) [°.. B(zx)—sgn(z)ds=1.

An entire function f(z) belongs to the class E? of functions of exponential type o if
for every constant € > 0 the inequality |f(2)| < exp((c + €)|z|) holds for all z with |z|
large. Thus we see that B(z) € E?™. Other examples of functions of exponential type are
provided by observing that if f € L([—c,c]), then its Fourier transform

Fo)= [ e au

—C

is an entire function of the class E?7¢. In the case of B(z), we note that B ¢ L'(R), and
also that there is no f € L'(R) of which B(z) is the Fourier transform (since B(x) /4 0
as * — o0). Nevertheless, the estimate (f) above may be thought of as asserting that

supp BC [—1,1].

4

Figure E.1 Graph of Beurling’s function B(x) for —3 < x < 3.

Proof We begin by establishing further formulae for B(z). We recall the partial fraction

00 ( n)2

(This may be proved by noting that the difference between the two sides is a bounded
entire function that tends to 0 as z — ¢00.) On combining this with (E.1) we find that

(E.2) B(z) =1+ 2<sin:z>2e - f: ﬁ)

Suppose that z ¢ (—o0o, 0]. The integral test suggessts that the sum above is approximately

/ (u+z)_2du:l.
0 z
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Hence the second factor on the right hand side is the difference between this approximation
and the sum. To express this quantity more explicitly, we observe that if f has continuous
first derivative on an interval [« ], then

B B
/ f(u) du= F(B)(6 - ) - / £ () — ) du

by integration by parts. By taking a =n — 1, 8 =mn, f(u) = (u + 2)~2, it follows that
/ (u+2)"2du = (z+n)_2+2/ (z +u) 3 {u} du
n—1

n—1

provided that z ¢ [—n,—n + 1]. If z ¢ (—o0, 0], then we may sum over n = 1,2,..., and
thus we deduce from (E.2) that

(E.3) B(z)=1+ 4(8'1“—772)2 /OOO L (S

T (u+2)3
Similarly from (E.1) and (E.2) we find that

(E4) B = 12TV (3 )
and that if z ¢ [0, 00), then

(E.5) B(z) = —1+4<Sinm)2 /Oool;{“}du.

™ (u—2)3

The assertions (a) and (b) are immediate from the definition (E.1) of B(z). For z > 0
the inequality (c) and the estimate (d) follow from (E.3), since the value of the integral
lies between 0 and 272, For z < 0 these assertions follow similarly from (E.5). To obtain
the estimate (e) it suffices to differentiate the formulae (E.3), (E.5), and then estimate the
quantities that arise. As for (f), we note that (sin7z)? < *71¥| and that if £z > 0, then

oo oo d
/ &du<</ <
0 0

(u+ z)3 (u+]z])3

Thus we obtain (f) from (E.3) when Rz > 0, and similarly from (E.5) when Rz < 0. As
for (g), let

=0 o= () (e 5 )

™ z z—n)

n=—oo

so that B(z) = V(2) + (sin7z)?/(rz)2. Since V(z) and sgn(z) are odd functions, we know
that

X
/ V(z) —sgn(z)dx =0

—-X
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for any X. Hence

/OO B(x) —sgn(z) dz = lim B(x) — sgn(z) dz

oo X —o00 X
b's
= Xlim V(z) —sgn(z) + (sinmz)?/(7z)? de
—oo J_x
~ lim X (sin 7T$>2 dx
X—>OO —X X

o : 2
:/ <sm7rx> do — 1.
Co \ T
The evaluation of this last definite integral can be accomplished by means of the calculus

of residues. [

Although the proof is now complete, it is instructive to note that (c) can be derived
from (E.2) and (E.4) by appealing to the integral test. For example, if > 0, then

= 1 > du 1
Z(w+n)2</0 (J:—i—u)Q_E'

=1

3

We now use the function B(z) to construct approximations to the characteristic function
X, of an interval [a, 3].

Theorem E.2 Let I = [«, (] be a finite interval, and suppose that 6 > 0 is given. Then
there exist entire functions Si(z) and S_(z) such that:

(a) Si(z) <a,p,s min(l,272) for real ;

(b) S_(z) < x, (2) < S (@) for real o

(c) ffooo Si(x)dx=p—a+1/5;

(d) S+(t) =0 when |t| > o

(e) Si(x) is of bounded variation on R.

0.8
0.6
0.4-
0.2
0.5 V 15

15 \711 05 0/

Figure E.2 Graph of x,(z) and Selberg’s functions Si () for I = [~1,1] and § = 10.
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Proof We take

these are the Selberg functions. Then the assertion (a) follows immediately from Theo-
rem E.1(d). To obtain the inequalities (b) we note that

S4() > 3 sen(3(x — ) + 5 sen(5(5 o))

by Theorem E.1(c). Here the right hand side is x,(z) unless * = a or x = 3. If a < f3,
then we may conclude that Sy (a) > 1, Sy (5) > 1, because S, is continuous. If o = 3,
then Sy (o) = 1 because B(0) = 1. Similarly we see that S_(z) < x,(z) for all z. As for
(c), we note that

/_O; S, (z) do = /O:O ¥, @) dm+/_o:o S (z) — x, () da

=pf—-—a+ % /_O:O B(6(x — a)) —sgn(d(z — o)) dx
g [ B - a) - sen3(5 - ) do
=p—a+1/s,

by Theorem E.1(g), and similarly for S_. Since the functions Sy are in L!'(R), we can
define their Fourier transforms,

Si(t) = /_OO St (z)e(—tx) dx.

Here S4(2)e™2™* is an entire function, and if ¢ > §, then by Theorem E.1(f) we see that
this function is <4 g,5 |2|72 in the lower half-plane 3z < 0. We consider the integral above
to be a contour integral in the complex plane, and on replacing this path by a semicircle
in the lower half-plane we conclude that Sy (¢) = 0 if ¢ > 8. Similarly Sy (¢) = 0 if t < —6,
so we have (d). Finally, from Theorem E.1(e) we see that B(z) is of bounded variation on
R, and hence the same is true of S4+. [

We now derive analogous results for approximations in T = R/Z by trigonometric
polynomials.

Theorem E.3 For any arc I = |, ] in T with length  — « < 1, and for any positive
integer K, there are trigonometric polynomials

N

(E.7) Te()= Y Te(k)e(hn)

k=—N
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of degree at most N such that:
(a) T-(z) < x;(z) < Ty (x) for all ;

(b) [y Te(z)de =0 —a+1/(N+1).
Proof. Take 6 = N + 1, and let S+ be the functions described in Theorem E.2. Put

Ti(z) =) Si(z+mn).

From Theorem E.2(a) we see that this series is uniformly convergent for x in a compact
set, so that Tl (z) is continuous. The inequalities (a) follow from Theorem E.2(b). From
Theorem E.2(a),(e) we see that the Poisson summation formula, in the form given in
Theorem D.3, applies to S4+. Thus

K—oo

Ti(z) = lim > Si(k)e(kz).
k=—K

But 54 (k) =0 for [k| > 6 = N 41, and T (k) = Sy (k) for all k, so we find that Ty is a
trigonometric polynomial, as in (E.7). Finally, the integral in (b) is

To0) = 5.0 = [ Su(w)ds,
and the stated result follows from Theorem E.2(c). O

| N,

0.8

Figure E.3 Graph of x,(r) and T4 () for I = [2/5,3/5] with K = 16.

In the above situation, the interval I is short, ¢ is large, the graphs of S4 (z) are repeated
with period 1, and the :S'\i(k:) become Fourier coefficients. With an alternative application
of the Poisson Summation Formula we reverse this, so that I is long, ¢ is small, the graphs
of §i are repeated with period 1, and the S4 are Fourier coefficients.



E.1 Quantitative Trigonometric Approzimation 7

Theorem E.4 Let M and N be integers, N > 1. Suppose that 0 < 6 < 1/2. There exist
functions Wy (z) with period 1 and absolutely convergent Fourier erpansions Wi(zx) =
> wx(n)e(nx) such that

(a) w_(n) < X (M 41, M4 N] (n) < wy(n) for all integers n;

(b) Wi(z) =0 if [|z]| = 0;

(c) >, wx(n)=Wi(0)=N-1%1/6.
Proof Let Si(u) be the Selberg functions for the interval I = [M + 1, M + N], and

set wx(u) = Sy(u). Thus we have (a). We apply the Poisson Summation Formula to
f(u) = Si(u)e(ux). Hence by Theorem D.3 we see that

oo

S walnle(na) = Y Sulk—a),

n=-—oo k=—o00
and then properties (b) and (c) are immediate. [J

E.1.1 Exercises

1. Suppose that I = [«, ] is an interval on the real line, put K = ( — «)/J, and
suppose that K is a positive integer. Suppose that f € L'(R), that f(z) > x, (z)

~

for all x, that f has bounded variation on R, and that f(¢) = 0 when [¢t| > 4.
(a) Show that

> f(n/s+z)=6f(0)

n=—oo

for all x.
(b) Show that x can be chosen so that n/d +x € I for K + 1 values of n.
(c) Deduce that

/_OO flwydu>p—a+1/d.

That is, the function Sy described in Theorem E.2 is optimal when (5 — «)/¢ is
an integer.

2. Prove the following identities:

) (27 [ eta)

X 1

. 2 1
M = 7T/ sin 27tx dt;
z 0

N
(c) Z sgn(n)e(—nt) = —icot wt + Z'COS T(2N + 1)t

n=—N

2 (1
(d) sgn(z) = —/ i sin 27t dt.
0

™

sin 7t
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3. Let V(z) be Vaaler’s function as defined in (E.6), and put

e - (B (20 35 72),

(a) Using the identities in Exercise 2, or otherwise, show that

1
Vn(x) = 2/ ((1 —t)cotmt 4 1/m) sin 2mta dt
0

B 2/1 cosm(2N + 1)t
0

sin 7t

(1 — t) sin 27t dt.

(b) By using the Riemann—-Lebesgue lemma, show that

1
1

V(z) = 2/ ((1 —t) cot wt + —) sin 2wtz dt.
0 s

(c) Let
1 if t =0,
o(t) =< m(1—[|t|)tcotmt + |t| i 0<|t| <1,
0 if |t| > 1.
Show that

1

V() =2 / o(t)e(xt) dt.
—1

(d) Show that () is non-negative, continuously differentiable on R and that is is

strictly decreasing on [0, 1].

(e) Show that V(z) is an odd entire function, and that

-1 [

provided that z ¢ (—o0, 0].

(f) Show that V(n) = sgn(n) for all integers n, that V'(n) = 0 for all integers
n # 0, that V/(0) = 2, and that 0 < V(z) <1 for z > 0.

(g) Show that if = > 0, then

V(z) —1 < min(1,273),
V'(z) < min(1,z73).

(h) Show that all zeros of V/(x) lie on the real axis.
(i) Show that

V(z) —sgn(z) = /OO wlt) — 1e(tx) dt.

— o0
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0.5+

—-0.5

Figure E.4 Graph of Vaaler’s function V(z) for —2 <z < 2.

1 0.5 0 0.5 1
Figure E.5 Graph of ¢(t) for =1 <t < 1.

4. Let
Pla)= 20 S V(K £ D+ ))
Q)= 3 3 VUK + 1)+ )~ senn + ),

;%(x) =Q(x) —{z} +1/2.

(a) Show that P(z) is a trigonometric polynomial of degree K, with coefficients
P(k) = @(k/(K +1)).
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(b) Show that Q(z) has Fourier coefficients

~ T 1
) =

for k # 0, and that Q(0) =
(c) Show that R(z) is a trigonometric polynomial of degree K with coefficients

" o(7E7)
R(k) = 2;(;@1

for k # 0, R(0) = 0, and that R'(z) = P(z) — 1.
(d) Show that for all z,

Ag+1() Agy1(x)

R(fﬂ)—m 1/2 —{a} < R(z) + m

. Let P(x) and Q(x) be as above. Suppose that f is of bounded variation on T.

(a) Show that if f is continuous at x, then

= /01 (@ 4 u)P(u) du+ /01 Q(u) df (x + ).

(b) Suppose that f is a real-valued function of bounded variation on T. Show that

! AK+1($ )

YAy (z —u)
D ) < )~ [ e ropas [ A5

for all x.
(c) Show that fol f(z +u)P(u) du is a trigonometric polynomial of degree at most

K with coefficients o(k/(K + 1)) f(k).

(d) Show that fol Agi1(z —w)|df(u)| is a trigonometric polynomial of degree at
most K with coefficients

1— Lo
s | ekl
(e) Let

= [ s wpas [ A0 )

Show that T4 is a trigonometric polynomial of degree at most K such that T_(z) <
f(x) < Ty (z) for all z, and that

/0 T (u) du = / flu VarT(fl))'
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(f) Show that if f = o8]’ then the Ty above are the same as in Theorem E.3,

and hence that the trlgonometric polynomials in that theorem have coefficients

~ sin -« 1—%
Toh) = (9l o) I 2 o T BT o eh(5 - ) ) e —k(3 + 0)2)

for 0 < |k| <K, T:(0) =B —a+1/(K+1).

6. (a) Suppose that T'(x) is a trigonometric polynomial of degree at most K, and that
N > K. Show that for any real «,

1 & !
N;T(a—kn/l\f):/o T(zx)dx.

(b) Suppose that I = [a, (] is an arc of T, and that (5 — «)N is an integer < N.
Show that if a function T' € L'(T) has the property that T'(z) > x,(z) for all

x € T, then
N

ZT(@—I—n/N) >(B—a)N +1.

n=1

(c) Suppose that T'(z) is a trigonometric polynomial of degree at most K, that
(6 —a)(K + 1) is an integer < K + 1, and that T'(z) > X(a.3 (x) for all z € T.

o, O]
Show that fo x)der > —a+1/(K+1).
(d) Suppose that T(z) is a trigonometric polynomial of degree at most K, that
(6—a)(K + 1) is an integer < K + 1, and that T'(z) < X(a. (x) for all z € T.

Show that fo r)de < —a—1/(K+1).

E.2 Maximal inequalities

We develop a technique that allows us to truncate a given sum. The penalty we pay for
this is generally a factor of one logarithm. This method applies to additive characters
(the finite Fourier transform), the Fourier expansion of periodic functions, and to Dirichlet
polynomials. We begin with additive characters.

Let f be an arithmetic function with period ¢, and let fdenote its finite Fourier trans-

form,
q
=Y f(n)e(—nk/q).

n=1

We have the finite Fourier expansion

=" f(k)e(kn/q),

k=1
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as in (4.3). Let M and N be integers, with 1 < N < ¢q. Thus

M+N M+N q
S fe(an/g)= > elan/q)>_ f(k)e(nk/q)
n=M+1 n=M-+1 k=1
q R M+N
=Y f(k) > e(n(a+k)/q)
k=1 n=M+1

By (16.5), the inner sum is < min(N, 1/||(a + k)/q]|), so the above is
q

Z k)| min (N, 1/[|(a + k)/qll)

Here the right hand side is independent of M, and can be made independent of N by
replacing N by ¢. That is, we have shown that

M~+N q
(B8)  max | D felan/g)| < 3 [F(k)|min (0.1/l|(a+ k)/gl)
1<N<q n=M+1 k=1

If we take a = 0 and f(n) = x(n) where x is a primitive character modulo ¢, then the
estimate above becomes the key step in our proof of the Pélya—Vinogradov inequality (cf
Theorem 9.18).

The estimate (E.8) may be used in several ways. If we take | f(k)| out at its maximum,
then we are left with a harmonic sum, so

M+N

(E.9) > f(n)e(an/q) < q(log2g) max|f(k)]

n=M-+1

By taking M = 0, N = ¢, and a suitably, the left hand side can be made as large as
gmax | f(k)|, so the above is within a factor log 2¢q of being best-possible. Alternatively, we
can sum both sides of (E.8) over a to see that

q M+N q
(E.10) Z yhax ‘ Z f(n)e(an/q) ‘ < q(log2q) Z k)| .
a=112NZq n=M+1 k=1

Moreover, by Cauchy’s inequality we see that

q q

S 1709 mtin (g, 1/ -+ B)/al) < (3 1700 min (g, 1/ (a+ R/l
2

= k=1

(me q,1/|1<a+k>/qu))

M»@

1/2
< (qlog2q)"/2( 2min (g, 1/)[(a +K)/al)))

k=1
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Thus by squaring both sides of (E.8), and then summing over a, we find that

M+N

(E.11) Z ‘ Z f(n)e(an/q) << (qlog2q) Z
a=1 k=1

<
2N<q n=M+1

~

If we take M = 0 and N = g, then the left hand side becomes ¢ 3" | f(k)|?, so the upper
bound is never larger than the truth by more than a factor of (log2q)?.

For f € LY(T) we recall the definition of the Fourier coefficient f(k), the Dirichlet
kernel Dk (x), and its closed-form formula, as in (D.1)—(D.4). We observe that Dk (r) <
min(K, 1/||z|]). Thus

K -~
f(k)e(ka) = | Di(z)f(a+ z)dx
Ic_z—:K /T '

(E.12) <</T\f(a:—kozﬂmin(N,1/||m||)d:c

if K < N and N > 1. In the same way that we deduced (E.9), (E.10), and (E.11) from
(E.8), we deduce that

K
(E.13) cmax | 3" fk)e(ha)| < |1fllz(r) log 2N,
=0=T =k
K
(E.14) /ToénKafN‘ Z Flk)e (koz))doz < || fll L1 () log 2N,
=0T h=—kK
and
K
(E.15) Tog}?é{]v‘ Z e(ka) ) da < Hf|]2L2(T)(log2N)2,

Finally, we consider truncations of a Dirichlet polynomial

(E.15) D(s) = Z apn=°.

Our discussion here has some points of contact with our treatment of the quantitative
truncation of Perron’s formula (cf Theorem 5.2). We begin by observing that

U . U .
o SN cos fu sin au
e du = —du
U u U u

1 /U sin(a + fB)u + sin(a — B)u

2 ) vy U

la+B|U la=BIU
(E.16) = sgn(a + ) / sinu du + sgn(a — B) / P
0 0 u

du
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We recall that [~ S2% du = /2, and that the sine integral si(z) is defined to be

* sinu
i(r) =— du .
si(x) /x — du
Thus the expression (E.15) is

sen(a+ 0)(5 +silla+81U)) +sgn(a — #) (5 +silla—B0))

Let x, denote the characteristic function of the interval [—a, ], and recall that it is evident
that si(z) < min(1,1/z) for z > 0, as was recorded already in (5.6). Thus the above is

= 7x,(8) —|—O<min (1@)) + <min (1, m)) .

For integers K, 0 < K < N, we take o = log(K + 1/2), f = —logn, multiply by a,,, and
sum over n. Thus we find that

K v .\ sinowu al . 1
;an:/_UD(w) " du+0<;‘an‘mm<l’U\logn/(K+1/2)|)>'

Now (sinau)/u < min(|a|,1/u), and |logn/(K +1/2)| > 1/N. Hence

N
(E.17) max) Zan < / D(iu)| min(log N, 1/|u|) du + %Z\aﬂ

By replacing a,, by ann_” it follows that

N

U
N
< / | D (it 4 iu)| min(log N, 1/|ul) du + — Z lan .
U n=1

(E.18) max ) Z apn"
<y -U

y<N

By Cauchy’s inequality we see that

</U \D(it+iu)|min(log]\7,1/|u|)du>2

-U

U U
< / \D(it + )| min(log N, 1/[u]) du/ min(log N, 1/|u]) du
-U -U

U
<</ |D(it + i) min(log N, 1/|u]) dulog(U log N)
—U

Thus if we square both sides of (E.18) and integrate with respect to ¢, we find that

dt < / / D(it 4 iu)|? dt min(log N, 1/|u|) dulog(U log N)

N3T Z al?.



