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1. A number n ∈ N is squarefree when it has no repeated prime factors.
For X ∈ R, X ≥ 1 let Q(X) denote the number of squarefree numbers
not exceeding X.

(i) Prove that
∑
m

m2|n

µ(m) =

{
1 when n is squarefree,

0 otherwise.

(ii) Prove that Q(x) =
∑

m≤
√
x

µ(m)
⌊ x

m2

⌋
.

(iii) Prove that Q(X) =
6

π2
X +O

(√
X
)
.

(You can assume that
∑∞

m=1 µ(m)m−2 = 6/π2.)

2. Assume the same notation as in question 1.

(i) Prove that if n ∈ N, then Q(n) ≥ n−
∑
p

⌊
n

p2

⌋
.

(ii) Prove that∑
p

1

p2
<

1

4
+

∞∑
k=1

1

(2k + 1)2
<

1

4
+

∞∑
k=1

1

4k(k + 1)
=

1

2
.

(iii) Prove that Q(n) > n/2 for all n ∈ N.
(iv) Prove that every n > 1 is a sum of two squarefree numbers.

3. Let f(n) denote the number of solutions of x3 + y3 = n in natural
numbers x, y. Show that∑

n≤X

f(n) = AX2/3 +O
(
X1/3

)
where A =

∫ 1

0

(1− α3)1/3dα.

(As an aside, observe that A = 1
3
B(4/3, 1/3) = Γ(4/3)2

Γ(5/3)
= 1

π
33/2Γ(4/3)3.

Here B(α, β) is the Beta function.)

4. Let n ∈ N and p be a prime number, show that the largest t such
that pt|n! satisfies

t =
∞∑
h=1

⌊
n

ph

⌋
.
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