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1. Suppose α, x, y ∈ R with x ≥ 1, y ≥ 1 and that there is an A ∈ R such that for m ≤ y
the complex numbers am satisfy |am| ≤ A. ∥α∥ = minn∈Z |α− n|.

(i). Prove the triangle inequality ∥α+ β∥ ≤ ∥α∥+ ∥β∥.
(ii) Prove that

∑
m≤y

am
∑

n≤x/m

e(αmn) ≪ A
∑
m≤y

min

(
x

m
,

1

∥αm∥

)
.

Suppose further that there are q ∈ N, a ∈ Z with (q, a) = 1 such that |α − a/q| ≤ q−2.
When 1 ≤ m ≤ y put m = hq + j where −q/2 < j ≤ q/2 so that 0 ≤ h ≤ y

q + 1
2 and j > 0

when h = 0.
(iii) Suppose h = 0. Prove that ∥αm∥ ≥ ∥aj/q∥ − 1

2q ≥ 1
2∥aj/q∥. Deduce that

∑
m≤min(y,q/2)

min
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m
,
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)
≪

∑
1≤j≤min(y,q/2)

∥aj/q∥−1 ≪
∑

l≤min(y,q)

q

l
≪ q log 2y.

(iv) Suppose h > 0. Put β = q2(α − a/q) and let k be a nearest integer to βh. Prove
that if ∥∥∥∥ja+ k

q

∥∥∥∥ ≥ 2

q
,

then

∥αm∥ ≥ 1

2

∥∥∥∥ja+ k

q

∥∥∥∥ .
Deduce that

∑
hq−q/2<m≤hq+q/2

min

(
x

m
,

1

∥αm∥

)
≪ x

hq
+

q−1∑
l=1

q

l
≪ x

hq
+ q log 2q.

(v) Prove that ∑
m≤y

am
∑

n≤x/m

e(αmn) ≪
(
x

q
+ y + q

)
A log 2x.


