
Math 467 Factorizaton and Primality Testing, Fall Term 2025
Practice Exam 1 Model Solutions.

Note: Exam 1 will be 9:05-9:55, Wednesday 24th September 2025
Room 0133 Erickson

1. Show that n|(n− 1)! for all composite n > 4.

We have n = lm with 1 < l ≤ m < n. When l ̸= m, both l and m occur
in the product (n− 1)! and so n = lm|(n− 1)!. When l = m, since n > 4 we
have l ≥ 3 and l < 2l < l2 = n so both l and 2l occur in the product (n−1)!.

2. (i) Show that if m and n are integers of the form 4k + 1, then so is mn.
(ii) Show that if m,n ∈ N, and mn is of the form 4k− 1, then so is one of m
and n. (iii) Show that every number of the form 4k− 1 has a prime factor of
this form. (iv) Show that there are infinitely many primes of the form 4k−1.

(i) We have (4k+1)(4l+1) = 16kl+4k+4l+1 = 4(4kl+ k+ l)+ 1. (ii)
m, n must be odd so are of the form 4k ± 1. If both are of the form 4k + 1,
then by (i) their product cannot be of the form 4k − 1. (iii) All the prime
factors of 4k − 1 are odd, and so of the form 4k ± 1. If they were all of the
form 4k + 1, then by repeated use of (i), as in (ii), it would follow that their
product is of wrong form. Hence at least one of them must be of the form
4k − 1. (iv) Suppose that there are only a finite number of primes of the
form 4k − 1, say p1, p2, . . . , pr. Let n = 4p1 . . . pr − 1. Obviously n > 1 and
so by (iii) will have at least one prime factor p of the form 4k − 1. But then
p|p1 . . . pr. Hence p|4p1 . . . pr − n = 1 which is impossible.

3. Factorise 4087.

4087 = 4096− 9 = 212 − 32 = (26 − 3)(26 + 3) = 61× 67.

4. Find integers x and y such that 1547x+ 2197y = (1547, 2197).



Because 2197 > 1547 the formal algorithm becomes

j qj rj xj yj
−1 1547 1 0
0 0 2197 0 1
1 2 1547 1 0
2 2 650 −1 1
3 1 247 3 −2
4 8 156 −7 5
5 8 91 10 −7
6 1 65 −17 12
7 1 26 27 −19
8 13 −71 50

gcd(2197, 1547) = 13 = 1547× (−71) + 2197× 50


