MATH 568 INTRODUCTION TO ANALYTIC
NUMBER THEORY, SPRING 2020, PROBLEMS 3

Due Tuesday 4th February

1. (i) Prove that if x > 1, then

/m w(g)

(ii) Prove that limsup,_, . w(x) > 1 and liminf, (:‘) <1

(iii) Prove that if there is a constant ¢ such that Y(z ) ~ cx as T — 0o, then ¢ = 1.
1V) Prove that if there is a constant ¢ such that w(z) ~ as T — oo, then
c=

=logx + O(1).
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2. Suppose that £ > 2 and let m be the product of the first £ primes, say m =
p1p2 - ..px where p; = 2, po = 3 and so on. Then k = 7(px) and logm = ¥(pg).

(i) Prove that logpy = loglogm + O(1).

(ii) Prove that
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and deduce that
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(iii) Let n > 3. Prove that

logn 1
<—=11 —
wn) < loglogn < +O<10glogn>)

and that this is essentially best possible.

Hint: Let & = w(n) and observe that then n > m and the functions —98%

(loglog z)"
(r =1,2) are increasing for x > e°



