
MATH 467 FACTORIZATION AND PRIMALITY TESTING, FALL 2025,
PROBLEMS 10

To be submitted by Monday 3rd November

1. Let n ∈ Z and let n = (−1)u2vpv11 . . . pvrr be the canonical decomposition of n with u = 0 or 1,
v ≥ 0, and each vj > 0 when r ≥ 1.
(i) If v is odd, then let n0 = |n|2−v and choose m ∈ N so that m ≡ 5 (mod 8) and m ≡ 1

(mod n0). Prove that ( n

m

)
J
= −1.

(ii) If v is even, but there is a j for which vj is odd, let nj = |n|2−vp
−vj
j and choose m ∈ N so

that m ≡ 1 (mod (4nj)) and m is a QNR modulo pj. Prove that( n

m

)
J
= −1.

(iii) If v is even, vj is even for every j and u = 1, choose m ∈ N so that m ≡ 3 (mod 4). Prove
that ( n

m

)
J
= −1.

(iv) Prove that if n is not a perfect square, then there is an odd prime number p such that(
n

p

)
L

= −1.

(v) Prove that if n is a QR for every odd prime number p not dividing n, then n is a perfect
square.

This is an example of the “local to global” principle.

2. Write computer programs to implement LJ and QC, and use them to evaluate the Legendre
symbols (

a

p

)
L

when a = 40000000003 and a = 400000000031, and p = 100000000019 and p = 100000000057, and
when it is 1 to solve x2 ≡ a (mod p).


