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1. For x ≥ 0 define B(x) = ⌊x⌋ − ⌊x/2⌋ − ⌊x/3⌋ − ⌊x/5⌋+ ⌊x/30⌋.
(i) Prove that B(x) is periodic with period 30,

B(x) =


0 x ∈ [0, 1),

1 x ∈ [1, 6),

0 x ∈ [6, 7),

1 x ∈ [7, 10),

B(x) =


0 x ∈ [10, 11),

1 x ∈ [11, 12),

0 x ∈ [12, 13),

1 x ∈ [13, 15).

and that if 0 ≤ x < 15, then B(x+15) = B(x)+ ⌊x/2⌋− ⌊(x+1)/2⌋. Deduce
that 0 ≤ B(x) ≤ 1 for all x.
B(x + 30) = B(x) + 30 − 15 − 10 − 6 + 1 = B(x). When 0 ≤ x < 15 one

can evaluate B(x) by hand. Also, we have B(x + 15) = ⌊x⌋ + 15 − ⌊(x +
1)/2⌋ − 7 − ⌊x/3⌋ − 5 − ⌊x/5⌋ − 3 + 0 = B(x) + ⌊x/2⌋ − ⌊(x + 1)/2⌋. Let
C(x) = ⌊x/2⌋−⌊(x+1)/2⌋. Then C(x) is periodic with period 2, and C(x) = 0
when 2k − 2 ≤ x < 2k − 1 and is −1 when 2k − 1 ≤ x < 2k. Thus when
0 ≤ x < 15 we have 0 ≤ B(x + 15) ≤ 1. Hence 0 ≤ B(x) ≤ 1 for all x with
0 ≤ x < 30, and so, by periodicity, for all x.

(ii) Let T (x) =
∑
m≤x

Λ(m)B(x/m). Prove that T (x) = c′x + O(log x) where

c′ =
1

2
log 2 +

1

3
log 3 +

1

5
log 5− 1

30
log 30 = 0.9212 . . ..

By Theorem 6.16 we have∑
m≤x

Λ(m)

⌊
x/k

m

⌋
=

∑
m≤x/k

Λ(m)

⌊
x/k

m

⌋
=
x

k

(
log

x

k
− 1

)
+O

(
log

x

k

)
.

Thus T (x) = x(log x − 1) − x
2

(
log x

2
− 1

)
− x

3

(
log x

3
− 1

)
− x

5

(
log x

5
− 1

)
+

x
30

(
log x

3
0− 1

)
+O(log x) and on simplification this is c′x+O(log x).

(iii) Prove that ψ(x)− ψ(x/6) ≤ T (x) ≤ ψ(x).
By (i) we have B(x) ≤ 1 when x ≥ 1. Thus T (x) ≤ ψ(x). Also for all m

we have B(x/m) ≥ 0, and for all m with x/6 < m ≤ x we have B(x/6) = 1.
Hence T (x) ≥

∑
x/6<m≤x Λ(m) = ψ(x)− ψ(x/6).

(iv) Prove that if x ≥ 2, then

c′x+O(log x) ≤ ψ(x) ≤ 6c′

5
x+O(log2 x).

The lower bound is immediate from the upper bound in (iii) and (ii). For the
upper bound observe that by the lower bound in (iii) ψ(x/6k−1)− ψ(x/6k) ≤
T (x/6k−1) and then sum over k.
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