
MATH 504 ANALYSIS IN EUCLIDEAN

SPACES, SPRING TERM 2009, PROBLEMS 6

Return by Monday 23rd February

1. Suppose that {un} is uniformly distributed (mod 1), and let c be a real number.
Put vn = un + c. Show that {vn} is uniformly distributed.

2. Let αn = log n− blog nc
(a) Show that

lim sup
N→∞

1
N

card{n : 1 ≤ n ≤ N, αn ∈ [0, 1/2]} =
e− e1/2

e− 1
.

(b) Show that

lim inf
N→∞

1
N

card{n : 1 ≤ n ≤ N, αn ∈ [0, 1/2]} =
e1/2 − 1
e− 1

.

(c) Show that

1
N

N∑
n=1

e(k log n) =
N2πik

2πik + 1
+ O

(
|k|1 + log N

N

)
.

Hint: Try comparing the sum on the left with the corresponding integral.
(d) Show that the sequence {αn} is not uniformly distributed (mod 1).

3. Suppose that the sequence αn satisfies limn→∞(αn+1−αn) = β. Prove that if β ∈
R\Q then αn is uniformly distributed modulo 1. Hint: Consider

∑n
m=1 e(hαm+1).


