10 HECKE OPERATORS

10.1. Introduction The motivation here is to find operators 7" which act on modular
forms f of given weight 2k in such a way that the Fourier coefficients of f and T'f satisfy
“useful” relationships. A crucial role is played by eigenforms f which satisfy

Tf = Arf.

One can set up the theory in rather greater generality. However we will follow Hecke who
made the following definition.

Definition 10.1. For k € Z and any n = 1,2,... the operator T,, is defined on the set of
weakly modular functions of weight 2k by

d—1
) = 2kl ok nz + bd
(Taf)(2) DLW (=)

d|n

2T

10.2. The Fourier Expansion. For brevity we will use the notation e(«) for e and

q=e(z).

Theorem 10.1. Let f be a modular function of weight 2k, with Fourier expansion at oo

fz) = Y clm)e(ms). 1)

Then T, f has the Fourier expansion

(T f)(z) = ) Au(m)e(mz)

MmEZ

where

Yn(m) = Z d? = te(mnd=?).
d[(m;n)
1
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Proof. By definition the series (1) converges for ¢ in a punctured disc centred at ¢ = 0. In
the interior of this annulus it converges absolutely. Thus

= S X ()" e (%) Xt
—Z Z ( >2k 1 ) <m;ir2zz>

meZd|(m,n)

= Z Z (g)%_l c(ld)e(lnz/d)

dln IEZ

= Z 2 Le(ln/r)e(lrz)

r|n

= Z Z r2*=Le(mnr=2)e(mz).

meZr|(m,n)

In Definition 10.1, the general term can be rewritten as

s <(n/diiz + b) .

Thus we are particularly interested in the behaviour of f under the action of A = (

n/d b

0 dj)
Now det A = n. Thus we consider general A = ( CCL 2
of order n, and for our purposes we can associate Az with z — w Let T'(n) denote the
set of all such transformations. Thus the modular group is F(l). We say that A, B € I'(n)
are equivalent when there is a C' € I such that A = C'B. This is obviously an equivalence
relation, and partitions I'(n) into equivalence classes. We could write I'(n)/I" for the set of
equivalence classes.

10.3. The structure of I'(n).

) with det A = n, a transformation

Theorem 10.2. Every equivalence class in T'(n) /T contains a representative A = (g Z)
with d > 0

Proof. Let A = @ Z be a given member of the class. If ¢ = 0, then we are done since
a b —a —b .
A= 0 d and 0 —d represent the same transformation. If ¢ # 0, then we choose

r, s with (r,s) = 1 so that s/r = —a/c, and choose p, ¢ so that ps — qr = 1. Hence

P q a b\ (pa+qc pb+qd
r s c d) \ra+sc rb+sd)’
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Ta+sc:O,det(f Z) =ps—qr = 1.

Theorem 10.3. A complete set of non-equivalent elements of I'(n) is given by the o(n) =

de d transformations A = (8 Z) formed by taking ad = n, d > 0 and b ranging over a

complete set of residues modulo d.

Proof. By Theorem 10.2, given B € I'(n) there is an A = (
ad =n, d > 0. We show that

_(a b . . _(fa b
A = < 0 dl) is equivalent to A = (0 d) (2)

ap =a,d; =d, by =b (mod d). (3)

:Z ;)A: ua ub—H}d) with uz — vw = 1. Since ad =

Suppose (2). Then A; = < wa  wh + zd
n#0,w=0. Thenur=1,u=x==41. Aszd >0, u=x=1,a; =a, by =b+ vd.

bi—b
Suppose (s). Let C' = (1 d ) Then, by (2), CA = A;.

0 1

Definition 10.2. Let A, denote the set of transformations A € T'(n), Az = %H’ with
ad=n,d>0,0<b<d.

The set A, is a set of representatives for I'(n)/T". Moreover if

; _[a b+ (1 A _(a b
= ) e=(o 1) 4= 6u)

then A’ = C'A and for any weakly modular function f(A’z) = f(CAz) = f(Az). Thus we
could take any complete set of residues modulo d for the b in our application.
By Definition 10.1,

a b .
0 d) equivalent to B, and

if and only if

1

TPE) =+ Y faz). (@
A€A,
Theorem 10.4. Suppose that A1 = (Zl 2,1) € I'(n) and V4 € T'. Then there are Ay =
1 di

(az 52) € A, and Vo € T such that A1Vy = Vo Ay. Moreover, if ¢y =0, V; = (aj Bj)’
0 ds %

then ay(v2Azz + 62) = as(y12 + 61).

Proof. Obviously A;V; € I'(n). Choose Ay € A, equivalent to A1V; in accordance with
Theorem 10.2. Then there is a V5 € I' such that V5, A5 = A1 V; as required. Suppose ¢; = 0.
Then
+b1v1 a1 + b1y
AV = ,
H ( dim d10q
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VyAs — <a2a2 oiabs +52d2) .

Yoaz  Y2ba + d2ds

Hence

diy1 = yea2, d101 = y2ba + d2d>

n__ n 5 — d15 by
a171—72d27 2 = ds 1 dQ’Yz
d a b
Yo = =1, Oy = —8 — =
ai ax ai

Thus a1 (72422 + 02) = 172252 + (agd1 — bom) = y1(a2z + ba) — bay1 + a2é1.

10.4. Properties of T,,. We are now in a position to prove the first desirable property of
T, namely that if f is weakly modular of weight of 2k, then so is T, f.

Theorem 10.5. Suppose that f is weakly modular of weight 2k and V = (i ?) el

Then
(Tnf)(Vz) = (vz + ) (T f)(2).

Proof. By (4),
TNV =+ 3 @ f(AV2).

AcA,

Given A and V, by Theorem 10.4 there are Ay, V; such that A; € A,,, AV =V A;, V; €T
and a(y1 412 + 61) = a1(yz + 9). Thus

a* f(AVz) = a®* f(ViAiz) = (a(mArz + 61))*F f(Ar2) = af* (v2 + 0)* f(As2).
Moreover, if A’V = V] A/, then A is equivalent to A’ if and only if A; is equivalent to A}.

Thus A; runs over A, as A does.

Theorem 10.6. If f is a weakly modular function, then so is T, f. If f € My, then so is
T.f. If f € M,g, then so is T, f.

Proof. The first part is immediate from the previous theorem. The second part then follows
from Theorem 10.1 since if ¢(m) has its support on the non-negative integers, so does v, (m).
Finally, in Theorem 10.1, if the support of the ¢(m) is N, then so is that of ~,,(m).

We can now begin to explore the structure of the T,. These operators turn out to be
“multiplicative” in the usual sense.
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Theorem 10.7. Suppose that m, n € N and (m,n) = 1. Then T,,T,, = Ty, and T, and
T, commute.

Proof. By (4), 1
(T (Tnf)) (2) = — > a'*" > a’tf(AAz).

AleA,, AcA,

v a4 [a b a b\ (da db+bd
A _AA_<0 d’)(o d)_(o dd )

The number d'd runs over a set of (positive) divisors of mn as d’ and d do of m and n
respectively. Since a’|m and d|n we have (a/,d) = 1. Every residue class modulo d'd can
be written in the form u + vd with 0 < u < d, 0o < v < d’. Choose b so that a’b = u
(mod d). Then choose b’ so that b’ = v + (v — a’b)/d (mod d)’. Then a’b+ b'd = u + vd
(mod d'd). Since there are only d'd choices for b and V' it follows that a’b + b’d ranges over
a complete set of resides modulo d’'d as b’ and b do modulo d’ and d respectively. Finally
a'a =mn/(d'd). Thus

We have

Tl ()=~ S (@A) = (T f)(2).

A"EAmn

That T, and T,, commute is immediate.

To avoid suffices becoming too cumbersome we use the notation

The structure of the Hecke operators is quite surprising as the following theorem shows.

Theorem 10.8. Let p be a prime and let r € N and suppose that f is weakly modular of
weight 2k. Then

T(p) (TW")f) =T ™) f+p* TP f.

Proof. By Definition 10.1,

_ 2k(r—s rp_l T Z+b
)z = Zp( )— Zf

Moreover




6 10. HECKE OPERATORS

Thus

p®—1 p—1 r p®—1

2k 1Zp2k(7" s)— er

s+1_1

p®—1

_ZPQk(T+1 s)—r—1 Zf

r+1

+Zp2k(r+1 t)—r—1 Zf
_ k(’r t) - f+1 1 'r t2+bp 1
W (= PRI

t=0
r—1 p 1

’I” 1— t2+b
_ 2k(’r t)—r— lpi( >+T(pr+1)

t=0
= p*~ 1T(p H+Tp .

We recall Theorem 10.1. When f is a modular function, so that

fz) = Y etm)e(ms)

MmEZL

in a punctured disc (for ¢) centred at 0 we have

= Zvn(m e(mz

MmeEZ

with

Z d?*~Le(mnd=?).

d|(m,n)

We can carry out several evalations. Thus

ZP%(T—H §)—r— 1pz_1f(1’r+l sz+bp>+ - pRh(r=s)=r=1 Z f( P Z+u)
s+1

p7z+c_’_b

p

1 s
4= p2k(r—s)—r Z f _p 7
p == ~

+ p2k(r+170)7r71f(pr+1702 + 0)
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c(mp) when p t m,
c(mp) +p**~e(

Tp(m) = {

m/p) when p|m.

10.5. Eigenfunctions. Let f be a modular form of weight 2k with £k > 0 and not
identically 0. We investigate the possibility that

T(n)f = A(n)f foralln € N where A(n) € C. (8)

Definition 10.3. A modular form f of weight 2k with k > 0 and not identically O which
satisfies (8) is called an eigenfunction or eigenform of T'(n). The complex numbers A(n) are
the eigenvalues of f.

Let f be such a modular form and ¢(n) be its Fourier coefficient. By (6), ¢(n) = A(n)c(1)
for n € N. If ¢(1) = 0, then f would be identically ¢(0) which is impossible for £ > 0. Hence
to be an eigenfunction ¢(1) # 0. In view of this we can normalise f by dividing through by
the constant ¢(1). Then ¢(1) = 1. In that case A(n) = ¢(n) for every n € N.

Theorem 10.9. Suppose that f is a normalised eigenform of weight 2k. Then the coeffi-
cients c(n) of its Fourier series are multiplicative for n > 1 and

c(p)e(p”) = c(p™™) +p**le(@™!) (r€N).

Proof. Suppose that m, n € N and (m,n) = 1. By Theorem 10.7,

c(mn)f(z) = (T(mn)f)(z) = (T(m)(T(n)f))(z)
= (Tn(c(n)f))(2) = c(n)(Tm [)(2) = c(n)e(m) f(2).

Moreover, by Theorem 10.8,

c(p)e(p”) f(2) = c(p")(T(p)f)(2) = (T(p)(c(p”) f))(2) = (T(P)(T(P")f))(2)
=(TE™Y +p* T ) (2) = (e +p* e ) f(2).

We would like to consider the Dirichlet series whose coefficients are the coefficients of the
Fourier expansion of an eigenform. First of all we need to establish sufficient information to
ensure that the Dirichlet series converges.

Theorem 10.10. Suppose that f is a cusp form of weight 2k. Then its Fourier coefficients
an satisfy
Ay <K nk

where the implicit constant may depend on f.
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Proof. An immediate consequence of f being analytic on H is that the series
>
> and"
n=1

has radius of convergence at least 1. Thus f(z)/¢ < 1 uniformly for [¢| < 3, ie. f(z) <
e 2™ for y > l‘;if. Let ¢(2) = |f(2)|ly*. Then for A € T we have ¢(z) = |cz +
d|72F|F(A2)|(S2)* = |cz + d|_2k|f(Az)||cz + d]?*(SA2)F = f(A2)(SAz)*. Thus ¢ is in-
variant under I'. Moreover logQ < 1. Hence ¢(z) < y*e=2™ < 1 uniformly on D and hence
uniformly on H. Thus f(z) << y~* umformly on HL.

By Cauchy’s integral formula,
fn 1
d
27m / f a

where C, is the circle parameterised by ¢ = e?miw =21y () < x < 1. Then

/ f(z +iy)e(—nz — iny)dr < y~*e*™,

The choice y = 1/n establishes the desired conclusion.

Theorem 10.11. Suppose that f is a non—cusp modular form f of weight 2k > 0 and not
identically 0. Then its Fourier coefficient a,, satisfies

an =027t (n>ng(k, f)).

Again the implicit constants may depend on f.

The symbol =< is used to mean that the ratio of the two sides of the expression lies between
two constants.

Proof. When k = 1 there are no modular forms of weight 2k.. When £ > 2 and dim M} =1
every modular form can be written as MGy (z) where A € C\ {0}, and the non—constant
terms in the Fourier expansion of Gy are of the form Cyogr_1(n). Moreover for k > 2,
n2k=1 < g9p_1(n) < n?*71¢(2k — 1) and the conclusion follows at once. When dim M}, > 1,
k > 6 and every non-cusp modular form f can be written as f(z) = NG (2) + pg(z) where
A # 0 and g is a cusp form. The conclusion then follows from the observations above
regarding the coefficients of G} and Theorem 10.10.

Before proceeding further we display some eigenforms. First consider the modular form
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It is convenient to normalise this to give
o.]
E; =¢(0) + Z Oop_1(n)e?m
n=1

where B
_ _ P2
c(0) = e

It can be verified that

min(r,s)

Z PP Voo 1 (077 = a1 ()21 (1°)
=0

and hence that when m > 0,

> d* oy 1(mnd?) = oo _1(m)ok_1(n).
d|(m,n)

Thus, by (5),
(ThE)(2) = 021 (n) Ey.

Hence E} is a normalised eigenform, and so AG}, is an eigenform for any non-zero complex
number A. By (5) any normalised non-cusp form of weight 2k has to satisfy A(n) = o9i_1(n)
and then ¢(n) = ogx_1(n). Thus there are no other non—cusp eigenforms.

By Theorem 10.6, if f is a cusp form of weight 2k, then so is T}, f. Suppose that dim MY =
1. Then T,,f = A(n)f for some complex number A(n). Thus when dim M} = 1 every cusp
form of weight 2k is an eigenform. By the remark after Definition 10.3 if f is normalised,
then A\(n) = ¢(n), the Fourier coefficent of f. Moreover, by Theorem 10.9 the coefficients are
multiplicative and satisfy the recurrence relation of that theorem. The normalised cusp form
A(z)/(2m)'? belongs to M and dim M{ = 1 and so is an eigenform. Hence Ramanujan’s
function 7(n) is multiplicative and satisfies

T(p)T(p") =7 + (™).

By Theorem 10.10 it also satisfies
7(n) < n.

Theorem 10.12. Suppose that f is a normalised eigenform of weight 2k, and

f(z)=¢(0) + Y e(n)q"
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15 its Fourier expansion at oo. Then the Dirichlet series

= Z c(n)n™?

converges absolutely and locally uniformly for o > oy, where o, = k+1 if f is a cusp form
and o, = 2k otherwise. Moreover, when o > oy,

Dy(s) = H (1—c(p)p +p2k—1_25)—1 .

p

Proof. The convergence is immediate from the previous two theorems. By Theorem 10.9
the coefficients are multiplicative. Hence ®; has an Euler product valid for o > oy,

os(s) =1 (1 + ) C(pm)pms> :

c(p )p_ms>

+
m=
)
—1- C(p)p—s +p2k 1— 23 Z —ms . C(p)c(pm)p—ms—s + C(pm)ka—l—ms—2s>
=1

Moreover

(1 _ C(p)p—s +p2k—1—2s (1

)_l

-1 C(p)p—s +p2k—1—23

oo

+elp)pT - P+ Z PP = e(p)e(P)p T TS + e(ptTh)pP )

and by the last part of Theorem 10.9 this is 1.



