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® A series is a sum of the kind

ayt+ax+---ap
which is often abbreviated to
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which is often abbreviated to
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(sn) defined by

® Thus given a sequence (a,) we can form a new sequence

n
Sn = Z am. (1.1)
m=1
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Introduction
to Analysis:

Series ¢ Definition 6.1 /f the sequence (s,) converges, then we say

i, that the infinite series
Series oo
Zam:al+az+-~~+a,,+--~ (1.2)
m=1

converges and the sum of the series is the limit

lim s,.
n—o00
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¢ Definition 6.1 /f the sequence (s,) converges, then we say
that the infinite series

oo
S ommmtmt ot (12)
m=1

converges and the sum of the series is the limit

lim s,.
n—o00

® The s, are called the partial sums of the infinite series.

® When a series converges the sum

th = i an (1.3)

m=n+1

is called the tail of the series.
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Remark There is no reason that a series has to start with
n=1. We could equally work with

oo
> an
n=M

where M is any integer.

Moreover if we can establish the convergence for some M,
then it follows for any M by adding or subtracting a finite
number of terms.



e Example 6.1. Let x € R and a, = x", so that

s,,=x+x2-|—

x , X Xn+1

——(x#1).
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® By Example 4.9, when |x| < 1 we have Iim,,_>OO x"
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By Example 4.9, when |x| < 1 we have limp_,, x" = 0.
Thus, in that case the series converges and we have

. X
nll_}moosn = ﬁ (|X| < 1)

If x =1, then s, = n is unbounded and thus divergent.



Introduction
to Analysis:
Series

Robert C.
Vaughan

Series

Example 6.1. Let x € R and a, = x", so that

x — Xn+1

Sh=x+x24 . X = . (x #1).

By Example 4.9, when |x| < 1 we have limp_,, x" = 0.
Thus, in that case the series converges and we have

. X
n||_>moos,, = ﬁ (|X| < 1)

If x =1, then s, = n is unbounded and thus divergent.
If x| > 1. Let y = |x| — 1. Then by the binomial
inequality we have |x|" = (1+y)" > 1+ ny and, as

y >0, (sp) is unbounded once more and so divergent.
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By Example 4.9, when |x| < 1 we have limp_,, x" = 0.
Thus, in that case the series converges and we have

. X
n||_>moos,, = ﬁ (|X| < 1)

If x =1, then s, = n is unbounded and thus divergent.

If x| > 1. Let y = |x| — 1. Then by the binomial
inequality we have |x|" = (1+y)" > 1+ ny and, as

y >0, (sp) is unbounded once more and so divergent.
lfx=-1,s,=-141-14+1—---4+(—1)" = —1 when
n is odd, and 0 when n is even.
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n is odd, and 0 when n is even.

Since a sequence cannot have two limits the series again
diverges, even though it is bounded.
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Example 6.1. Let x € R and a, = x", so that

x — Xn+1

Sh=x+x24 . X = . (x #1).

By Example 4.9, when |x| < 1 we have limp_,, x" = 0.
Thus, in that case the series converges and we have

. X
n||_>moos,, = E (|X| < 1)

If x =1, then s, = n is unbounded and thus divergent.

If x| > 1. Let y = |x| — 1. Then by the binomial
inequality we have |x|" = (1+y)" > 1+ ny and, as

y >0, (sp) is unbounded once more and so divergent.
lfx=-1,s,=-141-14+1—---4+(—1)" = —1 when
n is odd, and 0 when n is even.

Since a sequence cannot have two limits the series again

diverges, even though it is bounded.
oo

Thus we conclude that Z x" converges if and only if
n=1
|x| <1, and in that case it sums to 1*.



® Example 6.2. Let a,

(n(n+ 1))_1. Then

1
34 T a1

«O> «Fr «=>»

«E)»

DA



Introduction
to Analysis:
Series

Robert C.
Vaughan

Series

* Example 6.2. Let a, = (n(n+ 1))71. Then

" 12 23 34 n(n+1)

m=1
® The nice thing about this series is there is an exact
formula for the sum of the first n terms.
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Example 6.2. Let a, = (n(n+ 1))71. Then

n
1 1 1 1
w=2 =it a3t et

The nice thing about this series is there is an exact
formula for the sum of the first n terms.

In fact s, =1—(n+1)7!

One way to see this is to apply induction. The base case

1
nzlgivesslzizl—m.
Now suppose the formula has been verified for n. Then
1
Smil=Sn+ ———— =1— -
LT T 3 1) (n+ 2) n+1  (n+1)(n+2)

(n+2)-1 1

(n+1)(n+2) =~ (n+1)+1
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Example 6.2. Let a, = (n(n+ 1))71. Then

n
1 1 1 1
w=2 =it a3t et

The nice thing about this series is there is an exact
formula for the sum of the first n terms.

In fact s, =1—(n+1)7!

One way to see this is to appl/y induction. The base case
nzlg/vesslzizl—m.

Now suppose the formula has been verified for n. 71'hen

Sl =St TN ) nrl (nr D+ 2)
(n+2)-1 1
S (n+1)(n+2) T (h+1)+1
Now we let n — oco. Thus s, — 1. Hence
= 1
m(m+1):1'

m=1
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® Hence we have an increasing sequence bounded above.
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Vaughan m=1

- ® Since each by, > 0, (up) is an increasing sequence.
eries
1

1
® Moreover, when m > 2 we have — < —F——so
m m(m—1)

1

1 1
Un:1+*+?+"'+?

22
S U S S
- 1.2 23 (n—1)n
=14s,1
in the notation of the previous example.

1
® Therefore forn > 2, u, <2 — — < 2.

® Hence we have an increasing sequence bounded above.

® Thus by the monotonic convergence theorem u, converges.

® This is yet another example where we have established
convergence but do not yet have the tools to give the
value of the limit.
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® An immediate consequence of the definition.

Theorem 1

Suppose that
n
=S e
m=1

converges. Then the tail of the series

(oe)
t, = Z am

m=n+1

satisfies
lim t, =0

n—oo

and lim, - a, =0
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® An immediate consequence of the definition.

Theorem 1

Suppose that
n
=S e
m=1

converges. Then the tail of the series
o0
= Y &
m=n+1

satisfies

lim t, =0

n—o0
and lim, - a, =0

® Proof. Let ¢ denote the value of the infinite series. Then

t,=0—5s,— 0and a, = t,_1 — t,.
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Combination Theorem for Series

® \We can now port over the theory of sequences. For
example the following is immediate.

Theorem 2 (The Combination Theorem for Series)

Suppose that
o0 o0
Z an and Z by
n=1 n=1

converge to o and (3 respectively and A and i are real
numbers. Let
Cnh = Aap + pb, (n € N).

Then
(ee)
>
n=1

converges to Aa + uf.
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in the form of an algorithm. Be warned that most of the
really interesting series fall outside the scope of this
algorithm!
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Because series are so important there are various tests and
criteria for their convergence, and these can be presented
in the form of an algorithm. Be warned that most of the
really interesting series fall outside the scope of this
algorithm!

Suppose that (a,) is a real sequence and s, is defined by

n
Sp = E am.
m=1

Then we are concerned with the existence of

oo
Zam:31+32+"‘+3n+"'

m=1

There are four steps to the algorithm. If the algorithm
fails to determine the convergence or divergence, then an
ad hoc method will be required.



® Step 1. Iflim,_, a, does not exist, or it does but it is not
(o]

0, then Z a, diverges.

n=1
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® Step 1. Iflim,_, a, does not exist, or it does but it is not
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0, then Z a, diverges.
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® Step 2. The Comparison Test. Comparison with a known
series. There are two cases.
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o Anstyse Algorithm to Test Series for Convergence
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® Step 1. I/flim,_, a, does not exist, or it does but it is not
[e.e]
Tests for Or then E dnp diVerges.
Convergence

n=1
® Step 2. The Comparison Test. Comparison with a known
series. There are two cases.

of Series

® 2.1. Suppose that |a,| < b, for every n € N and Z b,

n=1

o
converges. Then so does g an.

n=1
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Algorithm to Test Series for Convergence

Step 1. Iflim,_, a, does not exist, or it does but it is not

[e.e]
0, then Z an diverges.

n=1
Step 2. The Comparison Test. Comparison with a known
series. There are two cases.

2.1. Suppose that |a,| < b, for every n € N and Z b,

n=1

o
converges. Then so does g an.

n=1
(o)
2.2. Suppose that 0 < ¢, < a, for every n € N and Z Cn
n=1

o
diverges. Then so does Z an.

n=1
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® Step 3. The ratio test. Suppose that a, 7% 0 for every

. a . .
large n and lim "1 exists. Let its value be £.

n—o0

an

If £ <1, then Za,, converges and if £ > 1, then it
n=1
diverges.

If £ =1, then no conclusion can be made.
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® Step 3. The ratio test. Suppose that a, 7% 0 for every

a . .
nt11 exists. Let its value be £.

large n and lim
n—oo

an

If £ <1, then Za,, converges and if £ > 1, then it
n=1

diverges.

If £ =1, then no conclusion can be made.

® There are more sophisticated versions of 3., e.g. the n-th

root test, but if Step 3. fails these other versions are
unlikely to do any better.
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Algorithm to Test Series for Convergence

® Step 3. The ratio test. Suppose that a, 7% 0 for every

a . .
nt11 exists. Let its value be £.

large n and lim
n—oo

an

If £ <1, then Za,, converges and if £ > 1, then it
n=1

diverges.

If £ =1, then no conclusion can be made.

There are more sophisticated versions of 3., e.g. the n-th
root test, but if Step 3. fails these other versions are
unlikely to do any better.

Step 4. The Leibnitz (or alternating series) test. Suppose
there is a sequence (d,) which is (i) non-negative, (ii)
decreasing and (iii) satisfies n||_>n;0 dn, =0 and (iv)

o
ap = (—1)""1d,. Then Zan converges.

n=1



n=1

® Example 6.4. The series Z(—l)" diverges because
(=1)" 4 limit as n —.
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n=1

® Example 6.4. The series Z(—l)” diverges because
(=1)" 4 limit as n —.

® Example 6.5. The series Z(l —1/n)? diverges because
n=1
. _ 2 _
nll)ngo(l 1/n)*=1#0.
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oo
e Example 6.4. The series Z(—l)" diverges because
n=1

(=1)" 4 limit as n —.

oo
e Example 6.5. The series Z(l —1/n)? diverges because
n=1

lim (1~ 1/n)? =14#0.

oo
1 .
® Example 6.3. Z —5 gives an example of convergence by
. om=1 m
the comparison test.
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Algorithm to Test Series for Convergence

oo
Example 6.4. The series Z(—l)" diverges because
n=1

(=1)" 4 limit as n —.

oo
Example 6.5. The series Z(l —1/n)? diverges because
n=1

lim (1~ 1/n)? =14#0.

oo
1 .
Example 6.3. Z —5 gives an example of convergence by
. om=1 m
the comparison test.

Crucial for comparison is a range of useful examples.
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Algorithm to Test Series for Convergence

oo
Example 6.4. The series Z(—l)" diverges because
n=1

(=1)" 4 limit as n —.

oo
Example 6.5. The series Z(l —1/n)? diverges because
n=1

lim (1~ 1/n)? =14#0.

oo
1 .
Example 6.3. Z —5 gives an example of convergence by
. om=1 m
the comparison test.

Crucial for comparison is a range of useful examples.

oo
1
We will show later that E — diverges. Then it follows
n
n=1

from part 2 of the comparison test that if ¢ < 1, then

o0

1
Z — diverges.
n

n=1
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* Example 6.6. Let a, = (n!)?/(2n)!. Then

st | _ @0+ 1)) (nt1)?

an (2n+2)!(n1)2 — (2n+1)(2n +2)

o
® Hence Z an converges by the ratio test.

n=1

1
X
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Example 6.6. Let a, = (n!)?/(2n)!. Then

st | _ @0+ 1)) (nt1)?

an (2n+2)!(n1)2 — (2n+1)(2n +2)

o

Hence Z an converges by the ratio test.
n=1

® Here is a more elaborate version.

1
X



oo e Example 6.6. Let a, = (n!)?/(2n)!. Then
Series
Robert C. anc1|  (2n)((n+ 1)1)? (n+1)? o 1
aughan = _= —.
an (2n+2)!(n!)? 2n+1)2n+2) 4
Tests for &
S ® Hence Z an converges by the ratio test.
n=1

® Here is a more elaborate version.
Example 6.7 Let x € R and b, = (n!)?x"/(2n)!. Then
2m((n+ 1)!)2

= @+ X =

bn+1
bn

(n+1)%x] x|
@n+1)(2n+2) 4
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Example 6.6. Let a, = (n!)?/(2n)!. Then

anit| _ @M+ (01?1
a, | (@n+2)(n))2  (2n+1)(2n+2) "4
o
Hence Z an converges by the ratio test.
n=1

Here is a more elaborate version.
Example 6.7 Let x € R and b, = (n!)?x"/(2n)!. Then
2m((n+ 1)!)2

= @+ X =

bn+1
bn

(n+ 12X Ix

o
So Z by converges for |x| < 4 and diverges for |x| > 4.

n=1

|
(2n+1)2n+2) 4
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Example 6.6. Let a, = (n!)?/(2n)!. Then

anit| _ @M+ (01?1
a, | (@n+2)(n))2  (2n+1)(2n+2) "4
o
Hence Z an converges by the ratio test.
n=1

Here is a more elaborate version.
Example 6.7 Let x € R and b, = (n!)?x"/(2n)!. Then
2m((n+ 1)!)2

= @+ X =

bn+1
bn

(n+ 12X Ix

o
So Z by converges for |x| < 4 and diverges for |x| > 4.
n=1

Note that nothing can be concluded when |x| = 1.

|
(2n+1)2n+2) 4
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Example 6.6. Let a, = (n!)?/(2n)!. Then

anit| _ @M+ (01?1
a, | (@n+2)(n))2  (2n+1)(2n+2) "4
o
Hence Z an converges by the ratio test.
n=1

Here is a more elaborate version.
Example 6.7 Let x € R and b, = (n!)?x"/(2n)!. Then
2m((n+ 1)!)2

= @+ X =

bn+1

12
: (12

@n+1)(@2n+2) 4

o

So Z by converges for |x| < 4 and diverges for |x| > 4.
n=1

Note that nothing can be concluded when |x| = 1.

By more sophisticated arguments the series can be shown

to converge when x = —% and diverge when x = %.



n

e Example 6.8. Let x € R and ¢, =

nl’
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n
e Example 6.8. Let x € R and ¢, = —
n!
® Then | »
Cn+1 n! X
— — —
Cn (n—i—l)!‘x| n+1

regardless of the value of x.
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e Example 6.8. Let x € R and ¢, = X

® Then | ‘ |
n! X

Ch+1
Cn

BCES e

regardless of the value of x.

® Hence
o n

>

n=1

converges for every real x.
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Robert C.
Vaughan ° Then
Coy1|  nl x| = x|
Cn (n+1)! n+1
Tests for
S regardless of the value of x.
® Hence
X n
> -
n!
n=1
converges for every real x.
[ ]

The following function is very important.

OOXn OOXn
eXp(X):1+Zﬁ:Zﬁ
n=1 " n=0
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Series e Example 6.8. Let x € R and ¢, = —.
Robert C. n!
Vaughan ® Then
Cht1 n! X
Cn (n'+'1)! n+1
Tests for
S regardless of the value of x.
® Hence
o0
>
n!
n=1

converges for every real x.

The following function is very important.

> x" > x"
exp(x) =1+ —=> "
n=1 " n=0

Note that here we have deployed the conventions 0! =1
and that in such series x’ = 1 even when x = 0.
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e [finstead a, = % then the series converges.
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n—o0




Introduction
to Analysis:
Series

Robert C.
Vaughan e Example 6.9. /fa, = 1 for every n, we have s, = n and so
o
Tests for E an
Convergence
of Series n=1
diverges.
e [finstead a, = % then the series converges.
® But in either case we have
. dn+1
lim |22 = 1.
n—oo an
® This explains why the ratio test cannot have any

conclusion when the limit is 1.



e Example 6.10. Let

a, = (—]_)n_]_

<O < Fr <=

«=»
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e Example 6.10. Let

_ (_1)n—1
n — \/ﬁ .
® \We apply the alternating series test with

«O>» «Fr «Z» <
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to Analysis:

Series (_1)n_1

Robert C. an =

Vaughan \/ﬁ

® We apply the alternating series test with

Tests for

Convergence 1
f Seri _
of Series dn —

NG
® For every n € N we have d, > 0 and
dny1 = ; < i =
Vn+1 +/n

so d, is decreasing and

dn

lim d, =0.

n—oo
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Tests for
Convergence
of Series

Example 6.10. Let
(-1
vnoo
We apply the alternating series test with
1
dp=—.
n \/ﬁ
For every n € N we have d, > 0 and
d 1 < 1
T nrl

so d, is decreasing and

dpn =

dn

lim d, =0.

n—oo

Thus
o
> an
n=1

converges by the Leibnitz test.



® The first test is easily dealt with.

If lim,_,o an does not exist, or it does but is not 0, then

o9
> en
n=1

diverges.

40> «Fr « =)
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Proofs of the Tests

® The first test is easily dealt with.

Theorem 3

If lim,_, o a, does not exist, or it does but is not 0, then
o
> an
n=1

diverges.
n

® Proof. Suppose on the contrary that s, = Z am
m=1

converges. Then, by Thoerem 6.1

lim a, =0
n—oo

contradicting the hypothesis.
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® The remaining tests are more demanding.

Theorem 4

o
1. Suppose that |a,| < by, for every n € N and Z bn,

n=1
(o]
converges. Then so does Z an.
n=1
o
2. Suppose that 0 < ¢, < a, for every n € N and Z Cn

n=1

o
diverges. Then so does Z an-

n=1



® Restatement of Theorem 6.4.1. Suppose that |a,| < by, for

every n € N and Z by, converges. Then so does Z an.
n=1

n=1

«O>» «Fr «Z» «E>»
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® Restatement of Theorem 6.4.1. Suppose that |ap| < by, for

every n € N and Z b, converges. Then so does Z an.
n=1 n=1
® Proof of 1. We first treat a special case. Suppose

0< A, <b,. Letu,,-ZAmandB me. Then

Proofs of the
Tests

m=1
n 00
Un<zbmgzbn:Ba
m=1 m=1

so (u,) is bounded above.
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® Restatement of Theorem 6.4.1. Suppose that |ap| < by, for

every n € N and Z b, converges. Then so does Z an.
n=1 n=1
® Proof of 1. We first treat a special case. Suppose
o0

0< A, <b,. Letu,,-ZAmandB me. Then

Proofs of the
Tests

m=1
n 00
Un<zbmgzbn:Ba
m=1 m=1

so (u,) is bounded above.

® As the A, are non-negative, the sequence is increasing.
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® Restatement of Theorem 6.4.1. Suppose that |ap| < by, for

every n € N and Z b, converges. Then so does Z an.
n=1 n=1
® Proof of 1. We first treat a special case. Suppose
o0

0< A, <b,. Letu,,-ZAmandB me. Then

Proofs of the
Tests

m=1
n 00
Un<zbmgzbn:Ba
m=1 m=1

so (u,) is bounded above.
® As the A, are non-negative, the sequence is increasing.

® Hence (u,) converges.



o s Proofs of the Tests

Series

Robert C.
Vaughan

® Restatement of Theorem 6.4.1. Suppose that |ap| < by, for

every n € N and Z b, converges. Then so does Z an.
n=1 n=1
® Proof of 1. We first treat a special case. Suppose
o0

0< A, <b,. Letu,,-ZAmandB me. Then

Proofs of the
Tests

m=1
n 00
Un<zbmgzbn:Ba
m=1 m=1

so (u,) is bounded above.
® As the A, are non-negative, the sequence is increasing.
® Hence (u,) converges.

® Now we turn to the general case |a,| < b, for every n € N.



D, = an If (an > O)a E, = 0 i (an . 0),
0 if (an <0),

—a,

if (a, < 0).

<O «Fr «=)H»

«=»

Q>



® | et

D, = {zn if (an > 0),

B if (an > 0),
if (a, <0), |—a, if(a,<D0).
® Then0< D, <b,and 0 < E, < b,.
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® | et

ap if (an >0), 0 if (an > 0),
Dn = . n —

0 if (an, <0), —a,
® Then0< D, <b,and 0 < E, < b,.
® Hence

if (an < 0).

o0 o0
Z D, and Z E,
n=1 n=1

both converge.

«O> «Fr «=>»
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Proofs of the Tests

Let
D, — an ?f (ap > 0), E — 0 ff (ap > 0),
0 if(ap <0), —a, if (ap <0).
Then 0 < D, < b, and 0 < E, < b,,.
Hence

[oe) o
Z D, and Z E,
n=1 n=1

both converge.

Thus by the combination theorem, Theorem 2,
Z(Dn - En)
n=1

converges.
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Proofs of the Tests

Let

D, — an ?f (ap > 0), E — 0 ff (ap > 0),
0 if(ap <0), .

Then 0 < D, < b, and 0 < E, < b,,.

Hence
[oe) o
Z D, and Z E,
n=1 n=1

both converge.
Thus by the combination theorem, Theorem 2,

o)

Z(Dn - En)

n=1
converges.
But D, — E,, = a, for every n € N.



® Restatement of Theorem 6.4.2. Suppose that 0 < ¢, < a,
o0 [o.¢]

n=1

for every n € N and Z cp diverges. Then so does Z an.

n=1

«O> «Fr «=>»

«E)»
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® Restatement of Theorem 6.4.2. Suppose that 0 < ¢, < a,
o0 [o.¢]

n=1

for every n € N and Z cp diverges. Then so does Z an.
® Proof of 2. Let

n=1

«Or «Fr o«
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-
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® Restatement of Theorem 6.4.2. Suppose that 0 < ¢, < a,
o0 [o.¢]

for every n € N and Z cp diverges. Then so does Z an.
n=1
® Proof of 2. Let

n=1

® Since each ¢, > 0, t, is an increasing sequence.
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Proofs of the Tests

Restatement of Theorem 6.4.2. Suppose that 0 < ¢, < a,
oo o0

for every n € N and Z ¢n diverges. Then so does Z an.

n=1 n=1

n
th, = E Cm-
m=1

Since each ¢, > 0, t, is an increasing sequence.

Proof of 2. Let

o0
If the sequence (t,) were bounded then the series Z Cn
n=1
would have to converge.

Hence it is unbounded.
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Proofs of the Tests

Restatement of Theorem 6.4.2. Suppose that 0 < ¢, < a,
oo o0

for every n € N and Z ¢n diverges. Then so does Z an.

n=1 n=1

n
th, = E Cm-
m=1

Since each ¢, > 0, t, is an increasing sequence.

Proof of 2. Let

o0
If the sequence (t,) were bounded then the series Z Cn

n=1
would have to converge.
Hence it is unbounded.
o
But s, > t,, so (s,) is unbounded and hence Zan
n=1

diverges.



® The Ratio Test.

Suppose that a, # 0 for every large n and

dn+1
dn

n—o00

exists. Let its \g%lue be /.

If¢ < 1, then Z an converges.

n=1

o0
If¢ > 1, then Z a, diverges.

n=1

«O» «Fr «=»

« =
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® We assume that lim |apy1/a,| = ¢. Of course £ > 0.
n—o00
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® We assume that lim |apy1/a,| = ¢. Of course £ > 0.
n—o00

oo
® Suppose first £ < 1. The plan is to compare with Zx".

n=1

«O> «Fr «=>»
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® We assume that lim |apy1/a,| = ¢. Of course £ > 0.
n—o00

oo
® Suppose first £ < 1. The plan is to compare with Zx".

n=1
® |lete= 17_5 and choose N € N so that whenever n > N

we have ||apt1/an| — ¢ < € and so |api1/an] — € < e.

«O> «Fr «Er =)
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o s Proof of the Ratio Test

Series

i, ® We assume that lim |a,y1/an| = ¢. Of course £ > 0.
n—o00 -
® Suppose first £ < 1. The plan is to compare with ZX”.
n=1
oronte of the ® |lete= IT_K and choose N € N so that whenever n > N
Tests we have ||apt1/an| — €| < € and so |apt+1/an| — € < €.
° Putx—ﬁ—i-asothatX—ﬁ%—lT_g 1T+£ <1 and

|an+1/an| < x whenever n > N.
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Proof of the Ratio Test

We assume that lim |a,11/a,| = ¢. Of course ¢ > 0.
n—oo

oo
Suppose first £ < 1. The plan is to compare with ZX”.
n=1
Let € = IT_K and choose N € N so that whenever n > N
we have ||apt1/an| — €| < € and so |apt+1/an| — € < €.
1—¢ 1+/4

Putx—€+€sothatX—€+T T<1and

|an+1/an| < x whenever n > N.
Now by induction on n > N we have |a,| < x"|ay|x~V
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Proof of the Ratio Test

We assume that lim |a,11/a,| = ¢. Of course ¢ > 0.
n—oo

oo
Suppose first £ < 1. The plan is to compare with ZX”.
n=1
Let € = IT_K and choose N € N so that whenever n > N
we have ||apt1/an| — €| < € and so |apt+1/an| — € < €.
1—¢ 1+/4

Putx—€+€sothatX—€+T T<1and

|an+1/an| < x whenever n > N.

Now by induction on n > N we have |a,| < x"|an|x~ "V
To see this take the base case as n = N and then given
n < N we have |ap1| < x|a,| < x" apy|xV
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Proof of the Ratio Test

We assume that lim |a,11/a,| = ¢. Of course ¢ > 0.
n—oo

oo
Suppose first £ < 1. The plan is to compare with ZX”.
n=1
Let € = 17_5 and choose N € N so that whenever n > N
we have ||apt1/an| — €| < € and so |apt+1/an| — € < €.
1—¢ 1+/4

Putx_ﬁ—l—asothatX—E—&-T T<1and

|an+1/an| < x whenever n > N.
Now by induction on n > N we have |a,| < x"|an|x~ "V
To see this take the base case as n = N and then given
n < N we have |ap1| < x|a,| < x" apy|xV

o0

By Example 6.1 Zx” converges. Hence Zx”|aN|x*N
n=1 n=1

converges. Thus, by comparison g an converges.
n=N



® We assume that lim |a,11/an] = ¢.
n—oo
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® We assume that lim |a,11/an] = ¢.
n—oo
® Now suppose that ¢ > 1.

«Or «Fr o«

DA



® We assume that lim |a,11/an] = ¢.
n—oo
® Now suppose that ¢ > 1.

® Then, by taking ¢ = ¢ — 1 in the definition of convergence

it follows that there is an N € N so that whenever n > N
we have

an+1
dn

«O> «Fr «Er =)
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® We assume that lim |a,11/an] = ¢.
n—oo
® Now suppose that ¢ > 1.

® Then, by taking ¢ = ¢ — 1 in the definition of convergence
it follows that there is an N € N so that whenever n > N
we have
2ni1
an

® Hence
lans1| > |an| > ... |an| > 0.

«O>» «Fr «=)r « =)
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Proof of the Ratio Test

We assume that lim |a,11/an] = ¢.
n—0o0

Now suppose that ¢ > 1.

Then, by taking ¢ = ¢ — 1 in the definition of convergence
it follows that there is an N € N so that whenever n > N

we have
an+1

an

Hence
lant1] > |an| > ...]an| > 0.

Thus either lim,_~ a, does not exist or
||imn—>oo an’ > |3N‘ > 0,
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Proof of the Ratio Test

We assume that lim |a,11/an] = ¢.
n—0o0
Now suppose that ¢ > 1.

Then, by taking ¢ = ¢ — 1 in the definition of convergence
it follows that there is an N € N so that whenever n > N

we have
an+1

an

Hence
lant1] > |an| > ...]an| > 0.

Thus either lim,_~ a, does not exist or
||imn—>oo an’ > |3N‘ > 0,

so the second part of the theorem follows from Theorem
6.2.
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® The following test is not part of the algorithm. For most
applications it is easier to use the ratio test. It does have
the merit of not requiring a, # 0 and there is an
important application later to power series.

Theorem 6

If the sequence b, = |a,|'/" is bounded and limsup b, < 1,

n—o0o

then Z ap converges absolutely. If (b,) is unbounded, or it is

n=1
bounded but limsup b, > 1, then the series diverges.
n—o0
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The Root Test

® The following test is not part of the algorithm. For most
applications it is easier to use the ratio test. It does have
the merit of not requiring a, # 0 and there is an
important application later to power series.

Theorem 6

If the sequence b, = |a,|'/" is bounded and limsup b, < 1,

n—o0o

then Z ap converges absolutely. If (b,) is unbounded, or it is

n=1
bounded but limsup b, > 1, then the series diverges.
n—o0

e Given any non-negative number ¢ we mean by ¢/” the
positive real number x such that x" = c.
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The Root Test

® The following test is not part of the algorithm. For most
applications it is easier to use the ratio test. It does have
the merit of not requiring a, # 0 and there is an
important application later to power series.

Theorem 6

If the sequence b, = |a,|"/"

is bounded and limsup b, < 1,

n—o0o

then Z ap converges absolutely. If (b,) is unbounded, or it is

n=1
bounded but limsup b, > 1, then the series diverges.
n—oo
e Given any non-negative number ¢ we mean by ¢/” the
positive real number x such that x" = c.

® We can establish the existence of such a number by taking
x=sup{r:reQ,r>0,r"<c}



Introduction
to Analysis:
Series

Robert C.
Vaughan

Proofs of the
Tests

The Root Test

® The following test is not part of the algorithm. For most
applications it is easier to use the ratio test. It does have
the merit of not requiring a, # 0 and there is an
important application later to power series.

Theorem 6

1/n js bounded and limsup b, < 1,

n—o0o

If the sequence b, = |ap|

then Z ap converges absolutely. If (b,) is unbounded, or it is

n=1
bounded but limsup b, > 1, then the series diverges.
n—o0

e Given any non-negative number ¢ we mean by ¢/” the
positive real number x such that x" = c.

® We can establish the existence of such a number by taking
x=sup{r:reQ,r>0,r"<c}

o | will skip the proof. It can be read in the course text.
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® \We now come to the final part of our algorithm.
Theorem 7 (The Leibnitz Test)
Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
oo

. - . _(_1\n—1
nll_>nc1>o d, =0, and (iv) a, = (—1)"""d,. Then Z an, converges.

n=1
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® \We now come to the final part of our algorithm.
Theorem 7 (The Leibnitz Test)
Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
(e
nll_>nc1>o d, =0, and (iv) a, = (—1)""'d,. Then Z an, converges.

n=1

n
® Proof. Let s, = Z an. Then, as dapy1 > dont2, Song2 =
m=1
Son + a2n+2 + @2n41 = S2n — dong2 + dopy1 > Sop.
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e Theorem 7 (The Leibnitz Test)
Robert C.
Vaughan
’ Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
oo
lim d, =0, and (iv) a, = (—1)""1d,. Then Z a, converges.
n—o00 —1
Proofs of the n
Tests ® Proof. Let s, = Z an,. Then, as d2n_|_1 > d2n+2, Sont2 =

m=1
Son + @2ny2 + ant1 = S2p — dopg2 + dony1 > Sop.
® Likewise Spp1 = Sop—1 + Gont1 — don < Sop—1.



Introduction ® \We now come to the final part of our algorithm.
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e Theorem 7 (The Leibnitz Test)
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’ Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
oo
lim d, =0, and (iv) a, = (—1)""1d,. Then Z a, converges.
n—o00 —1
Proofs of the n
Tests ® Proof. Let s, = Z an,. Then, as d2n_|_1 > d2n+2, Sont2 =

m=1
Son + @2ny2 + ant1 = S2p — dopg2 + dony1 > Sop.
® Likewise Spp1 = Sop—1 + Gont1 — don < Sop—1.

® Hence (sp,) is increasing and (sp,—1) is decreasing.
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® \We now come to the final part of our algorithm.
Theorem 7 (The Leibnitz Test)
Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
oo

. - . _ (_1\n—1
nll_>nc1>o d, =0, and (iv) a, = (—1)"""d,. Then Z an, converges.

n=1

n
® Proof. Let s, = Z an. Then, as dapy1 > dont2, Song2 =
m=1
Son + @2n+2 + @2n+1 = S2n — d2nt2 + d2nt1 = S2n-
® Likewise Spp1 = Sop—1 + Gont1 — don < Sop—1.
® Hence (sp,) is increasing and (sp,—1) is decreasing.
® We also have sy, = o1 + aon = Sop—1 — dopn < Spp_1 SO
that
254 <5< ...< s <SHp-1 < <5553 <5,
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® \We now come to the final part of our algorithm.
Theorem 7 (The Leibnitz Test)
Suppose (dn) is (i) non-negative, (ii) decreasing, (iii) satisfies
oo

. - . _ (_1\n—1
nll_>nc1>o d, =0, and (iv) a, = (—1)"""d,. Then Z an, converges.

n=1

n
® Proof. Let s, = Z an. Then, as dopt1 > dopyo, Sopt2 =
m=1
Son + @2n42 + @2n11 = S2n — d2ng2 + dony1 > Son.
® Likewise Spp1 = Sop—1 + Gont1 — don < Sop—1.
® Hence (sp,) is increasing and (sp,—1) is decreasing.
® We also have sy, = o1 + aon = Sop—1 — dopn < Spp_1 SO
that
254 <5< ...< s <SHp-1 < <5553 <5,
® Thus (sp,) is bounded above by s; and (sp,—1) is bounded
below by s», and so both converge, to, say, ¢1 and /5.
Then 01 — 0 = lim (spp—1 — S2n) = lim dy, = 0. Let
n—oo n—oo
{= 51 = 62. Then Iim,,_mo Sp = l.



® There is a terminology which can now be introduced,
following Theorem 6.4.
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® There is a terminology which can now be introduced,
following Theorem 6.4.

¢ Definition 6.2. A series
oo
>
n=1
is absolutely convergent when

oo
> lanl
n=1

converges.

(4.4)
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Robert C. ® There is a terminology which can now be introduced,
Vaughan .
‘ following Theorem 6.4.

® Definition 6.2. A series

oo
> ap (4.4)
n=1
Further

leeEms is absolutely convergent when

Examples
o
> lanl (45)
n=1

converges.

® When (4.4) converges but (4.5) diverges we call the series
(4.4) conditionally convergent.



® Note that a convergent series is not necessarily absolutely
convergent.
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® Note that a convergent series is not necessarily absolutely
convergent.

® For example

oo

> -
n=1 ﬁ

converges by the Leibnitz test, Theorem 6.7,
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® Note that a convergent series is not necessarily absolutely
convergent.

® For example

= (-1t
2

converges by the Leibnitz test, Theorem 6.7,

® but
y L
n=1 \/E
diverges since the n-th partial sum is bounded below by
\/n and so is unbounded.



® The following is a corollary of the comparison test.
Every absolutely convergent series is convergent.
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® The following is a corollary of the comparison test.
Theorem 8

Every absolutely convergent series is convergent.

® |ndeed any series which passes part 1. of Theorem 6.4 is
automatically absolutely convergent.
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® The following is a corollary of the comparison test.

Theorem 8
Every absolutely convergent series is convergent.
® Indeed any series which passes part 1. of Theorem 6.4 is

automatically absolutely convergent.
® Proof. Take b, = |a,| in part 1. of the comparison test.
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® The following is a corollary of the comparison test.

Theorem 8
Every absolutely convergent series is convergent.
® Indeed any series which passes part 1. of Theorem 6.4 is
automatically absolutely convergent.

® Proof. Take b, = |a,| in part 1. of the comparison test.
® Absolute convergence confers a useful further property.

Theorem 9
Let f : N — N be a permutation of N. That is, f is a bijection
- for every n € N there is a unique m € N such that f(m) = n.

o
Suppose, moreover, that Z a, converges absolutely. Then so

n=1

does i ar(n) and i ar(n) = i an.
n=1 n=1 n=1
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® The following is a corollary of the comparison test.

Theorem 8
Every absolutely convergent series is convergent.
® Indeed any series which passes part 1. of Theorem 6.4 is
automatically absolutely convergent.

® Proof. Take b, = |a,| in part 1. of the comparison test.
® Absolute convergence confers a useful further property.

Theorem 9
Let f : N — N be a permutation of N. That is, f is a bijection
- for every n € N there is a unique m € N such that f(m) = n.

o
Suppose, moreover, that Z a, converges absolutely. Then so

n=1
does Z ar(n) and Z ar(n) = Z an.
n=1 n=1 n=1

® However one rearranges an absolutely convergent series the
sum is the same. This is false for conditional_convergence,



® The details of the proof of the rearrangement theorem are
in the course text.
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® The details of the proof of the rearrangement theorem are
in the course text.

® The proof is an application of the Cauchy condition for
convergence.
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® The details of the proof of the rearrangement theorem are
in the course text.

® The proof is an application of the Cauchy condition for
convergence.

® Given ¢ and a suitable N one needs to choose an M so
that f(m) > N when m > M.
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1

Suppose that o € R and o < 1. Then the series —
n
. n=1
Further diverges.
Theorems and
Examples
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e Often the ratio test is useless, because the comparison is
with a series which converge or diverges exponentially fast.
Most series converge or diverge much more slowly. The
series considered below are more useful.

Theorem 10

(o.0]
1
Suppose that o € R and o < 1. Then the series g —
nO'
n=1
diverges.

® Proof. We argue by contradiction. Suppose that the series
n
. . 1
converges and let £ be its sum. Consider s, = —.
m
m=1
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e Often the ratio test is useless, because the comparison is
with a series which converge or diverges exponentially fast.
Most series converge or diverge much more slowly. The
series considered below are more useful.

Theorem 10

(o.0]
1
Suppose that o € R and o < 1. Then the series g —
nO'
n=1
diverges.

® Proof. We argue by contradiction. Suppose that the series
n
. . 1
converges and let £ be its sum. Consider s, = —.
m
m=1

® Then (s,) converges to ¢ and hence so does (sp,).
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Series with a series which converge or diverges exponentially fast.
Robert © Most series converge or diverge much more slowly. The
aughan ] i
series considered below are more useful.
Theorem 10
= 1
Suppose that o € R and o < 1. Then the series —
. n=1 n
Further diverges.
Theorems and
Bxamples ® Proof. We argue by contradiction. Suppose that the series
n
. . 1
converges and let £ be its sum. Consider s, = —.
m
m=1

® Then (s,) converges to ¢ and hence so does (sp,).
® Therefore lim (s, —s,) =¢— ¢ =0. But
n—oo
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Introduction e Often the ratio test is useless, because the comparison is

to Analysis:

Series with a series which converge or diverges exponentially fast.
Robert © Most series converge or diverge much more slowly. The
aughan ] i
series considered below are more useful.
Theorem 10
= 1
Suppose that o € R and o < 1. Then the series —
. n=1 n
Further diverges.
Theorems and
Bxamples ® Proof. We argue by contradiction. Suppose that the series
n
. . 1
converges and let £ be its sum. Consider s, = —.
m
m=1

® Then (s,) converges to ¢ and hence so does (sp,).
® Therefore lim (s, —s,) =¢— ¢ =0. But
n—oo

2n 1 2n 1 1
_ __n—0,1—
mow= D n2 D o= 2y
m=n+1 m=n+1

e Taking limits we just showed that 0 > 1.



n=1

® One can contrast the previous theorem with the next one.
o
1
Suppose that o € R and 0 > 1. Then E — converges.
n
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® One can contrast the previous theorem with the next one.

Theorem 11

o
1
Suppose that 0 € R and o0 > 1. Then Z — converges.
nO'
n=1
® Proof. We have n° > 0 for every n € N. Thus the partial
n

sums s, = E — form an increasing sequence.
m

m=1
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Theorem 11
(0.0
1
Suppose that 0 € R and o0 > 1. Then Z — converges.
n=1 n
further ® Proof. We have n° > 0 for every n € N. Thus the partial
eorems an: n
Examples

sums s, = Z - form an increasing sequence.
m=1
® Hence it suffices to show that the subsequence (sy«) is
bounded above, i.e. s, < B for every k € N, because
given n the Archimedean property ensures that there is a
k with n < 2K and then it follows that s, < sk < B.



n
® Proof continued. We have s,

m=1
show that (sy«) is bounded.

Z —, and need to
m
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Robert C. m=1
Vaughan show that (s,) is bounded.
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2k 2k—1 no’
n=2k=141
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'T'L;::;rms and - 1+(52—5]_)+' . (52k_52k71) - 52k+1—5]_ - 52k. (46)

Examples
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o Analysis: . 1
B ® Proof continued. We have s, = Z ——, and need to
mO'
Robert C. . m=1
Vaughan show that (sy«) is bounded.
2k 1
° Let tk = 52k — Szk—l = Z ?
n=2k—141
® Then 1+t +6+---tk
'T'L;::;rms and - 1+(52—5]_)+' . (52k_52k71) - 52k+1—5]_ - 52k. (46)
Examples
2 2]—1 -
® Moreover t; = — < ———— = x)7" where
J Z ne — 20—-1)(o)
n:21*1+1

x=2"%andso 0 < x < 1.
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n

1
Proof continued. We have s, = Z ——, and need to
mO'

m=1
show that (sy«) is bounded.
2k
1
Let t, = Sok — Spk—1 = Z ?.
n=2k=141

Then 1+t +6+---tk
=1+(s2—s1)+ - (Spk—Spk—1) = Sok+1—51 = 5. (4.6)

2 2]—1

M P = — < ————=xI"twh
oreover t; Z e = 50-1)(0) X where
n=2—-141
x=2""%andso 0 < x < 1.
k
By Example 6.1 and the comparison test, Z tj converges
j=1

and so by (4.6) (syx) converges and so is bounded, as
required.
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Power Series

We now examine a special class of series which give rise to
many of the most important functions in mathematics and
have myriad applications.

Definition6.3. For a given sequence (a,) of real numbers
consider the series

Alx) =) anx". (5.7)
n=0

We call such a series a power series. Note that we
include a term with n = 0 and by convention x° = 1
regardless of the value of x.
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® The following is the fundamental theorem of power series.

Theorem 12

Given a sequence (a,) of real numbers and the corresponding
power series A(x),
(i) the series converges absolutely for every x and

limsup |a,|*/" =0
n—oo

or (ii) there is a positive real number R such that the series
converges absolutely for all x with |x| < R and diverges for all
x with |x| > R and limsup |a,|'/" = R71

n—oo
or (iii) the series converges for x = 0 only and (|a,|*/") is
unbounded.
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® The following is the fundamental theorem of power series.

Theorem 12

Given a sequence (a,) of real numbers and the corresponding
power series A(x),
(i) the series converges absolutely for every x and

limsup |a,|*/" =0
n—oo
or (ii) there is a positive real number R such that the series
converges absolutely for all x with |x| < R and diverges for all
x with |x| > R and limsup |a,|'/" = R71

n—oo
or (iii) the series converges for x = 0 only and (|a,|*/") is
unbounded.

¢ Definition 6.4. It is conventional to define R in case (ii)
to be the radius of convergence of A(x), and to extend
this to be R = oo in case (i) and R = 0 in case (iii). By

an abuse of notation we could write R = 1/ limsup |a,|*/".
n—oQ



® \We can suppose that x # 0. Let ¢, = a,x".
el = |x||an ™"

Then
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® \We can suppose that x # 0. Let ¢, = a,x". Then
|cal /™ = |x[[an M.

If (|cn|*/") is unbounded, then so is (|a,|*/") and by the
root test the series diverges for all x # 0, which gives case
(iii).
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Proof of Theorem 6.12

® We can suppose that x # 0. Let ¢, = apx”. Then
|eal*™ = [x[[an|*/".

e If (|ca|*/") is unbounded, then so is (|a,|'/") and by the
root test the series diverges for all x # 0, which gives case
(iii).

e If limsup|c,|*/", exists and is non-zero, then likewise for

n—oo
lim sup|a,|*" and we can define R = (lim sup ]a,,\l/”)fl.
n—o0 n—oo
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Proof of Theorem 6.12

We can suppose that x # 0. Let ¢, = a,x". Then

leal™™ = |xllan| ",

If (|cn|*/") is unbounded, then so is (|a,|*/") and by the

root test the series diverges for all x # 0, which gives case

(iii).

If lim sup |c,|*/", exists and is non-zero, then likewise for
n—oo

lim sup|a,|*" and we can define R = (lim sup ]a,,\l/”)fl.
n—o0 n—oo

Then limsup |c,|*/™ = |x|R™! and by the root test the
n—o0o

series converges absolutely when |x| < R and diverges
when |x| > R. which gives (ii).
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Proof of Theorem 6.12

We can suppose that x # 0. Let ¢, = a,x". Then

leal™™ = |xllan| ",

If (|cn|*/") is unbounded, then so is (|a,|*/") and by the

root test the series diverges for all x # 0, which gives case

(iii).

If lim sup |c,|*/", exists and is non-zero, then likewise for
n—oo

lim sup|a,|*" and we can define R = (lim sup ]a,,\l/”)fl.
n—o0 n—oo

Then limsup |c,|*/™ = |x|R™! and by the root test the
n—o0o

series converges absolutely when |x| < R and diverges

when |x| > R. which gives (ii).

Finally, if limsup |c,|*/" = 0, then |x|limsup |a,|*/" =0
n—o0 n—oo

and so limsup |an|'/" = 0.
n—oo



o s Proof of Theorem 6.12

Series

Fixoatlegrﬁacn' ® We can suppose that x # 0. Let ¢, = apx”. Then

el /" = [x] 2]/

e If (|ca|*/") is unbounded, then so is (|a,|'/") and by the
root test the series diverges for all x # 0, which gives case
(iii).

e If limsup|c,|*/", exists and is non-zero, then likewise for

n—oo
: . . -1
lim sup|a,|*" and we can define R = (limsup |a,|"/") .
Power Series =00 n—0o0
e Then limsup|c,|*/" = |x|R™* and by the root test the
n—o0o

series converges absolutely when |x| < R and diverges
when |x| > R. which gives (ii).

® Finally, if limsup|c,|*/" = 0, then |x|limsup |a,|'/" = 0
n—oo n—o0

and so limsup |an|'/" = 0.
n—oo

® Thus by the root test the series converges absolutely for
every x, which gives case (i) and completes the proof.



® We can now introduce some important functions.
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® \We can now introduce some important functions.

® Definition 6.5. Whenever the corresponding series
converges we define

ot =55

n=0
. B o0 (_1)nX2n+1
Sln(X) = ;)(2,7—'-1)‘7

[e.e]

(_l)nx2n
cos(x) = Z T

n=0

Power Series
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® The first part of the following theorem is an easy
consequence of the ratio test and the second part is
obvious.

Theorem 13

(i) Each of the series defining exp, sin and cos has radius of
convergence 0.

(ii) We have exp(0) = 1, sin(0) = 0, cos(0) = 1.
(iii) For every pair of real numbers x and y we have

exp(x + y) = exp(x) exp(y)

and

(9= —

exp(—x) = .

P exp(x)

(iv) For every x € R we have exp(x) > 0.

(v) The function exp(x) is unbounded above, and for every
e > 0 there are x such that exp(x) < e.



Introduction
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Series ® |t remains to prove the following.
Fi/zbuegr;ai- (iii) For every pair of real numbers x and y we have
(x ) = exp(x) exply),  exp(—x) =
exp(x = exp(x) ex xp(—x) = .
p y P P ), P exp(x)

(iv) For every x € R we have exp(x) > 0.
(v) The function exp(x) is unbounded above, and for
every € > 0 there are x such that exp(x) < «.

Power Series
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Series ® |t remains to prove the following.
Fi/zbuegr;ai- (iii) For every pair of real numbers x and y we have
1
exp(x +y) = ep(x)eply), ()= L.

(iv) For every x € R we have exp(x) > 0.
(v) The function exp(x) is unbounded above, and for
every € > 0 there are x such that exp(x) < «.

® For the time being assume (iii). When x > 0 all the terms
in the series are non-negative and the first term is 1. Thus
in this case exp(x) > 0. By the second equation in (iii)
this then follows when x < 0, which establishes (iv).

Power Series
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Series ® |t remains to prove the following.
T/beg:;.' (iii) For every pair of real numbers x and y we have
1
exp(x +y) = ep(x)eply), ()= L.

(iv) For every x € R we have exp(x) > 0.
(v) The function exp(x) is unbounded above, and for
every € > 0 there are x such that exp(x) < «.

® For the time being assume (iii). When x > 0 all the terms
in the series are non-negative and the first term is 1. Thus
in this case exp(x) > 0. By the second equation in (iii)
this then follows when x < 0, which establishes (iv).

Power Series

® For any n € N we have exp(n) =1+ n+--- > n Hence by
the Archimedean property exp is unbounded above.
Moreover by the second equation in (iii) we have
exp(—n) < 1/n. This establishes (v).



® We now prove (iii), that for every pair x and y we have

exp(x + y) = exp(x) exp(y),

exp(—x) = 1/exp(x).
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exp(x + y) = exp(x) exp(y), exp(—x) = 1/exp(x).

Robert C.

Vaughan oo 00 ’X‘m’y‘k
® By the ratio test Z Z Tkl converge absolutely and
mlK:!
m=0 k=0

so by the rearrangement theorem

exp(x) exp(y ZZ mlkl

m=0 k=0

can be rearranged in any way we like.

Power Series



Introduction
to Analysis:
Series

Robert C.
Vaughan

Power Series

® We now prove (iii), that for every pair x and y we have

exp(x + y) = exp(x) exp(y), exp(—x) = 1/exp(x).

mj,, |k
® By the ratio test Z Z M converge absolutely and

m=0 k=0

so by the rearrangement theorem

exp(x

)exp(y Z Z mlkl

m=0 k=0

can be rearranged in any way we Iike

OThUSItISZZ Z mlk' szln—

n=0m=0 k=0 n=0 m=0

m+k=n

3 =g ()

>

n=0

(x+y)"

n!

= exp(x + y).



® There is one other interesting theorem in this chapter.
Suppose that x € R. Then

nli_)n;o(l +x/n)" = nIi_)n;o(l —x/n)"" = exp(x).
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® There is one other interesting theorem in this chapter.

Theorem 14
Suppose that x € R. Then

lim (1+x/n)" = lim (1 —x/n)"" = exp(x).

n—o0 n—o0

® | will not prove it here, but the details can be found in the
course text.
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