Math 465 Number Theory, Spring 2025, Solutions 11

1. We define o(n) for n € N to be the sum of the divisors of n, o(n) = 3_,,,, m.

(i) Prove that o is a multiplicative function. (ii) Evaluate ¢(1050). (iii) Prove
that >-,., ¢(m)o(n/m) = nd(n). (iv) Show that if o(n) is odd, then n is a
square or twice a square. (v) Prove that > u(m)o(n/m) = n. (vi) Prove
that >, w(n/m) 32y, (o (m/l) = é(n).

(i) We have 0 = N *1 and N and 1 are multiplicative. (i) 1050 = 2 x 3 x 52 x 7
and 0(2) =3, 0(3) =4, 0(5?) = 1+ 5+ 5% =31, 0(7) = 8, so o(1050) = 2976. (iii)
The LHS is px 0= (N*pu)*x (1« N)=Nx*(ux1)« N =Nx*xex N =N x N and
(N *N)(n) =3, mx (n/m) =nd(n). (iv) Suppose n = ph .. pks. Since o is
multiplicative, each o(p Jj) will be odd. If p; is odd, then a(pJ =k; +1 (mod 2)
and so k; will be even. If, say, p1 = 2, then we have a perfect square When k1 is even
and twice a perfect square when it is odd. (v) The LHS is p* (1% N) = (u*x 1)« N =
exN = N. (vi) The LHS is pux (ux(1xN)) = px ((ux1)xN) = px(exN) = pxN = ¢.

2. Suppose that f(z) and F(x) are complex-valued functions defined on [1,00).
Prove that F(z) =), .. f(z/n) for all z if and only if f(z) =), . pn)F(z/n)
for all . - N

It F(.’IZ‘) = Zn<m f(:z:/n), then
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and if f(z) =32, ., p(n)F(z/n), then
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3. Show for each positive integer k that there is a unique arithmetic function ¢y
such that }°, ., ¢r(m) = n¥. Obtain a formula for ¢x(n) and show that ¢z (n) is
multiplicative.

Let ¢r(n) = 3,0 mFu(n/m) (1). Then by Mdobius inversion ¢, satisfies the
equation. Moreover if ¢, satisfies the equation, then by Mobius inversion it satisfies
(1) and so is uniquely defined.

4. Suppose that the arithmetical function 7(n) satisfies _,, n(m) = ¢(n). Show
that 77(n) is multiplicative and evaluate n(p*).

By Mobius inversion 17 = ¢ * u and both ¢ and p are multiplicative. Moreover
n(p*) = (%) — d(p*~') = p — 2 when k = 1 and p"2(p — 1)> when k > 2.
5. Evaluate h(n) =3, (=1)"u(n/m).

We have h(n) = Zz\mm p(n/m) — 22¢m|n p(n/m) =
2> opmn H(n/m) = 32, pw(n/m). If n is odd, then this is —1 when n =1 and 0
when n > 1. If 2|n, then this is 22€|n/2u((n/2)/€) = 2 #(n/m) =0if n > 2
and = 2 when n = 2. Thus h(1) = —1, h(2) = 2 and h(n) = 0 when n > 2.



