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1. (Gallagher) Suppose that α, δ ∈ R with δ > 0, and suppose that f has a
continuous derivative on [α− δ, α+ δ].

(i) Prove that

∫ δ

0

(δ − β)
(
f ′(α+ β)− f ′(α− β)

)
dβ = −2δf(α) +

∫ α+δ

α−δ

f(γ)dγ.

(ii) Prove that 2δ|f(α)| ≤
∫ α+δ

α−δ

|f(α)|dα+ δ

∫ α+δ

α−δ

|f ′(α)|dα.

(iii) Suppose that xr ∈ R (1 ≤ r ≤ R), δ > 0, xr + δ ≤ xr+1, xR + δ ≤ x1 + 1. Let

τ = x1 − δ/2. Prove that

R∑
r=1

|f(xr)| ≤ δ−1

∫ 1+τ

τ

|f(α)|dα+
1

2

∫ 1+τ

τ

|f ′(α)|dα.

(iv) Suppose that K ∈ N and bk ∈ C (−K ≤ k ≤ K). Let G(α) =
K∑

k=−K

bke(αk).

Prove that∫ 1

0

|G(α)|2dα =
K∑

k=−K

|bk|2,
∫ 1

0

|G′(α)|2dα ≤ 4π2K2
K∑

k=−K

|bk|2.

(v) Prove that
R∑

r=1

|G(xr)|2 ≤ (δ−1 + 2πK)
K∑

k=−K

|bk|2.

(vi) Let M ∈ Z, N ∈ N, an ∈ C (M+1 ≤ n ≤ M+N) and S(α) =

M+N∑
n=M+1

ane(nα).

Prove that
R∑

r=1

|S(xr)|2 ≤ (δ−1 + πN)
M+N∑

n=M+1

|an|2.

Hint: Choose N0 = ⌊(N + 1)/2⌋ and replace n by k = n−N0 −M .

2. Let K, R ∈ N, M ∈ Z, N = KR + 1, xr = r/R (1 ≤ r ≤ R), an = 1 when
n ≡ M + 1 (mod R) and an = 0 otherwise. Show that

R∑
r=1

∣∣∣∣∣
M+N∑

n=M+1

ane(nxr)

∣∣∣∣∣
2

= (N − 1 + 1/δ)
M+N∑

n=M+1

|an|2 where δ = min
r ̸=s

∥xr − xs∥.
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