MATH 571, SPRING 2023, PROBLEMS 8

Due Monday 13th March

1. Suppose a, z, y € R with z > 1, y > 1 and that there is an A € R such that for m <y
the complex numbers a,, satistfy |a,,| < A. ||a| = min,ecz | — nl.

(i). Prove the triangle inequality ||a+ 8| < |||l + ||8]]-

(ii) Prove that

S 3 elamn) < A min (% M) |

m<y n<z/m m<y

Suppose further that there are ¢ € N, a € Z with (¢,a) = 1 such that |a —a/q| < ¢72.
When 1 <m <y put m = hqg + j where —q/2 < j < ¢q/2 so that 0 < h < %—F% and 7 >0
when h = 0.

(iii) Suppose h = 0. Prove that ||am| > |laj/q|| — 2q > 1|laj/qg||. Deduce that

T 1
Z mm( m) < Z Haj/qH_1 < Z % < qlog2y.
m<min(y,q/2) 1<j<min(y,q/2) !<min(y,q)

(iv) Suppose h > 0. Put 8 = ¢*(a — a/q) and let k be a nearest integer to Sh. Prove
that if

‘ ja+k ’ > g
q q
then il "
Ja+
ol > 5 |2
q
Deduce that
T 1 K T
Z mm( —> + g<<——|—qlog2q
" laml|] !

hq—q/2<m<hq+q/2 =1

(v) Prove that

Zam Z (amn) (§+y+q)Alog2x.

m<y n<z/m



