Chapter 5

Dirichlet Series — I1

1. The inverse Mellin transform

In Chapter 1 we saw that we can express a Dirichlet series a(s) = > 7 a,n™ % in terms

of the coefficient sum A(x) =3, . an, by means of the formula

(1) a(s) = 8/100 A(z)z~*"tdaz,

which holds for 0 > max(0,0.). This is an example of a Mellin transform. In the reverse
direction, Perron’s formula asserts that

o0+100 s
(2) A(x) L/ a(s)? ds

271'2 0—i00

for o9 > max(0,0.). This is an example of an inverse Mellin transform.
To understand why we might expect that (2) should be true, note that if oy > 0, then
by the calculus of residues

3) 1ofootiee ds 1 ify>1,
omi J, o 0 s L0 if0<y<l.
Thus we would expect that

1 og+ioco oo+i00

(4) o a(s)%s ds:zg—;/

oo —100 og—100

5=

n<x

The interchange of limits here is difficult to justify, since a(s) may not be uniformly
convergent, and because the integral in (3) is neither uniformly nor absolutely convergent.
Moreover, if x is an integer then the term n = z in (4) gives rise to the integral (3) with
y = 1, and this integral does not converge, although its Cauchy principal value exists:

1 O'0+iT 1
(5) lim —/ ds _ 1

for oy > 0. We now give a rigorous form of Perron’s formula.

131



132 CHAPTER 5. DIRICHLET SERIES — II

Theorem 1. (Perron’s formula) If o9 > max(0,0.) and x > 0 then
’ 1 oo+iT s
Z ap, = lim — a(s)x—ds.

i T— 00 27TZ oo—iT S

Here Z/ indicates that if x is an integer then the last term is to be counted with weight
1/2.

Proof. Choose N so large that N > 2z + 2, and write

a(s) = Z apn”® + Z apn”® = aq(s) + aa(s),

n<N n>N

say. By (4), modified in recognition of (5), we see that

here the justification is trivial since there are only finitely many terms. As for as(s), we
observe that

as(s) = /OO u *d(A(u) — A(N)) = s /OO(A(U) — A(N))u=*" ! du.

N N

But A(u) — A(N) < u? for > max(0,0.), and hence

for 0 > 6 > max(0,0.). Implicit constants here and in the rest of this proof may depend
on the a,,. Hence

T+:iT s 0 o 0 o
T N T\ NY (x/N)°°
/ao:I:iT () o s 00—9/00 N 7 oo—0 log N/x

and

T+:iT xs
/ as(s)=—ds < N%(x/N)°°
T—iT s

for large T'. We take 6 so that o9 > 6 > max(0,0.). Hence by Cauchy’s theorem

oo+iT T—3T T+T oo+iT
/ :/ +/ + < xfo NV~
oo—iT oo—iT T—iT T+iT

On combining our estimates, we see that

’ 1 oo+iT ot
> an— — a(s) = ds
= 270 J o i S

lim sup
T—o0

< zgNO=o0,
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Since this holds for arbitrarily large NN, it follows that the limsup is 0, and the proof is
complete.

We have now established a precise relationship between (1) and (2), but Theorem 1
is not sufficiently quantitative to be useful in practice. We express the error term more
explicitly in terms of the sine integral

si(z) = —/ N .

u

By integration by parts we see that si(x) < 1/x for z > 1, and hence that
(6) si(z) < min(1,1/x)

for z > 0. We also note that

+oo s
(7) si(z) + si(—z) = —/ SNY g = —.
oo U
Theorem 2. If 0y > max(0,0,) and x > 0 then
’ 1 oo+iT s
8 n=—-—— —ds+ R
(8) d a el a(s)—-ds+
n<zx 0
where
1 ) x 1 _ n (2z)70 lan|
R== nsi(Tlog =) — = wsi(Tlog ™) + O ).
- Z ay, si( ogn) - Z ay, Si( ng)+0 T Znao
z/2<n<x r<n<2r n

Proof. Since the series «(s) is absolutely convergent on the interval [og — T, o¢ + i1, we

see that _
oo+iT

1 s 1 oo+iT s d
— oz(s)x—ds:Zan—,/ (E) 4.
270 J i S ~ 270 Joo—iT \N/ S
Thus it suffices to show that
1+ 0(y™/T) if y > 2,
(9) 1[4 ds ) 1+ Lsi(Tlogy) +0(27/T) if1<y<2,
270 J 5o it Ve T —Lsi(Tlogl/y) +O(1/T) if1/2<y<1,
O(y®°/T) ify <1/2
for o9 > 0.

To establish the first part of this formula, suppose that y > 2, and let € be the piecewise
linear path from —oco — i1 to gy — i1 to oo 4+ ¢1" to —oo 4 71. Then by the calculus of
residues we see that

1 s ds

—1
omi Jo! s

Y
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since the integrand has a pole with residue 1 at s = 0. In addition,

ootiT ds oo J:I:ZT ao g0
) Y
f— = do < — << s
/—oo:l:iTy S / o+iT o / Tl T
so we have (9) in the case y > 2. The case y < 1/2 is treated similarly, but the contour is
taken to the right, and there is no residue.
Suppose now that 1 <y < 2, and take C to be the closed rectangular path from og — T

to og + i1 to i1 to —iT to o9 — I, with a semicircular indentation of radius € at s = 0.
Then by Cauchy’s theorem

1 s ds
— oo
omi Jo! s

ooxiT
/ y—<<—/ yda<—/ 20d0—<<—
+4iT

The integral around the semicircle tends to 1/2 as ¢ — 0, and the remaining integral is
T —1i€ T
L it _ity 4t
ﬁlﬂ%(/ / ) S oo [ W T

1 T logy ' dv
= — SiInv —
T Jo v

1 1
= — + —si(T'logy)
2 7

We note that

by (7). This gives (9) when 1 <y < 2 and the case 1/2 <y < 1 is treated similarly, but
note that when 0 < o < oy we have y° < 1 and when y = x/n we have 1 < 27°(x/n)7°.

In many situations, Theorem 2 contains more information than is really needed—it is
often more convenient to appeal to the following less precise result.

Corollary 3. In the situation of Theorem 2,

: x (22)7 <~ Jan|
R ) . (1, ) Yo el
< fanmin (Lo —0) 2 e

z/2<n<2x
n#x

Proof. From (6) we see that

1
i (771 in (1, 7).
si (T]logn/xz|) < min TTlogn/z]

But n/z =1+ (n —x)/x and |log(1 + ¢)| < |0 uniformly for —1/2 < § < 1, so the above
is

(17 =)
=min (1, =———
"T|z —n|
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if /2 < n < 2z. Thus the stated bound follows from Theorem 2.

In Classical harmonic analysis, for f € L'(T) we define Fourier coefficients f(k) =
fo (—ka) da, and we expect that the Fourier series ) f ( Je(ka) provides a useful
formula for f(a). As it happens, the Fourier series may diverge, or converge to a value
other than f(«), but for most f a satisfactory alternative can be found. For example, if f
is of bounded variation then

fla™) + fla
(a)z( :z}floozf

A sharp quantitative form of this is established in Appendix D.1. Analogously, if f €
LY(R), then we can define the Fourier transform of f,

~ +o0
(10) ﬂ0=[1 f(x)e(—tx) dz,
and we expect that
+oo
(11) f@w3[ Flt)e(ta) dt.

As in the case of Fourier series, this may fail, but it is not difficult to show that if f is of
bounded variation on [—A, A] for every A then

(12) J(a );faJr = hm/ f e(tr)d

T— o0

The relationship between (1) and (2) is precisely the same as between (10) and (11).
Indeed, if we take f(z) = A(e*™®)e~27°% then f € L'(R) by Theorem 1.3, and by changing
variables in (1) we find that

a(o + it)

ft) = 27 (0 4 it)

Thus (2) is equivalent to (11), and an appeal to (12) provides a second (real variable) proof
of Theorem 1.
In general, if

(13) F@waéwﬂmﬁ4d%

then we say that F'(s) is the Mellin transform of f(x). By (10) and (11) we expect that

og+i00
(14) flz) = L/ F(s)x™%ds,

27'('7/ 0—i00
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and when this latter formula holds we say that f is the inverse Mellin transform of F.
Thus if A(z) is the summatory function of a Dirichlet series a(s) then a(s)/s is the Mellin
transform of A(1/z) for o > max(0, 0.), and Perron’s formula (Theorem 1) asserts that if
oo > max(0,0,.) then A(1/z) is the inverse Mellin transform of a(s)/s. Further instances
of this pairing arise if we take a weight function w(x), and form a weighted summatory
function

Ay(x) = Z apw(n/x).

Let K(s) denote the Mellin transform of w(z),

K(s) = /000 w(x)rs ! dr.

Then we expect that

(15) a(s)K(s) = /000 Ay ()",
and that

1 oo+1i00
(16) Ay(x) = 2_m/ § a(s)K (s)z® ds.

Alternatively, we may start with a kernel K(s), and define the weight w(x) to be its inverse
Mellin transform. The precise conditions under which these identities hold depends on the
weight or kernel; we mention several important examples.

1. Cesaro weights. For a positive integer k, put

(17) Ci(z) :%Zan(l‘—n)k.

n<x

Then Cy(z) = [y Cr—1(u)du for k > 1 where Cy(z) = A(z), and hence Cj(z) < z? for
0 > k 4+ max(0,0.). (The implicit constant here may depend on k, on €, and on the a,.)
By integrating (1) by parts repeatedly, we see that

(18) a(s) =s(s+1)---(s+ k) /100 Cr(x)z™* 7 1 da

for o > max(0,0.). By following the method used to prove Theorem 1, it may also be
shown that

og+1i00 $s+k
(19) Ci(z) = 2Lm/ a(s)s(s+1)...(s+k) ds

0—100



1. THE INVERSE MELLIN TRANSFORM 137

when z > 0 and oy > max(0, 0.). Here the critical step is to show that if y > 1 and o9 > 0
then

1 o0+100 s s

k
Yy . Yy
270 J gy ioo S(s+1)---(s+Ek) ds_j;)Res(s(s—l—l)---(s—f—k)

s=—j

by the calculus of residues; this is

Fo(—1)iy 1 i
=3 RO

7=0

by the binomial theorem.

2. Riesz typical means. For positive integers k and positive real x put

(20) Ry (z) = % Z an(logz/n)".

n<x

Then Ry(z) = [) Rip—1(u)/udu where Ro(z) = A(z), so that Ry(z) < 2f for 6 >
max(0,0.). (The implicit constant here may depend on k, on #, and on the a,.) By
integrating (1) by parts repeatedly we see that

(21) afs) = sF 1 /100 Ry(z)z™*"tdx

for o > max(0, 0.). By following the method used to prove Theorem 1 we also find that

1 oo+1i00 5
(22) Ri(e) = 5 /U ol ds
when z > 0 and o¢ > max(0,0.). Here the critical observation is that if y > 1 and g > 0
then L
1 o0 T100 ys ys 1 k
oy - gy ds = Res (F . = H(logy) .

3. Abelian weights. For ¢ > 0 we have

[(s) = / e tutdu = ns/ e "t da.
0 0

We multiply by a,n™* and sum, to find that

(23) a(s)'(s) = /OOO P(x)2z* "t dx
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where
(24) P(x)=> ane ™.
n=1

These operations are valid for ¢ > max(0, 0,), but by partial summation P(x) < 7% as
x — 07 for § > max(0,0.), so that the integral in (23) is absolutely convergent in the
halfplane o > max(0,0.). Hence the integral is an analytic function in this halfplane, so
that by the principle of uniqueness of analytic continuation it follows that (23) holds for
o > max(0,0.). In the opposite direction,

1 0’0-"-7;00
(25) P(x) = —/ a(s)I'(s)z™%ds
271 0o—i00
for £ > 0, 0 > max(0,0.). To prove this we recall from Theorem 1.5 that «a(s) < 7
uniformly for o > ¢ + max(0,0.), and from Stirling’s formula (Theorem C.1) we see that
IT(s)| < e~ 2IH|t|7=1/2 as |t| — oo with o bounded. Thus the value of the integral is
independent of oy, and in particular we may assume that ooy > max(0,0,). Consequently

the terms in a(s) can be integrated individually, and it suffices to appeal to Theorem C.4.

The formulee (23) and (25) provide an important link between the Dirichlet series a(s)
and the power series generating function P(z). Indeed, these formulse hold for complex z,
provided that Rz > 0. In particular, by taking x = § — 2mia we find that

1 O'o+iOO

Z ane(na)e ™ = — a(s)T'(s)(d — 2mic) ~* ds.

2mi 00 —100

It may be noted in the above examples that smoother weights w(x) give rise to kernels
K (s) that tend to 0 rapidly as |t| — oo. Further useful kernels can be constructed as linear
combinations of the above kernels.

Since the Mellin transform is a Fourier transform with altered variables, all results
pertaining to Fourier transforms can be reformulated in terms of Mellin transforms. Par-
ticularly useful is Plancherel’s identity, which asserts that if f € L'(R) N L?(R) then

Ifll2 = || fll2- This is the analogue for Fourier transforms of Parseval’s identity for Fourier
series, which asserts that >, | f(k)|> = || f]|3. By the changes of variables we noted before,
we obtain

Theorem 4. (Plancherel’s identity) Suppose that [, |w(z)|z=7 ! dz < oo, and also that
I lw(@)|?Pz=27 " do < 0o, Put K(s) = [, w(z)z=*"'dz. Then

[e%e) 400
27r/ |w(:15)|235_2"_1 dx :/ |K(a+it)|2dt.
0

— 0o
Among the many possible applications of this theorem, we note in particular that
[e%e) 400 -
£) 12
(26) zﬂ/ |A(z)|22=20 " do = / (M) dt
0 oo o+t

for o > max(0, o.).
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5.1. Exercises

1. Show that if 0. < 0g < 0 then
1 oo+it s ’
lim — —ds = n-
im a(s) S ds Z a

T—o0 27'('7/ oo—iT now

2. (a) Show that if y > 0 then
. g = si(0) < si(y) < si(r) = 0.28114. .. .

(b) Show that if y > 0 then

00 eiu y—+100 eiz
%/ —du = %/ —dz.
y U y z

(c) Deduce that if y > 0 then |si(y)| < 1/y.

3. (a) Let 8 > 0 be fixed. Show that if g > 0 then

1 0'0—|—i00

— T(s/B)y"ds = e "

27TZ op—ioco
(b) Let 8 > 0 be fixed. Show that if > 0 and oy > max(0,0.) then

1 0’0-{-7;00

— a(s)I'(s/B)x*ds = B i ane~ /)",
n=1

271 oo—ico

4. (a) Suppose that a > 0 and that b is real. Explain why

2.2
e s /2+bs ds =

: ea2(3+b/a2)2/2 ds .
211

1 oo+1i00 e—bZ/(QaZ) /00+i00
o

o0—1i00 2mi 0—1%00

(b) Explain why the values of the integrals above are independent of the value of oy. Hence
show that if 09 = —b/a? then the above is

—b%/(2a2 +o0o
— &/ =0 t/2 gy ;e—bQ/GQ '
2 oo Vama

(c) Show that if @ > 0, z > 0 and o9 > o, then

I 2 2 I & (log z/n)?
- a“s%/2 s _ <_ —>
- a(s)e z%ds = E a, ex .
270 J 5o —ioo (5) V2ra = P 2a?
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5. Take k = 1 in (22) for several different values of x, and form a suitable linear combina-
tion, to show that if x > 0 and and 0. < 0 then

2 [t Sin%tlogx 2
—/ a(zt)(f) dt = Zanlogaj/n.

s
-0 n<x

6. Let w(x) 7, and suppose that w(z) < 27 as £ — oo for some fixed o. Let o, be the
infimum of those o such that [;° w(z)z=°~!dz < oo, and put

K(s) = /Ooow(a:):z:_s_ldx

for o > oy,.
(a) Show that A, (z) = > °° . a,w(x/n) satisfies A, (z) < ¥ for § > max(oy,, o.).

n=1
(b) Show that
:/ Ayp(z)z™* Hda
0

for o > max(oy,,0.).

(c) Show that

oo+iT
(Aw(z™) + Ap(z™)) = L lim a(s)K(s)x®ds

270 T—o0 oo—1tT

N | =

for 09 > max(oy,0.), x > 0.

7. Show that

o= [

for 0 < o < 1, and that

[e'e) +o0
t)
o / {22221 dg = / Clo+it) \ it
0 o+t

for 0 <o < 1.

8. (a) Show that if f € LY(R) and if f' € L'(R) then f'(t) = 2mitf(t).
(b) Suppose that f € L'(R), that xf(x) € L?(R), and that f' € L'(R) N L?(R). Show that

+oo +oo _ .
[ israr=— [T @Fe) + f@Fw) i

—0 —0

The Cauchy—Schwarz inequality asserts that

‘/_:Oa 2)b(z clx2§ (/_:O |a(x)|2dw>(/_:O|b(x)|2dx>.
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By means of this inequality, or otherwise, show that

(/ j ef@Pas) ([ :o Fora) = o ( :O 7P daz)Z.

This is a form of the Heisenberg uncertainty principle. From it we see that if f tends to 0
rapidly outside [—A, A], and if f tends to 0 rapidly outside [—B, B], then AB > 1.

9. (a) Note the identity
fg =Sl + 9" = Slf =gl + SIf +agl” = SIf —igl”.

(b) Show that if f € L'(R) N L?(R) and if g € L'(R) N L?(R) then

too . +oo
/ f(x)g(z)dx = / F()g(t) dt.

— 00 — 00

10. Suppose that F' is strictly increasing, and that for ¢ = 1,2 the functions f; are real-
valued with f; € L'(R) N L?(R) and F(f;) € L'(R) N L*(R).
(a) Show that

+oo
/ (A1) - £2(2) (F(f1(2) — F(fo(a))) da

— 00

~

+oo — o —
= [ (- Ro) (FRO - FlF)0) d.

— 00

—_—

(b) Suppose additionally that ﬁ(t) = 0 for |t| > T, and that F(f1)(t) = F(f2)(t) for
—T <t <T. Show that f; = f a.e.

2. Summability
We say that an infinite series ) a,, is Abel summable to a, and write Y a,, = a (A) if
oo
lim Z a,r" = a.

1-
r—r n—0

Abel proved that if a series converges then it is A-summable to the same value. Because of
this historical antecedent, we call a theorem ‘Abelian’ if it states that one kind of summa-
bility implies another. Perhaps the simplest Abelian theorem asserts that if Y - ay,
converges to a then

(27) lim (1 — ﬁ)an = a.
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This is the Cesaro method of summability of order 1, and so we abbreviate the relation
above as > a, = a (C,1). On putting sy = 2521 a,, we reformulate the above by saying
that if limy_,o sy = a, then

N

) 1
(28) ]\}E;noo N Z Sp = a.

n=1

Here, as in Abel summability and in most other summabilities, each term in the second
limit is a linear function of the terms in the first limit. Following Toeplitz and Schur, we
characterize those linear transformations 7' = [t,,,,]| that preserves limits of sequences. We
call T' regular if the following three conditions are satisfied:

(29) There is a C' = C(T') such that Z |tmn| < C for all m;
n=1
(30) lim ¢,,, = 0 for all n;
m—00
(31) Tim Zl b = 1.

We now show that regular transformations preserve limits, and relegate the verification of
the converse to exercises.

Theorem 5. Suppose that T satisfies (29) above. If {a,} is a bounded sequence then the
sequence

(32) by = f: trnGn
n=1

is also bounded. If T satisfies (29) and (30), and if lim,_, oo @y, = 0, then lim,, o0 by, = 0.
Finally, if T s reqular and lim,,_,~ a, = a, then lim,, - b,, = a.

The important special case (28) is obtained by noting that the (semi-infinite) matrix
[tin] With

{1/m if 1 <n<m,
tmn: .
0 ifn>m

is regular. Moreover, the proof of Theorem 5 requires only a straightforward elaboration
of the usual proof of (28).

Proof. If |a,| < A and (29) holds, then

b < i tyntin] < Ai [tyn| < CA.

n=1 n=1
To establish the second assertion, suppose that € > 0 and that |a,| < € for n > N = N(¢).

Now

N
|bm| < Z ’t'mnan‘ + Z |tmnan‘ - E1 + 227
n=1 n>N
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say. From (29) and the argument above with A = ¢ we see that 3o < Ce. From (30) we see
that lim,, o0 21 = 0. Hence limsup,, ., |bm| < Ce, and we have the desired conclusion
since ¢ is arbitrary. Finally, suppose that T is regular and that lim,,_, . a,, = a. We write
an, = a + a,, so that

o0 o0
b = a Z tmn + Z trnnQin -
n=1 n=1

Since lim,, ,~ a,, = 0, we may appeal to the preceding case to see that the second sum
tends to 0 as m — oco. Hence by (31) we conclude that lim,, . b,, = a, and the proof is
complete.

In Chapter 1 we used Theorem 1.1 to show that if 8 is a sector of the form 8§ = {s: 0 >
00, |t —to] < H(o — 0p)} where H is an arbitrary positive constant, and if the Dirichlet
series a(s) converges at the point sg, then

Jm a(s) = a(so).
s€8

To see how this may also be derived from Theorem 5, let {s,,} be an arbitrary sequence
of points of 8 for which lim,;, ,cc Sim = So. It suffices to show that lim,, . a(s,,) = a(sg).
Take

tin = n°07 %™ — (n 4 1)%07%m

so that

In view of Theorem 5, it suffices to show that [t,,,] is regular. The conditions (30) and
(31) are clearly satisfied, and (29) follows on observing that if s € 8 then s — sy <y 0 — o0y,
so that

‘ns"*s —(n+ 1)80*5‘ -

n+1
(s — s0) / w51 dy
n

n+1
<y (0‘—0’0)/ w7 dy =n%077 — (n 4 1)707°,
n

Thus we have the result. Abel’s analogous theorem on the convergence of power series can
be derived similarly from Theorem 5.

The converse of Abel’s theorem on power series is false, but Tauber (1897) proved a
partial converse: If a,, = o(1/n) and > a, = a (A), then > a, = a. Following Hardy and
Littlewood, we call a theorem ‘Tauberian’ if it provides a partial converse of an Abelian
theorem. The qualifying hypothesis (‘a, = o(1/n)’ in the above) is the ‘Tauberian hy-
pothesis’. For simplicity we begin with partial converses of (27).
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Theorem 6. If > a, = a (C,1), then " a, = a provided that one of the following
hypotheses holds:

(a) anp >0 forn > 1;
(b) an, = O(1/n) forn > 1;
(c) There is a constant A such that a,, > —A/n for all n > 1.
Proof. Clearly (a) implies (c¢). If (b) holds then both Ra,, and Sa,, satisfy (c). Thus it

suffices to prove that ) a,, = a when (c) holds. We observe that if H is a positive integer
then

N+H

> (1= ) B (1= %)

N N+H
=T X

33 1
(33) Loy L H -
N<n<N+H
=T -1, —1Ts,

say. Take H = [eN] for some ¢ > 0. By hypothesis, limy_o, 71 = a(l + ¢€)/e, and
limy_,00 75 = a/e. From (c) we see that

Ty > —A Z

N<n<N+H

AH

S|

Hence on combining these estimates in (33) we see that

N

lim sup Z a, < a-+ Ae.

N—o00 n—1

Since € can be taken arbitrarily small, it follows that

N
lim sup Z an, < a.

N—o0 n—1

To obtain a corresponding lower bound we note that

(34) n=1 n

Arguing as we did before, we find that

N—oo

N
limianan >a—Ae/(1—¢),
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so that

N— o0

N
lim inf Z an > a,
n=1

and the proof is complete.

If we had argued from (a) or (b) then the treatment of the term 75 above would have
been simpler, since from (a) it follows that T3 > 0, while from (b) we have T3 < €.

Our next object is to generalize and strengthen Theorem 6. The type of generalization
we have in mind is exhibited in the following result, which can be established by adapting
the above proof: Let 3 be fixed, § > 0. If

Z]j:an<1 — %) = (a+o(1))N?,

and if a,, > —Anf~! then

N
> an = (a(B+1) + o(1))N”.

Concerning the possibility of strengthening Theorem 6, we note that by an Abelian argu-
ment (or by an application of Theorem 5) it may be shown that )" a, = a (C, 1) implies
that Y a, = a (A). Thus if we replace (C,1) by (A) in Theorem 6, then we have weak-
ened the hypothesis, and the result would therefore be stronger. Indeed, Hardy (1910)
conjectured and Littlewood (1911) proved that if Y a, = a (A) and a, = O(1/n) then
> a, = a. That is, the condition ‘a,, = o(1/n)’ in Tauber’s theorem can be replaced by
the condition (b) above. In fact the still weaker condition (c) suffices, as will be seen by
taking 8 = 0 in Corollary 9 below. We now formulate a general result for the Laplace
transform, from which the analogues for power series and Dirichlet series follow easily.

Theorem 7. (Hardy-Littlewood) Suppose that a(u) is Riemann-integrable over [0,U] for
every U > 0, and that the integral

1(6) :/ a(u)e™ du
0
converges for every § > 0. Let B be fized, 5 > 0, and suppose that
(35) I(6) = (a+o(1))5~"
as & — 0%. If, moreover, there is a constant A > 0 such that
(36) a(u) > —A(u+ 1)1

for all u > 0, then

(37) /OU a(u) du = (ﬁ +o(1))U6.
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The basic properties of the gamma function are developed in Appendix C, but for our
present purposes it suffices to put

B = / uP e du
0
for 8 > 0. From this it follows by integration by parts that

(38) pr(B) =rE+1)

when 8 > 0.

The amount of unsmoothing required in deriving (37) from (35) is now much greater
than it was in the proof of Theorem 6. Nevertheless we follow the same line of at-
tack. To obtain the proper perspective we review the preceding proof. Let J = [0, 1],
let x,(u) be its characteristic function, and put K(u) = max(0,1 — u) for u > 0. Thus
22;1 an =D, anX4(n/N), and 27]1\[:1 an(l —n/N)=> a,K(n/N). Our strategy was
to approximate to x,(u) by linear combinations of K (ru) for various values of , k > 0.
The relation underlying (33) and (34) is both simple and explicit:

™ |

(39)  ~(K(u)— (1—e)K(u/(1-2))) < x, (u) <

- ((1+)K (u/(1 +€)) ~ K(w));

we took ¢ = H/N. In the present situation we wish to approximate to x,(u) by linear
combinations of e™"**  k > 0. We make the change of variable z = e™", so that 0 < z < 1,
and we put J = [1/e,1]. Then we want to approximate to x,(z) by a linear combination
P(x) of the functions z", k > 0. In fact it suffices to use only integral values of k, so that
P(zx) is a polynomial that vanishes at the origin. In place of (33), (34) and (39) we shall
substitute

Lemma 8. Let ¢ be given, 0 < e < 1/4, and put J = [1/e,1], K = [e717¢, e 17¢]. There
exist polynomials Py (x) such that for 0 < x <1 we have

(40) P_(z) < x4(z) < Pr(x)
and
(41) [Pi(x) — x4 ()| < ex(l —x) + bxy (o).

Proof. Let g(z) = (x,(z) — z)/(z(1 — z)). Then g is continuous in [0, 1] apart from a
jump discontinuity at @ = 1/e of height e?/(e — 1) < 5. Hence by Weierstrass’s theorem
on the uniform approximation of continuous functions by polynomials we see that there
are polynomials Q)+ (z) such that Q_(z) < g(z) < Q4+ (x) for 0 <z < 1, and for which

(42) 9(2) = Qx(2)] < &+ Sxy (7)

for 0 < 2 < 1. Then the polynomials Py(z) = = + (1 — 2)Q+(z) have the desired
properties.
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Proof of Theorem 7. We suppose first that a = 0. We note that if P(x) is a polynomial
such that P(0) = 0, say P(z) = Zle crz”, then by (35) we see that

[e%) R
(43) /O a(u)P(e= ) du =" e 1(rd) = o(6F)

r=1

as 6 — 07. In the notation of the above lemma,

U o)
/ a(u) du = / au)x, (e7*/Y) du.
0 0
If (40) holds, then by (36) we see that

/OOO a(u) (P+(e_“/U) — Xy (e_“/U)) du > —A /000<u + 1)’3_1(P+(e_“/U) =Xy (e_“/U)) du.

By (41) this latter integral is
o (1+e)U
< s/ (u+1)P"te V(1 — e V) du + / (u+ 1)~ du.
0 (1-e)U
In the first term, the integrand is < (u 4+ 1)U~ for 0 < u < U; it is < uf~le=w/V
for w > U. Hence the first integral is << U”. The second integral is < eU®. On taking
d=1/U, P = Py in (43) and combining our results, we find that

U
/ a(u) du < A1eUP + o(UP).
0
Since € can be arbitrarily small, we deduce that

U
lim sup U_B/ a(u) du < 0.
0

U—o0
By arguing similarly with P_ instead of P,, we see that the corresponding liminf is > 0,
and so we have (37) in the case a = 0.
Suppose now that a # 0, 8 > 0. We note first that

oo oo oo
/ (u+1)P"te™™ dy = ¢ / VP lem dy = 66/ 0?7 te™ du + O(e°),
0 1 0
and that

/ VP lev0 dy = 5_’8/ wPte™" dw = 67PT(B).
0 0
Hence if b(u) = a(u) — a(u + 1)~ /T(B), then b(u) > —B(u + 1)?~1, and
/ b(u)e™ ™ du = o(677).
0

Thus fOU b(u) du = o(U?), so that

U
alu) au = a4 B (0] B
[, et = g’ + o)

and we have (37), in view of (38).
For the remaining case, 8 = 0, it suffices to consider b(u) = a(u) — X ) (u).
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Corollary 9. Suppose that p(z) = >~ a,2" converges for |z| < 1, and that 8 > 0. If
p(z) = (a+o(1)(1—2)"F asx — 17, and if a, > —AnP~L forn > 1, then

T;)an = <% —|—0(1)>N*3.

Proof. Put a(u) = a, for n <u <n+ 1. Then (36) holds, and

= il 1—e®
I1(0) = Z an/ e " du = 5 p(e™?).
n=0 n

But 1—e™% ~§ as § — 0T, so that (35) holds. The result now follows by taking U = N +1
in (37).

Corollary 10. If Y a, = a (A), and if the sequence sy = ijzo a, s bounded, then
Ya, =a (C,1).

Proof. Take 8 =1, p(z) = > 07 sn2" = (1 — 2)71 377 janz" in Corollary 9. Then
Zg:o $p = (a+ o(1))N, which is the desired result.

For Dirichlet series we have similarly

Theorem 11. Suppose that a(s) = > "~ . a,n~*% converges for ¢ > 1, and that 3 > 0. If

n=1

a(o) = (a+o(1))(oc—-1)"" as o — 1T, and if a,, > —A(1 +logn)P~1, then

N

) = = (ﬁ +o(1) ) (log N)°.

n

Proof. Take a(u) = > an/n. Then I(J) converges for § > 0, and moreover

u—1<logn<u

1+logn —0

00 . 1—
I((S):Z%/l e~ duy =
n=1

ogn

a(l+9),

so that (37) follows. To obtain the desired conclusion we require a further appeal to our
Tauberian hypothesis. We note that

log ! a a ne
du = - E oo —.
/0 a(u) du n n ©8 N

n<N N/e<n<N

By our Tauberian hypothesis this is

(079 _
< E F+A1(10gN)’3 17
n<N
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so that

T;V ; < <m + 0<1)) (log N)? — A;(log N)P~1

On taking U = 1 +1log N in (37) we may derive a corresponding upper bound to complete
the proof.

The qualitative arguments we have given can be put in quantitative form as the need
arises. For example, it is easy to see that if

(44) Z =N +O0(VN)
then
(45) Zan 2N2—|—O(N3/2)

This is best possible (take a,, = 1 + n~'/2), but if the error term is oscillatory then
smoothing may reduce its size (consider a,, = cos /n). Conversely if (45) holds and if the
sequence a,, is bounded, then the method used to prove Theorem 6 can be used to show
that

(46) D an =N+ O(N**).

n=1

This conclusion, though it falls short of (44), is best possible (take a, = 1 + cosn'/4).
We can also put Theorem 7 in quantitative form, but here the loss in precision is much
greater, and in general the importance of Theorem 7 and its corollaries lies in its versatility.
For example, it can be shown that if > 7 ja,7” = (1 —r)"' +O(1) as r — 17, and if

a, = O(1), then
al N
nz:%an =N+ O(logN)'

This error term, though weak, is best possible (take a,, = 1 + cos(logn)?).
For Dirichlet series it can be shown that if

> 1

as s — 17, and if the sequence a,, is bounded, then

log N )

= log N ( .
g N +0 loglog N

On _
n

an
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This is also best possible (take a,, = 1 + cos(loglogn)?), but we can obtain a sharper
result by strengthening our analytic hypothesis. For example, it can be shown that if «(s)
is analytic in a neighborhood of 1 and if the sequence a,, is bounded, then

(1=
2|8
I
Q
=

3
Il
—_

as we see by considering a,, = coslogn. In Chapter 8 we shall encounter further Taube-
rian theorems in which the above conclusion is derived from hypotheses concerning the
behaviour of a(s) throughout the half-plane o > 1.

5.2. Exercises

1. Let T be a regular matrix such that t,,,, > 0 for all m,n. Show that if lim,, ,, a,, = 400
then lim,,_, oo by, = +00.

2. Show that if T' = [t,,,] and U = [,y ] are regular matrices then so is TU =V = [vy4]

where
0o
Umn = E tmkzukzn‘
k=1

3. Show that if b = T'a and lim,, ,~ b,, = a whenever lim,, .., a, = a, then T is regular.

4. For n = 0,1,2,... let t,(z) be defined on [0,1), and suppose that the t, satisfy the
following conditions:

(i) There is a constant C such that if x € [0,1) then > 7 [t,,(z)| < C;
(ii) For all n, lim,_,;- t,(z) = 0;
(iil) lm, - > oo o tn(x) = 1.
Show that if lim,, o an, = a and if b(x) = Y " anty(x) then lim, ;- b(z) = a.

5. (Kojima (1917)) Suppose that the numbers t,,, satisfy the following conditions:
(i) There is a constant C such that > >~ |tmn| < C for all m;
(ii) For all n, lim,, o tymy exists;
(iil) imym—yo0 Y onoy tmn exists.

Show that if lim,, ., a,, exists and if b,,, = 220:1 tmnan then lim,,,_, o b, exists.

6. For positive integers n let K, (x) be a function defined on [0, c0) such that
(i) J5° Kn(z)dz — 1 as n — oo;
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(ii) [y~ [Kn(z)|dz < C for all n;

(iil) limy,— 00 Ky (2) = 0 uniformly for 0 <z < X.
Suppose that a(z) is a bounded function, and that b, = [~ a(z) K, (x)dz. Show that if
lim, o a(x) = a then lim,,_, b, = a.

7. Let r,, be a sequence of positive real numbers with r,,, - 17 as m — oo. For m > 1,
n > 1, put ty, = nr (1 —ry,)2.

(a) Show that [t,,,] is regular.

(b) Show that if a, = 27— cx(1—k/n) and b, is defined by (32), then b, = 325 cxrk, .
(¢) Show that if > ¢, =c (C,1), then > ¢, =c (A).

8. Suppose that T' = [t,,,] is given by

0 if n =0,
mln )
tin = Y- ifm>n>0,
0 if m <n.
(a) Show that
> b =
— T mk(m — k)]

for1<k<m.
(b) Verify that T is regular.
(¢) Show that if a, = Y ,_, 2" /k! for n > 0, then b,, = (1 + z/m)™ for m > 1.

9. (Mercer’s Theorem) Suppose that

1 1 a1+a2+---+am
by = —am + - -
2 2 m

for m > 1. Show that

2n 2 =
n = b, — b, -
¢ n+1 n(n+1) mz_lm

Conclude that lim,, , a, = a if and only if lim,, .o b, = a.

10. For a non-negative integer k we say that > a, = a (C, k) if

: n\*
Jim Sen(1-7) =

n<x

This is Cesaro summability of order k.
(a) Show that if " a, = a (C,j) then > a, =a (C,k) for all & > j.
(b) Show that if > a, = a (C, k) for some k then Y a, =a (A).
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11. Show that if > a, = a (A) then lim, ,g+ > a,n™° = a. (See Wintner (1943) for
Tauberian converses.)

12. For a non-negative integer k we say that > a, = a (R, k) if

. log n\k
(1) e

n<x

This is Riesz summability of order k.
(a) Show that if " a, = a (R, 7) then > a, = a (R, k) for all k£ > j.
(b) Show that if ) a, = a (R, k) for some k then > . a(s) = a.

13. Put t,,, = 0 for n > m, set

m-+1

— l(wg(m——l—l)(log(m + 1) —logm),

tmm

while for 1 < n < m put

n+1

= — (-1 21 1) -1 2)).
log(m+1)< ogn + 2log(n+ 1) —log(n + 2))

tmn

(a) Show that if

-~ k
4n = Ck<1 - 1)
k=1 n+

for n > 1, then the b, given in (32) satisfies

(b) Show that t,,, > 0 for all m,n.
(¢) Show that

it —1q B2
=" log(m 1)

(d) Show that lim,,— 0 tmn = 0.
(e) Conclude that if > ¢ =c (C,1), then Y ¢ =c¢ (R,1).

14. Let A(z) = > g p<s On -
(a) Show that
N

an(l—%> :%/ONA(x)dx.

n=1
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(b) Show that

i\[:a (1_logn>_ 1 /N

= " logN/ logN J,
(c) Suppose that t is a fixed nonzero real number. By Corollary 1.15, or otherwise, show
that N

N~ log N
—1 it .
- (it O( ) .
Z < N) 1z T+ +0(—g

(d) Similarly, show that

Z”th(l - llc())gg]?:/> = C(L+it) + O(log1N> '

(e) Conclude that >, n~ 7% is not summable (C, 1), but that it is summable (R,1) to
C(1+1dt).

15. We say that a series is Lambert summable, and write Y a, = a (L), if

na,r"
1—rm

NE

lim (1—r)

r—1-

= Q.

3
I
—

(a) Show that if )" a,, = a then »_ a, = a (L).
(b) Show that if a,, is a bounded sequence and |z| < 1, then

oo

S S (S da)”

n=1 n=1 d|n

(c) Show that Y >° | pu(n)/n =0 (L).

(d) Deduce that if Y ° | u(n)/n converges, then its value is 0. (See (6.18), (8.6).)

(e) Show that Y 2 (A(n) —1)/n = —2Cy (L).

(f) Deduce that if > A(n)/n =logxz + c+ o(1) then ¢ = —Cy. (See Exercise 8.1.1.)

16. (Bohr (1909), Riesz (1909), Phragmén (cf Landau (1909, pp. 762, 904))) Let a(s) =
dYann™%, B(s) = Y byn~®, and y(s) = a(s)B(s ) 2 can”® where ¢ = 374, @abn/d.
Further, put A(z) =3, ., an and B(z) =3, o
(a) Show that
/ A(y)B(xz/y) —= = Z cnlogx/n.
1

Y

n<x

(b) Show that if Y a,, converges and ) b,, converges, then »_ ¢, = «(0)5(0) (R, 1).
(c¢) (Landau (1907)) By taking j = 0 in Exercise 11(a), or otherwise, show that if the three

series . an, Y. bp, Y. ¢, all converge, then > ¢, = (Y an) (X by).
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17. Suppose that f(n) ~ co. Construct a, so that |a,| < f(n)/n for all n,

N
hmsupZan =1, l}\r{gigonan = —1,

N—oo n=1 n=1
but

N—oo

N
lim Z an(l—n/N)=0.

18. (Landau (1908) Show that if f(x) ~ = as + — oo and zf’(x) is increasing, then
lim, o f'(z) = 1.

19. (Landau (1914); cf Littlewood (1986, p. 54-55), Schoenberg (1973)) Show that if
f(z) = 0 as x — oo, and if f”(x) = O(1), then f'(x) — 0 as z — oo.

20. (Tauber’s ‘Second Theorem’) Suppose that P(§) = Yo7 a,e™™ for § > 0, and put
SN = ij:o -

(a) Show that if a,, = O(1/n) then sy = P(1/N) 4+ O(1).

(b) Show that if a,, = o(1/n) then sy = P(1/N) + o(1).

(c) Let B(N) = ZNfl na,. Show that if ) a,, converges then B(N) = o(NN) as N — oo.
(d) Show that if P(§) converges for § > 0 then

_P(1/N) = #+/1N B(u)(%— e_:;N - ez\/[N) du+/Noo Bluye /N (1) i—';‘.

(e) Show that if B(IN) = o(/N) then sy — P(1/N) = o(1).
(f) Show that if Y a, = a (A) then > a, = a if and only if B(N) = o(N).

21. (a) Using Ramanujan’s identity -, d(n)*n~* = ((s)*/{(2s) and Theorem 11, show

that 3., d(n)?/n ~ (47%) " (log 2)""
(b) Show that if > __d(n)? ~ cx(logx)? as x — oo, then ¢ = 1/72.

n<x

22. Show that 3°°°  1/(d(n)n®) ~ ¢(s — 1)71/2 as s — 17 where
_ 2 _ )12 P
T - (2)

Deduce that

S i~ o)

n<x

as r — oQ.
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23. Show that if 5 _y an/n = O(1) and lim,_,1+ 377 | apn™° = a, then

. an, logn
1 dn (1 . ) -
oo Z n log x “

n<x

24. Show that

0o -
sinz _
e *¥dx = arctanl/s
o T

for s > 0. Using Theorem 7, deduce that
oo -
/ sinz T
0 i 2

25. Suppose that f(u) > 0, that [;° f(u)du < oo, and that [;°(1 — e %) du ~ 6'/2 as
§ — 0F. Show that [,7° f(u)du ~ (7U)~/? as U — oco.

26. Show that > | a, = a if and only if

o0
lim E anr® = a.
=0

r—1-
n

27. Suppose that for every ¢ > 0 there is an 7 > 0 such that >y _,c1pynlan] <€
whenever N > 1/n. Show that if }° =a (A) then > a, =a.

28. Show that if Y a, =a (C,1) and if a1 — a, = O(|a,|/n) then > a, = a.

29. (Hardy & Littlewood (1913); Theorem 27) Show that if > a, = a (A) and if
ant+1 — an = O(|an|/n), then > a, = a.

30. (Hardy (1907)) Show that

[e.e]

lim Z(—l)kak

r—1—
k=0

does not exist.
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5. Notes

§1. Theorem 1 and the more general (22) were first proved rigorously by Perron (1908).
Although the Mellin transform had been used by Riemann and Cahen, it was Mellin (1902)
who first described a general class of functions for which the inversion succeeds. Hjalmar
Mellin was Finnish, but his family name is of Swedish origin, so it is properly pronounced
me - len’. However, in English-speaking countries the uncultured pronunciation mél’-in is
universal. R

In connection with Theorem 4, it should be noted that Plancherel’s formula || f||2 = || f]|2
holds not just for all f € L'(R) N L?(R) but actually for all f € L?(R). However, in this

wider setting one must adopt a new definition for f, since the definition we have taken is
valid only for f € L*(R). See Goldberg (1961, pp. 46-47) for a resolution of this issue.

For further material concerning properties of Dirichlet series, one should consult Hardy
& Riesz (1915), Titchmarsh (1939, Chapter 9), or Widder (1971, Chapter 2). Beyond the
theory developed in these sources, we call attention to two further topics of importance
in number theory. Wiener (1932, p. 91) proved that if the Fourier series of f € L(T) is
absolutely convergent and is never zero, then the Fourier series of 1/f is also absolutely
convergent. Wiener’s proof was rather difficult, but Gel'fand (1941) devised a simpler
proof depending on his theory of normed rings. Lévy (1934) proved more generally that the
Fourier series of F'( f) is absolutely convergent provided that F' is analytic at all points in the
range of f. Elementary proofs of these theorems have been given by Zygmund (1968, pp.
245-246) and Newman (1975). These theorems were generalized to absolutely convergent
Dirichlet series by Hewitt & Williamson (1957), who showed that if a(s) = > a,n™° is
absolutely convergent for o > 0¢, then 1/a(s) is represented by an absolutely convergent
Dirichlet series in the same halfplane, if and only if the values taken by «(s) in this
halfplane are bounded away from 0. Ingham (1962) noted a fallacy in Zygmund’s account
of Lévy’s theorem, corrected it, and gave an elementary proof of the generalization to
absolutely convergent Dirichlet series. See also Goodman & Newman (1984). Secondly,
Bohr (1918) developed a theory concerning the values taken on by an absolutely convergent
Dirichlet series. This is described by Titchmarsh (1986, Chapter 11), and in greater detail
by Apostol (1976, Chapter 8). For a small footnote to this theory, see Montgomery &
Schinzel (1977).

§2. That conditions (29)-(31) are necessary and sufficient for the transformation T
to preserve limits was proved by Toeplitz (1911) for upper triangular matrices, and by
Steinhaus (1911) in general. See also Kojima (1917) and Schur (1921). For more on
the Toeplitz matrix theorem and various aspects of Tauberian theorems, see Peyerimhoff
(1969).

Theorem 6 under the hypothesis (a) is trivial by dominated convergence. Theorem 6(b)
is a special case of a theorem of Hardy (1910), who considered the more general (C k)
convergence, and Theorem 6(c) is similarly a special case of a theorem of Landau (1910,
pp. 103-113).

Tauber (1897) proved two theorems, the second of which is found in Exercise 18. Lit-
tlewood (1910) derived his strengthening of Tauber’s first theorem by using high order
derivatives. Subsequently Hardy & Littlewood (1912), (1913), (1914a), (1914b), (1926),
(1930) used the same technique to obtain Theorem 8 and its corollaries. Karamata (1930),
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(1931a), (1931b) introduced the use of Weierstrass’s approximation theorem. Karamata
also considered a more general situation, in which the right hand sides of (35) and (36) are
multiplied by a slowly-oscillating function L(1/6§), and the right hand side of (37) is mul-
tiplied by L(U). Our exposition employs a further simplification due to Wielandt (1952).
Other proofs of Littlewood’s theorem have been given by Delange (1952) and by Eggle-
ston (1951). Ingham (1965) observed that a peak function similar to Littlewood’s can be
constructed by using high order differencing instead of differentiation. Since many proofs
of the Weierstrass theorem involve constructing a peak function, the two methods are not
materially different. Sharp quantitative Tauberian theorems have been given by Postnikov
(1951), Korevaar (1951), (1953), (1954a—d), Freud (1952), (1953), (1954), Ingham (1965),
and Ganelius (1971).

For other accounts of the Hardy-Littlewood theorem, see Hardy (1949) or Widder
(1946), (1971). For a brief survey of applications of summability to classical analysis,
see Rubel (1989).

Wiener (1932), (1933) invented a general Tauberian theory that contains the Hardy—
Littlewood theorems for power series (Theorem 8 and its corollaries) as a special case.
Wiener’s theory is discussed by Hardy (1949), Pitt (1958), and Widder (1946). Among
the longer expositions of Tauberian theory, the recent accounts of Korevaar (2002), (2004)
are especially recommended.
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