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The questions below are interconnected. In at least three places the binomial
inequality

(1 + x)n ≥ 1 + nx

valid whenever n ∈ N and x ≥ −1 will be useful. Throughout we define an =
(1 + 1/n)n (n ∈ N), bn = (1− 1/n)−n (n = 2, 3, 4, . . . ).

1. (i) Prove that for n ∈ N we have(
n2 + 2n

n2 + 2n+ 1

)n+1

≥ n

n+ 1
.

(ii) Prove that for n ∈ N, (
n+ 2

n+ 1

)n+1 (
n

n+ 1

)n

≥ 1.

(iii) Prove that ⟨an⟩ is increasing, and an ≥ 2 for every n ∈ N.

2. (i) Suppose that n ≥ 2. Prove that(
n2
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)n+1

≥ n

n− 1
.

(ii) Suppose that n ≥ 2. Prove that(
n
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)n (
n
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)n+1

≥ 1.

(iii) Prove that ⟨bn⟩ is decreasing and bn ≤ 4.

3. (i) Suppose that n ≥ 2. Prove that 1− 1/n ≤ an/bn ≤ 1.
(ii) Suppose that n ≥ 2. Deduce that an ≤ 4, bn ≥ 2, ⟨an⟩ converges, ⟨bn⟩ converges,
and limn→∞ an = limn→∞ bn.


