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1. Let σ(n) =
∑

m|n m. Prove that, for every n ∈ N we have

∑
m|n

µ(m)σ(n/m) = n.

2. For each n ∈ N, let f(n) =
∑

m|n d(m)3 and g(n) =
∑

m|n d(m).

(i) Prove that f ∈ M and g ∈ M.
(ii) Prove that

k∑
j=0

(j + 1) =
1

2
(k + 1)(k + 2).

(iii) Prove that
k∑

j=0

(j + 1)3 =
1

4
(k + 1)2(k + 2)2.

(iv) Prove that, for every n ∈ N, f(n) = g(n)2.

3. Let χ1(n) = 1 when n ≡ 1 (mod 4), = −1 when n ≡ 3 (mod 4) and = 0
otherwise. Prove that χ1(n) is totally multiplicative.

4. Let χ be totally multiplicative, i.e. χ(mn) = χ(m)χ(n) for all m,n, and suppose
further that for every n, χ(n) = ±1 or 0. Let

ρ(n) =
∑
m|n

χ(m).

(i) Prove that ρ is multiplicative.
(ii) Prove that for every n, ρ(n) ≥ 0.
(iii) Prove that for every n, ρ(n2) ≥ 1.


