MATH 571, ANALYTIC NUMBER
THEORY, SPRING 2023, PROBLEMS 7

Due Monday 27th February

1. (Gallagher) Suppose that a, § € R with § > 0, and suppose that f has a
continuous derivative on [a — 0, v + 4].

) a+o6
() Prove that | (3= 5)('(a+3) - o~ §)ds=-25(@)+ [ s,
. 0 a+d a+d , a0
(ii) Prove that 20|f(«)| < /a ) lf(a)|da+5/a—5 | ()|dev.

(iii) Suppose that =, € R (1 ; r<R),0>0,z,+0 <xpp1,zrp+d <z +1. Let

R 147 1 147
T =1 — 0/2. Prove that Z|f(a:r)| gé—l/ \f(oz)|doz—|—§/ |f/ (a)|da.
r=1 T T
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(iv) Suppose that K € N and b, € C (—K < k < K). Let G(a) = Z bre(ak).
k=—K

Prove that
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/ G(e))Pda= > ol / |G/ (@) Pda < 4m*K? > |bi ]
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(v) Prove that » " |G(z,)* < (67" +27K) Y |bg/*.
r=1 k=—K
M+N
(vi)Let M € Z, N e N,a, € C(M+1<n<M+N)and S(a) = Z ane(na).
n=M-+1
R M+N
Prove that » |S(z,)> < (67 +7N) Y an|*.
r=1 n=M+1

Hint: Choose Ny = [(IV + 1)/2] and replace n by k =n — Ny — M.

2. Let K, Re NN M eZ, N=KR+ 1,2z, =r/R (1 <r <R), a, =1 when
n=M+1 (mod R) and a,, = 0 otherwise. Show that

2

R | M+N M+N
Z ane(nz,)| = (N —-1+1/0) Z lan|* where § = min ||z, — z,]|.
r=1 ln=M+1 n=M+1 s
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