
MATH 467 FACTORIZATION AND PRIMALITY TESTING, FALL 2025,
PROBLEMS 8

To be submitted by Monday 20th October

1. Suppose that you have set up a public key and someone has sent you a secret message s

313622127986845143893541162935348797952854380367596

Given that your modulus n is

2447952037112100847479213118326022843437705003126289

and your secret key d is

1380459105072975807863486586384986438897050768421005

decode the message. You may assume that the message is encoded using the ASCII codes of letters
and symbols https://www.asciitable.com/

2. First find a primitive root modulo 19 and then find all primitive roots modulo 19.

3. Show that 3 is a primitive root modulo 17 and draw up a table of discrete logarithms to this
base modulo 17. Hence, or otherwise, find all solutions to the following congruences.

(i) x12 ≡ 16 (mod 17),
(ii) x48 ≡ 9 (mod 17),
(iii) x20 ≡ 13 (mod 17),
(iv) x11 ≡ 9 (mod 17).

3. (i) Recall that for every reduced residue class r modulo p there is a unique reduced residue
class sr modulo p such that 1 ≡ rsr (mod p), and that for every reduced residue class s modulo
p there is a unique r such that sr ≡ s (mod p). Hence prove that if p is an odd prime, then
p−1∑
r=1

(
r(r + 1)

p

)
L

=

p−1∑
s=1

(
1 + s

p

)
L

= −1.

(ii) Prove that if p is an odd prime, then the number of residues r modulo p for which both r and

r + 1 are quadratic residues is
p− (−1)

p−1
2

4
− 1.

4. Let N(p; c) be the number of pairs x, y such that x2 + y2 ≡ c (mod p).

(i) Prove that N(p; c) = p+

p∑
z=1

(
z(c− z)

p

)
L

.

(ii) Prove that if c ≡ 0 (mod p), then N(p; 0) = p+ (−1)
p−1
2 (p− 1).

(iii) Prove that if c ̸≡ 0 (mod p), then in the notation of question 3,

p∑
z=1

(
z(c− z)

p

)
L

=

p−1∑
z=1

(
z2(csz − 1)

p

)
L

=

p−1∑
s=1

(
cs− 1

p

)
L

= −(−1)
p−1
2 .

(iv) Deduce that if c ̸≡ 0 (mod p), then

N(p; c) = p− (−1)
p−1
2 .
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https://www.asciitable.com/

