MATH 467 FACTORIZATION AND
PRIMALITY, FALL TERM 2025, PROBLEMS 1

Return by Wednesday 3rd September

For elements of Z we use the notation a|b to mean that there is a ¢ € Z such that
b= ac.

1. Let n € Z and m € Z with 0 < m < n. The binomial coefficient (;fb) is defined
inductively by

()= ()= () =000+ ()

(i) Prove that (') € N.

(ii) Prove that if p is a prime and 1 < m < p — 1, then p|(fl)
2. Prove that no polynomial f(x) of degree at least 1 with integral coefficients can
be prime for every positive integer x.

3. If 2" + 1 is an odd prime for some integer n, prove that n is a power of 2.

4. Prove that every positive integer is uniquely expressible in the form
2j0 +2]1 +2]2 ++2]m

where m > 0 and 0 < jp < J1 < J2 <+ < Jm.

5. Prove that there are no positive integers a, b, n with n > 1 such that

(@” —=b")|(a™ 4+ 0").

6. Write a program to evaluate the expression a™ (mod m) when a = 2 or 3 and
m is

(1) 2354886516516565165165165323249846663311516416444414, and

(i) 12968495162846516849184915268976321313686986165641898196697911748.
A copy of your program should be submitted with your solutions to gain credit.



