Math 571, Spring 2023, Project
Do one of the following by Friday 28th April

1. Project 1

Let
An) =Y (logpi)(log ps)(log ps).

P1,P2,p3<n
P1+p3=2p2

Since p3 — p2 = p2 — p1 = d the p; are three successive members of the arithmetic
progression p; + xd. In fact we are counting, with weight (log p;)(log p2)(logps) all
such triples of primes not exceeding n. Note that d < 0 and d = 0 are allowed, so
each triple with d # 0 is being counted essentially twice. The terms with d = 0 only
contribute 7(n). It is this which Green and Tao famously generalised in 2004 to k
primes in a.p. The object is to show that for any fixed B > 1,

A(n) = %nZ + Op(n*(logn)~") (1.1)

1
where (5 is the twin prime constant Cy = 2 H (1 — —2)
e (r=1)
It is easily deduced that card{p; < ps < ps <n:pi +ps = 2ps} ~ 1Con?(logn)~>.
Suggested outline:
1. In the notation of Theorem 7.6, show that / S(a)?S(—2a)da < n*(logn)™=H/2,

m

2. Show that / S(a)?S(—2a)da = CyJ (n) + O(n’(logn)'~*)) where

m
(logn)An—1
s = | T(8)*T(~28)d8.
—(logn)An—1
3. There is a problem in that 7'(2 x 1/2) = n. To get round this, prove that
1/2 1 ! 1/2
| wespas =3 [ w@pas = [ r@Pas=n and
—1/2 -1 —1/2
T(B)2T d " T (—28) "’
/(l o TOPT2A8 < s / L TOT28)18 < i

1/2
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4. Prove that / T(B)*T(—2B)dB = card{n,ns < n : 2|n; + nz} = §n2 +0(1)
~1/2
and

/ S(a)*S(—2a)da = %C’gnQ + O(n’(logn)'~).
m
5. Deduce (1.1).



2. Project 2 (Pillai 1936)

The object here is to prove the analogue of the Hardy and Littlewood prime k-tuples
conjecture for squarefree numbers. Given a set h of distinct non-negative integers
hi,..., hg, for each prime p let v,(h) denote the number of different residue classes
modulo p? amongst them. If v,(h) < p?, then we call h sf-admissible. Let S(z;h)
be the number of n < x so that n + hq,...,n + hy are simultaneously squarefree.

Suggested outline. 1. Let f(n) denote the characteristic function of the squarefree

numbers. Prove that S(z;h) Z f(n+hy)...f(n+hg) and f(n Zu

n<x d?|n
2. Suppose that 0 < § < 1/(3k) and let y = 2° and f(n;y) Zu . Prove
d<y
d?n

that for j = 1,...,k S(z;h) = Tj(z;y) + O(z'*ey~') where Tj(z;y) Zf
n<z

hi;y) .. fln+hgy) f(n+hja) ... f(n+ h).

3. Given a k—tuple of positive integers d = dy,...,d; let d =d; ...d; and given an-

other one r we use d|r to mean d;|r; (j = 1,...,k) and d? to mean d3,...,d;.

Write n + h for the k—tuple n + hq,...,n + hg. Let p(d) denote the number

of solutions of d?ln + h in n modulo d?. Prove that p(d) < d? and Ti(z;y) =

T Z :u(dl) d2 :U’(dk) p(d) + O<y3k)

dlSy,#ikSy
4. Let p*(d) denote the number of solutions of d*|n+h in n modulo lemld;, . . ., d;]?.
Prove that p(d) = d*lem[dy, ..., dy] 2p*(d) and p (d) 1
dy)..uu(dy) (dy) 2hkw(m)
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and Te(r, ) = 03> 27 10 (1) where g(m) = Z (dr) ... ()" (@)

w(x,y) = p— Ty where g(m) = p(dy) ... u(d¥)p*(d).

= d
[dl ,,,,, dk}:m

6. Prove that p(d) is multiplicative, i.e. given d, e, define de = dye, ..., dye, and
deduce that if (d,e) = 1, then p(de) = p(d)p(e).
7. Prove that g(m) is multiplicative and has its support on the squarefree numbers.

8. Deduce that Z % = H (1+g(p)p?) and 1+ g(p)p~2 =1 — v, (h)p~2.

vp(h)
e

1 p
9. Prove that S(x;h) = x H ( > + O(z'7?) and that if h is sf-admissible,

then there are infinitely many n such that n + h; are simultaneously square free for
j=1,... k.



