
MATH 467 FACTORIZATION AND PRIMALITY
TESTING, FALL 2025, PROBLEMS 5

Return by Monday 29th September

1. Find all solutions to x2 ≡ 6 (mod 19)

2. Prove that 7n3 − 1 can never be a perfect square.

3. Prove that for any integer n
(i) n7 − n is divisible by 7,
(ii) n13 − n is divisible by 2730.

4. The numbers Fn = 22
n
+ 1 for n ≥ 0 are called Fermat numbers.

F0 through F4 are prime. Fermat had conjectured that Fn is always
prime.

(i) Show that 641|F5 (Euler 1732).
We know now that F5, . . . , F32 are composite and it is now conjectured
that there are no further Fermat primes! The largest Fermat number
known to be composite is F18233954 and this has a prime factor 1 + 7×
218233956.

Suppose that p is a prime with p|Fn and let e denote the smallest
positive integer such that 2e ≡ 1 (mod p).

(ii) Prove that e exists and e|2n+1.
(iii) Prove that e ∤ 2n.
(iv) Prove that

Fn − 2 = Fn−1(Fn−1 − 2) = Fn−1 . . . F1F0

and deduce that if m ̸= n, then (Fm, Fn) = 1.


