ON THE BROKEN 1-DIAMOND PARTITION

ERIC MORTENSON

ABSTRACT. We introduce a crank-like statistic for a different class of partitions. In [AP],
Andrews and Paule initiated the study of broken k-diamond partitions. Their study of the
respective generating functions led to an infinite family of modular forms, about which they
were able to produce interesting arithmetic theorems and conjectures for the related partition
functions. Here we establish a crank-like statistic for the broken 1-diamond partition and discuss
its role in congruence properties.

1. INTRODUCTION AND STATEMENT OF RESULTS

Among the most celebrated results in the theory of partitions are Ramanujan’s congruences
for the partition function:

p(bn+4) =0 (mod 5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

We note that there are many different proofs and generalizations of these formulas. Dyson [D]
provided combinatorial insight into these congruences with a simple statistic called the rank.
Although this explains the first two congruences (see Atkin and Swinnerton-Dyer [AS]), it does
not explain the third. For the third, Dyson conjectured the existence of an additional statistic,
which he called the crank. Forty years after his conjecture was made, Andrews and Garvan ([G],
[AG]) defined a function and showed that it does indeed dissect the Ramanujan congruences
modulo 11; it also explains the modulo 5 and 7 congruences. As this paper shows, crank-like
statistics exist in other partition settings as well.

In [AP] Andrews and Paule, using MacMahon’s Partition Analysis, initiated the study of
broken k-diamond partitions. Their study of the respective generating functions led to an
infinite family of modular forms, about which they produced interesting arithmetic theorems
and conjectures for the related partition functions. In this paper, we introduce a new crank-
like statistic for this class of partitions. More specifically we consider the broken 1-diamond
partition, and motivated by works of Ahlgren and Ono ([O1], [AO]) and Mahlburg [M], we
discuss partition congruences associated to this statistic.

To introduce broken 1-diamond partitions, we follow the exposition in [AP], and begin with
a basic example of classical plane partitions, treated by MacMahon in [Ma]. Here, the non-
negative integer parts a; of the partitions are placed at the corners of a square such that the
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following order relations are satisfied:
(1.1) a; > az, ay > ag, az > a4, and az > ay.

We use arrows as an alternative description for > relations; for instance, Fig. 1 represents the
relations (1.1). We interpret an arrow pointing from a; to a; as a; > a;.

as
ai a4

a2
F1GuRE 1. The inequalities (1.1)

In [Ma], MacMahon derives the general generating function using partition analysis

—— ai a2 ,,a3 .04
P = E i wy’ iy

(1.2) 1 — 22x923

(1 — :El)(l — ZE1:E2)(1 — l‘liﬂg)(l — l‘1$2l‘3)(1 — $1l‘23§3$4)’

the sum being over all non-negative integers a; satisfying (1.1). He further observes that by
setting x1 = x5 = x3 = x4 = ¢, the resulting generating function is
1
(1-q)(1—¢*)*(1—¢%)
As in [AP], we now consider the plane partition diamond of length n.

as ae ag Qa3n
al T a3n+1
a4 a7 ajp Aa3p—2
a2 as as

a3n—1

FIGURE 2. A plane partition diamond of length n

Definition 1.1. For n > 1 define
H, = {(ai,...,a3p+1) € N>"*1: the a; satisfy the relations in Fig. 2},

R o ai a2 a3n+1
hn = hn(:lll,...,aj‘3n+1) = E T Ty '”‘/E3n7+1’

(a1,..,a3n+1)EHn

and hn(q) = hn(qv cee 7Q)

In [AP], they prove a generating function in closed form which specializes to
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Theorem 1.2. Forn > 1,
175 (1 +¢¥7?)

hn(q) = — —.
(1 - ¢)

Plane diamond partitions with a source deleted are then considered.

Definition 1.3. For n > 1 define

H; = {(az,...,a3,+1) € N": the a; satisfy the relations in
Fig. 2 where the vertex labelled a; has been deleted},

o= R (Y, Yanr) = DV SRR N

(ag,...,a3n+1)€H;§
and hy(q) := hy(a: ¢, q)-
Again, they prove a generating function which specializes to

Theorem 1.4. Forn > 1,
H?:—&(l +q3j+1)
3 .
[[2(1—¢%)

Combining these two notions, a broken 1-diamond partition consists of two separate plane
partition diamonds of length n, where in one of them the source is deleted.

b3n—1 a3n—1

hn(q) =

FiGURE 3. A broken 1-diamond of length 2n

Definition 1.5. For n > 1 define

HY = {(ba,...,b3n41,01,02,. .., a3,11) € N : the a; and b,
satisfy all the relations in Fig. 3},
h,? = hg(y%--~7y3n+1;9€1,9€2,.--,333n+1)
b b n n
= Z Yo' Yamgr X 2y ag’ ”ng—:llv

(b2, b3n41,01,02,..,030+1)EHS
and h{(q) = h$(q:q,- -, q)-

One sees that hg = hphy, and given Theorems 1.2 and 1.4, with n — oo, we have
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Theorem 1.6.

ﬁ (1+¢)  _ ao n(2r) n(3n)
i (L= +¢%)  (r)? y(6r)

where q = €™, and n(7) := q214 [1°2, (1 —q™) is Dedekind’s n-function.
Definition 1.7. For n > 0, let Aj(n) denote the total number of broken 1-diamond partitions,

Z Ai(n)g" = hS.
n=0

To state our results, more definitions are required. We define the following;:

(1.3) D := {p prime : p = 1,25,37,47,59, or 83 (mod 84)},
2_ _

(1.4) (5@ = ¢ ] 1, Eyp = (76),

(1.5) Sp:={Be{0,1,....0—1}: (BH2) =0 or — )}

Motivated by Ahlgren and Ono [AO], we show that for each prime ¢ € D there is a Ramanujan-
type congruence.

Theorem 1.8. Suppose that £ € D, k a positive integer, and 3 € Sy. Then a positive proportion
of primes Q@ = —1 (mod 6¢) have the property that,

AN <Qn+1> =0 (mod %)

6
for alln=1— 60 (mod 6¢) that are not divisible by Q.

Corollary 1.9. Suppose that £ € D, k a positive integer, and 8 € Sy. Then there are infinitely
many non-nested arithmetic progressions {An+ B} C {{n+ (3} such that for every integer n we
have

Ai(An+B)=0 (mod (*).

We discuss a statistic and its role in the congruence properties of Aj(n). In [AP], a straight-
forward proof of the following theorem is given.

Theorem 1.10. Ifn >0, then A;(2n+1) =0 (mod 3).

Given A = (ba,bs, by,...a1,a2,a;3,...) € HO, we now define a new statistic R to explain this
congruence.

Definition 1.11.

(1.6) R(/\) = [al — Z max(a3i+3 — A3;+2, 0)] — [bg — Z max(b3j+3 — b3j+2, 0)] .
=0 j=1

The number of partitions of n with statistic m is denoted by R(m,n), and the number of
partitions of n with statistic congruent to m modulo N by R(m,N,n). This statistic then
provides a combinatorial proof of Theorem 1.10.

Theorem 1.12. Forn >0, R(0,3,2n+ 1) = R(1,3,2n + 1) = R(2,3,2n + 1).
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Motivated by Mahlburg [M], we can show that for each prime ¢ € D | there is Ramanujan-type
congruence explained by this statistic.

Theorem 1.13. Suppose that ¢ € D, k and j positive integers, and 3 € Sp. Then a positive
proportion of primes Q@ = —1 (mod 6¢) have the property that for every 0 < m < 7 —1,

On+1

R (m,fj, > =0 (mod (%)

for alln=1— 60 (mod 6¢) that are not divisible by Q.
The following two corollaries are immediate.

Corollary 1.14. Suppose that £ € D, k and j positive integers. Then there are infinitely many
non-nested arithmetic progressions An + B such that for every 0 <m < ¢ — 1,

R(m, ', An+B) =0 (mod (¥).

Corollary 1.15. Suppose that £ € D, and k a positive integer. Then there are infinitely many
non-nested arithmetic progressions An + B such that the statistic provides a proof of the con-
gruence

Ai(An+ B)=0 (mod ¢¥).

In Section 2, in the spirit of the dissections for the generating functions of the crank and rank
found in Ramanujan’s Lost Notebook, as shown in [G], we prove Theorem 1.12.

In Section 3, we provide preliminaries on modular forms and Klein forms needed in the proofs
of Theorems 1.8 and 1.13. These proofs are found in Sections 4 and 5, respectively. The proofs
of two technical propositions are found in Section 6.
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2. THE STATISTIC AND ITS GENERATING FUNCTION

We begin by stating the closed forms of the generating functions that specialize to Theorems
1.2 and 1.4, respectively.

Theorem 2.1. Let Xy :=1, and X,,, := x1x9 - Ty, (m >1). Forn >1,

3n+1 n—1
1 1 — X3i11X3i43
h L1,X2y.+.,T3n+1) = X .
n n1) 1:11 1-X; 441 — X31123i43
j= =0
Theorem 2.2. Let Yy :=1 and Y, := yoy3...yn. Forn > 2,
3n+1 n—1

* 1 1 = Ya:11Ya:
o2, ys - yni) = || s % ] T,

i 1Y g 1 Vaitausias
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These generating functions are now used to establish a generating function for the statistic:

Theorem 2.3. We have the following generating function for the statistic R(m,n):

[e'e) o) o 1_26n+4 1_2—1 6n+2
Z Z R(m,n)2"q" = H 1 an+1()(1 _ an+2;£1 — Z—lgnﬁ-l)zl gy

n=0m=—o00 n>0

Proof of Theorem 2.3. To explain the first set of brackets in Definition 1.11, it suffices to examine
the following factor from Theorem 2.1:

1 — 2X3i11X3i43
(1 — 2X3i12)(1 — X3i4123i+3)

o0 2
(X )i 1 — 2X35; 1 T3i 4273143
3i4+123i42) 1 — Xoi2a
k=0 3i+143i+3

k+1yk+2 , k+
TN Z z X3z+1x3z+2 Z 2P X 2£E3z+3}
T i- X3z+1$3z+3 { R

1 kyk ok
= 1 2" Xai 130 0(1 — X3i41234 }
11— X3i+1$3i+3{ + 2—:1 3417342 3i4+123i+3)
[e.e] [e.e]
ko ok k vk
= ZX31'+1$3¢+3 + Z 2" X3i40.

k=0 k=1
In other words, the z is effectively counting the contribution to the largest part in terms of
1/(1 — zX}), while ignoring the contribution from 1/(1 — X3;,123;4+3). In a similar fashion, the
analogous factor from Theorem 2.2 explains the second set of brackets in Definition 1.11. The

generating function for the statistic follows. O
We define
2.1) F(z,q) = (204 oo (0% 4"

(245 @)oo (27145 @)oo (025 6°) 50 (45 43 ) o

where this is the right hand side of the equation in Theorem 2.3, and we use Theorem 2.3 to
obtain the following dissection.

Theorem 2.4. Let p = e*™/3 then
F(p,q) = A34(q°) — pg* As1(¢%) — p*q*As2(q°),

where

Aki(q) == H :

1—qm
1<n#0,+¢ (mod 2k+1)

We recall the notation for Ramanujan’s Theta function (p. 11, [AB]):
(2.2) fla Z @ FD2pn( =012 — (_q; ab) oo (—b; ab)so (ab; ab)se

neL
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A simple specialization gives,

[e.e]

2 —b+a a a a
(2'3) Z (_1)nqan +bn _ (q2a;q2a)oo(q b+ ;q2 )oo(qb—l— ;q2 )OO

n=-—oo
The following two lemmas prove the above theorem.
Lemma 2.5. Let p = ¢*™/3. Then F(p,q) = (pg*;¢%)oo (0™ 4% ¢%)oo
Proof. This follows from a series of basic ¢-series manipulations.
Flp,q) = S
" 04 @)oo (071 @) (% ) oo (6.8 oo
_ (P 4%)oo (P14 4% o0 (#9)x
(P2 D)oo (P70 )0 (0% 6%) 0 (€5 6* )00 (€5 9) oo
_ (00%0%) s (P 4%6%) 0 (43 @)
(2% ¢*)o0(0% ¢%) 0 (45 ¢%) oo

= (pg":¢°) s (P '¢*; ¢%) 0

Lemma 2.6. Let p = ¢*™/3. Then

(04" 4%) oo (71 0% 600 = Aaa(6®) + pg" Aa1 (¢°) + P*6* Aa2(d%).
Proof. With Ramanujan’s Theta function notation, we have
(04"

(4":6%)00 (071 4% 6%) o0 = (04" 6o (071 4% 4%) o535
(4% 4%)s0

oo

Z (_pq4)n(n+1)/2(_p—1q2)n(n—1)/2

n=—oo

1
(4% ¢%)o

o

2
_ 1 n n 3n2+n _ k 3n+k (3n+k)(9n+3k+1)
= s 2 U OOZP > (=

n=—oo =0 n=-—oo

Substituting in the values of k, we obtain

(pq4§Q) (,0 q q) ﬁ{ Z (_1)nq3n(9n+1)

n=—oo

—p Z ng(BrDOn+) 4 ? Z (3n+2)(9n+7)}

n=—oo n=—oo

With (2.3), and more calculation, we obtain the desired result. O

Proof of Theorem 1.12. From Theorem 2.4 it is immediate that

Z R(m,2n + 1)p ZRk32n+1) =0,

m=—00 k=0

since F'(z, q) is supported only on even powers of g. The left-hand side is polynomial in p = e2mi/3

over Z. Because the minimal polynomial for p over Q is p(z) = 1 + x + 22, it follows that
R(0,3,2n +1) =R(1,3,2n+ 1) = R(2,3,2n + 1).
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3. PRELIMINARIES FOR THE PROOFS OF THEOREMS 1.8 AND 1.13

3.1. Modular Forms Background. The reader can refer to [K| and [O] for basic facts about
modular forms. We note that there are several ways to produce new modular forms from old ones.
Among them are taking a twist, applying the Hecke Operator, and restricting the g-expansion
to terms that lie in certain arithmetic progressions.

Definition 3.1. Suppose that f(7) = Y 7 a(n)q" € Mi(To(N), x), and that ¢ is a Dirichlet
character. Then the twist of f by v is

(3.1) (f@y)(r) = d(n)a(n)g".
n>0

Definition 3.2. Suppose that f(7) = > 7 ja(n)q" € Mg(To(N),x), and p t N prime. Then
the action of the p-th Hecke Operator Tﬁ X .= T(p) is given by

(32) F@) [ Tp) = (alpn) + x(p)p*'a(n/p))g".
n>0

We also have the following basic properties:

Proposition 3.3. Suppose that f(1) € Mp(T'o(N),x), and p t N prime. Then the action of
T(p) is space-preserving, i.e.,

() [ T(p) € Mp(Lo(N), x)-
If v is a character with modulus M, then

(f @ ¥)(1) € My(To(NM?), x?).

We note that the twist of a modular form by a quadratic character can be written in terms
of the slash operator. (We surpress the weight term in the slash operator as the expression is
independent of it). If p is a prime, where the Gauss sum g := g, = Zg;i(%)ezmv/ P we can write
(see p. 128 [K])

p—1
. g v 1 —v/p
3.3 f7®<—>:— <—)f7’ ( )
(3.3) (1) . pv§:1p()|0 1
Discarding coefficients that lie in certain arithmetic progressions also produces modular forms.

Proposition 3.4. Suppose that f(7) = > o2, a(n)q™ € Sp(T'1(N)), where k is an integer. If
t>1and 0<r<t—1, then

> a(n)g” € Sp(T1(N)).

n=r (mod t)

In Section 5 we will need to simultaneously find congruences for modular forms of differing
weights and levels. The following theorem is based on modifictions by Ahlgren and Ono [AO],
[02], and Mahlburg [M] to a classical result due to Deligne and Serre on Galois representations
associated to modular forms.
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Theorem 3.5. Suppose that k; and N; are integers, and that x; is a Dirichlet character for
1 < i < r Let gi(7),...,9-(T) be integer weight modular forms with algebraic coefficients
such that g;(t) € My,(To(Ni),xi). If M > 1, then a positive proportion of primes p = —1
(mod Ny --- N, M) have the property that for every i,

9i(t) [ T(p) =0 (mod M).

3.2. Siegel and Klein Forms. Kubert and Lang [KL] studied transformation properties for
certain modular functions which generalize n?(7). These generalizations, known as Klein and
Siegel forms, are vital in studying the generating function of our statistic. Here we write
(3.4) q=gr =€, ¢ =™, and 2 = 17 + as.
Definition 3.6. Let (a1, a2) € R?,
(1) The (a1, az2)-Siegel function has the g-expansion
[e.e]

g(a170«2)(7—) = _q7(_1/2)B2(a1)e27ria2(a1—1)/2(1 —q.) H(l — g.q")(1 - q;Iq:L),

n=1
where Bo(X) = X2 — X + % is the second Bernoulli polynomial.
(2) The (a1, az)-Klein form is given by
L ? g(al,ag)(T)
(7)1 = ST
We have the following basic transformation properties (pp. 27-29 [KL]).

a b

Proposition 3.7. If a = <c d> € SLy(Z), then

t(al,az)(aT) = t(al,az)a(T)'
Proposition 3.8. Let (a1,a2) € R? and (by,by) € Z2. Writing
(a1 + b1,a2 + b2) = (a1,a1) + (b1, b2), we have
t(a1+b1,a2+b2)(7—) = t(al,ag)—i-(bl,bz)(T) = 6(((117 CLQ), (b17 b2))t(a1,a2)(7—)7
where €((a1,az2), (b1,b2)) has absolute value 1, and is given explicitly by
e((ar,a2), (b1,by)) = (—1)PPethitbze2mitbaon—bioa),
Letting the overbar denote reduction (mod N), the above two propositions show,

a b

Corollary 3.9. If <c d

>€F0(N) and 0 < s < N —1, then

a b
t(O’S/N)(T)‘—l <C d> =0- t(07£/N)(7'),

where

(cs—l—(ds—%) cs(ds—%)—cs-%)
B:=e aN 2N?

The following corollary describes a general case in which the multiplier 3 is trivial. Here M
denotes the space of weakly holomorphic forms.

Corollary 3.10. Let 0 <r,s < N — 1, then t(,/n¢/n)(T) € M (T1(2N?)).
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4. PROOF OF THEOREM 1.8

The proof borrows techniques from [AO]. We first establish a key theorem, in that we con-
struct cusp forms whose coefficients capture the relevant values of Aj(n). We recall the defintions
of D, €, 0¢ and Sy in (1.3), (1.4), and (1.5).

Theorem 4.1. Suppose ¢ € D and that m is a positive integer. If 8 € Sy, then there is an
integer Ao and a modular form Fypm, (7) € Sy, (T1(108¢°)) N Z[[q]] such that

Fg m,ﬁ ZAl €n+6) 18tn+185-3 (mod Em)
n=0

The cusp form will be the product of two modular forms, one vanishing at all cusps a/c where
3 | ¢, the other vanishing at all a/c where ¢3 | c. The latter is where we need ¢ € D. The
following useful proposition can be shown via basic facts about modular forms.

Proposition 4.2. Let { > 5 be a prime. We define Ey (1) := %.

(1) Egy(7) € My_y (Do(£1), xe), where x4() := ((FL25),

2
(2) If tfa, 0 <b<t, then ord, mw(Eps) > 0, i.e. Egy(T) vanishes at those cusps of To((")
not equivalent to oco.
(3) Ery(m)™™ " =1 (mod £m).

Define
1 n2rnBr) o _1

4 T amer) 2 e
If £ > 5 is prime, one can show
(1.2 futr) = S g s= L) € Mooa(To(60). i)
This implies

9] o0 0 Zn 30 1— 64n\¢
(4'3) nzz:laf(n)qn = (nZ:%Al(n n+65> ;!1 1 — q2€n ( (q]?)én;[
Further, we can show
(44)  folr) = fur) = fo@ ()(T) =Y (L =0+ (B))ag(n)q" € Me_1(To(66), Xeriv).

n=1

We want to show that the quotient fy(7)/¢’(¢7) vanishes at all cusps a/c where £3 | ¢, £ € D.
We subdivide those cusps into four groups and define v; to be the order of vanishing of f,(7) at
any cusp of a/c € C;, and v} that of g‘er) .

(1) Cri={2:66 | c}, v = (S 4), ) = (7 9)
(2) Co:={2:30|¢c, 2¢c}, v2_(522—;1.1)
(3) C3 = {% : 263 ’ &) 3TC}7 V3 = (6221 : %)7 Ué = (24 '

S
I
.
[
e
houd

[OVIEN
~—
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4) Co={2:8]¢ 2 3tch va=(52-0), v =(&- D).

Next we have the following proposition whose proof we defer to Section 6.

Proposition 4.3. Given & € C;, 1 <1i <4, choose b,d such that <CCL Z) € SLy(Z), and define

« byfz‘ <CCL Z) =a-q""+..., then

oG 0= (e

For ¢ € D, quadratic reciprocity gives us,

45 = ()= ()= (2)- ()

We note that for a/c € C;, and b, d chosen such that <z Z) € SLs(Z),
1 a b —v!

Equation (4.4) and Proposition 4.3 yield,
Proposition 4.4. Given £ € D and a cusp a/c such that /3 | c,

felr)
g‘(tr)
Proof of Theorem 4.1. We consider g]?((z?) . Eg’3(7')£ml. By Propositions 4.2(2) and 4.4, with m/
sufficiently large, this vanishes at all the cusps. By (4.3), (4.4) and Propositions 4.2(3), 4.4, we
have

(4.7) orda/c( ) >+ 1— 0 > 0.

. y P
(4.8) ];é(T) : Eg’3(7')£ = Z Al(n — 5g)q"_€
g (ET) n=0 (mod ¢)
42
+2- Y Ai(n—06)q" 6 (mod (™).
(7)=—2
It follows that gé‘((ellz?) -Eg73(187')£m, is a cusp form on I'g(18-6¢3), and we then apply Proposition
3.4. O

Proof of Theorem 1.8. Fix £ € D, an integer § € Sy, and write

(49) F&m,ﬁ('f) = Z ae,m,g(n)qn = Z Al <TL + 3> qn (HlOd Em)
n=1

n=188—-3 (mod 18¢)
By Theorem 3.5, for a positive proportion of primes Q@ = —1 (mod 18¢),
(4.10) Fomp(t) | T(Q) =0 (mod (™).
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Theorem 1.8 then follows from the following. We see that if n = 3 — 183 (mod 18¢), that
On = 183 — 3 (mod 18¢); and if ged(Q,n) = 1, we can use (3.2) to obtain

(4.11) 0=apmp(Qn) =24 <in;_ 3> (mod £™).

5. PROOF OF THEOREM 1.13

We borrow techniques from [AO] and [M], and begin by producing a generating function for
R(m,N,n) in terms of Klein forms. We again remind ourselves of the defintions of D, €4, d;
and Sy in (1.3), (1.4), and (1.5). Recalling (2.1), setting N := ¢/, ¢ := €2™/N X a partition, and
letting 0 < s < N — 1, we examine the sum

N—
1 —ms __ 1 R(A)-s—ms |)\\
(5.1) ~ Z M = Z > ¢
s=0 s=0 A
1
_ A S(R(AN)—m _
-y (NC( ™ >> = 3" R(m, N.n)g
A n>0
which leads to
N-1
1 114%)o0 (€007 ¢%) ¢
5.2 R(m,N,n)q" = —
(52) ,Z;) ( N ; (C5a:q (C‘Sq; D)oo (43 6%) oo (43 ¢*)
+ N Z A1(n)q
n>0
We recall (4.1), Definition 3.6, and make the substitution ¢ — ¢(~! to obtain
N-1, 1
hsqb T35/ (67) 7%(67) Cms

5.3 R(m,N,n)q" = . : . Aq(
63 S Rom N =3 e e ZO

where hy := —(*/2(1 — (%) /¢5/8.
Now we define a function more amenable to being analyzed by modular forms:
GZn)Z

B nea ) TT (L= 4™ (1 —q
(5.4) G (7) = (Z:ON R(m, N,n)g"+") 11 e
€T . hst(1/3,s/n) (67) _ n*(67) n g'(fr)
t(0,s/N)(T) n(27) g(7)

with P, (7) and P(7) denoting the two summands in the final expression.
As in the previous section, we proceed to relate g,,(7) to cusp forms by first subdividing the
cusps a/c, /N|c into four groups.

)

|M2

(1) €] 1= {2 : 60N | o},

(2) Ch = {83V | e, 21},
(3) ¢ = {£: 20N |, 34ch
(4) Cy:={%:4N | ¢ 2, 31c}.
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The following proposition will be proved in Section 6:

b

Proposition 5.1. Given 1 <s< N —1, 2 € Cj, pick b,d with (Z d

> € SLy(Z). Define as by

gé(fT)t(1/3,s/N)(67)773(67)‘ a b\ _ Vg

= Qs (q 4+ ... .
9(7) 75(0,s/N)(7) 77(27) ¢
Then

Elr) t13,5/8)(62) 3 (67 ) u o .
P o O 7)o (3] (2 8) - (%)

where the v;’s are as in the previous section.

With this and previous arguments, we prove the following proposition, which provides us with
a theorem crucial to the proof of Theorem 1.13. We recall the tilde notation from (4.4) for the
following theorem and proposition.

Proposition 5.2. Let £ € D. If k is sufficiently large, there exist integers A, X' > 1 and some
Dirichlet character x such that

(1) e - B (187)% € Sy (To(108maa{3it1}) y)

@) % - Ej1(187)% € S)(T'1(194402N2)).

Proof of Proposition 5.2. For (1), recall that P(7) = g;gg) € My_1(To(6¢), Xtriv) and then mod-

ify the arguments of the previous section.

For the (2), we know that E;(7) vanishes at each cusp a/c, N { c. Once k is taken to
be sufficiently large, it only remains to show that P,,(7)/g*(¢7) vanishes at each cusp a/c with
(N | ¢, but this follows from Proposition 5.1, equation (4.5), and quadratic reciprocity. To
determine the appropriate level of the congruence subgroup, basic facts about modular forms
and Corollary 3.10 yield P, (37) € Mj(I'1(2%-3*- N?)), and the rest is straightforward. O

Combining the above proposition with the definition of g,,(7) in (5.4) and the congruence
properties from Proposition 4.2, we obtain the following theorem. This is essentially heading in
the same direction as that of Theorem 4.1; here, however, we work with two modular forms.

Theorem 5.3. For k>0 and 0 < m < N — 1 there is a character x, positive integers A and
X, and modular forms

(1) F(1) € Sy (To(108¢mex {35411y ) and
(2) Fn(r) € Sa(T1(194402N?)),

such that 22480 = 7 (1) 4 F(7) (mod (%).

o' (18r) —
Proof of Theorem 1.13. By (4.4) and (5.4), we have
gm (187) 18n—3¢2
. dmA L — N - N.n—
(5 5) 93(1867_) Z R(mv T 6€)q

n=0 (mod ¢)
+2 3 N-R(m,N,n— §)g'* 3

(Fr=—c
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Restricting the above sum to those indices n' = 3+ §; (mod ¢), (3 € Sy, yields a new series
where A\g equals 1 if 3 = —J; and equals 2 otherwise.
(5.6) gmp(T) =Xz Y. N-R(m,N,n —d)q"s" =3
n'=F+d,+4n

=g~ ZN - R(m, N, fn + §)q30+180c+186n—362
n>0

n+3
8 g N-R <m, N, 13 ) q
n=188—-3 (mod 18¢)

However, upon examining Theorem 5.3, we can restrict the g-expansions of F,,(7) and F(7)
to those indices with n’ = 3+ d, (mod ¢) to obtain

(5.7) 9m.5(T) = Frnp(1) + Fa(r)  (mod £F),
and the following from Proposition 3.4:
(5.8) Fn (1) € Sx(T1(19440* N?)),
(5.9) F(7) € Sy (Do(108¢3Fmazt3atily ),
Theorem 3.5 provides a positive proportion of primes @ = —1 (mod 18¢) such that
(5.10) Fmp(T) | T(Q) = F5(2) | T(Q) =0 (mod ¢¥)

for all m. This in turn gives that g, g(7) | T(Q) = 0 (mod ¢¥) for all m. Arguing as in the
proof of Theorem 1.8 we obtain for all n =3 — 183 (mod 18¢), ged(n, Q) = 1 that

As-N-R <m N, Q%L?’) =0 (mod £*).
Theorem 1.13 follows by noting that because N is fixed and k is arbitrary, dividing by IV proves
the congruences. O

6. PROOFS OF PROPOSITIONS 4.4 AND 5.1

6.1. Proof of Proposition 4.4. We restrict ourselves to the case 2N | ¢, 3 1 ¢, the other

a b

three cases being similar. Let § € Z™, <c d) € SLy(Z), and (-, -) denote the greatest common

divisor, then we can write

(6.1 (&)= (s ) (9 wiem)
(6:2) () = (s 2 (S ohs)

where the left matrix in each product is in SLo(Z),
(6.3) Va4 = Vsd> Vsp = vsp, and Bs =540 -b— s - d.
The transformation formula for Dedekind’s eta function (see p. 163 [R]) yields,

(64) nfiié';) ‘ (CL b> _ <5a/(éc, 5) >e%(€2_1) (Cgs) B5q2_14¢(62_1)
nlort

¢ d + ...
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It then follows

b ov
(65 | (& 5) = e
where
(6.6) o: = ogte-n{{5sm -, 05, G}

ov = i(£2 _ 1){(07;)23 _ (0722)2 _ (075)2 + (072)2}‘

We note ov = v3. By recalling how 754, vs5.4, and Bs were defined,
(6.7) 3a 3b\  [3a 3p 1 Bj 6a 6b\ (3a vp)\ (2 DBs

’ c d) \c¢ mq)\0 3) " \c d) \¢/2 v%a4)\0O 3)’
and by setting v6 ¢ := 73,4, and ¥ := 2733, we can relate B3 and Bg:

(6.8) Bs=7%4-6-b— 65 -d=2-Bs.

With this and the fact that 24 | £2 — 1, the expression for a simplifies to

©9) o= e {in) _ e Zp)
i 1 —v/t L
We recall expression (3.3), define v, = o 1 ) and choose v/ = d°v (mod /):
6.10 . a b\ g [\, [ w b
( . ) f€®(2)(7)‘ c d) — Z —~ (Z)fﬂ _/71/] [ c d :|
g -1 y ) b 1

= Z Z;) (z)fz _’YV < d> Yo' fyy,]

_9 o (v [ [a b 1

e v=0 <Z>f€ v \e a) } ‘ [%l]

By choice of v/,

a b 1 (a—cw/l b+ (Va—-vd)l —cv /2 [d Y
(6.11) T <C d>’7u’ —< c d+cv' )t =\¢ a)

and thus define o/, ¥, ¢, d'. Using (6.5) and (6.9),

/—1 i _—y’Y .d’ W)
(6.12) fg®(é)(7)( <Z Z) :€2<%)e22—4@2_1>{ wd 40 }qv3+m ‘
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Considering the analog of (6.1) for (6.11), one sees that 73, = 735 (mod 3). Coupled with the
definition d' := d + v/ /¢ we have

-1 Ay o .
(6.13)  fir® (z)(q-)‘ (Z 2) = QZ <%)e (2-1){ . 622_4(32_1) i 4} T

El/:O
ge_l v 2212(42 1) “m:c 4}4 vs
-2 (7)o "

Recalling (6.1), we note 3a - y3 4 — v3, - ¢ = 1, and therefore —y3;-c¢ =1 (mod 3). From this it

is clear that % — % € Z and that

610 geGm| (0 D) =4 (FETIT T8 gy
9

SN o ()

6.2. Proof of Proposition 5.1. We examine the case 2¢N | ¢, 31 c. For the sake of exposition
we further refine it to the subcase 4 | ¢, with the other cases being similar. We compute the lead

term for each of Pm’s(q-)‘ <CCL b) and P, s ® (Z)(T)‘ <(CI Z) , where from Section 5,

d

9" (1) hst(1/3,5/n)(67) 1 (67)
9(m)  tosny (1) n(27)

(6.15) P s(1) ==

We reduce the problem to finding the lead terms for each of the expansions:

L (2 0) trmamo @] () s (4 0) - ana ZER (2 1)

From the previous subsection:

) ; v p-d
g (ET) a b . @(52_1)(&) L(@_l)é
(6.16) e ((C d> —e2 3 ). g 3.
By Corollary 3.9,
1 a b 1 1 0
on () R
to.sny(T) I\ ¢ d 58’5(0@/1\0(7) Bs(Z)wgs
Using the transformation law for Dedekind’s eta function,
3 .
n (67—) ‘ a b 6/2 T ldact 0
1 =|——)el2 . e
(6.18) n2n) I \e d (5)e ¢

For the Klein form, we require more work. Note,

6a 6b\ [(3a )\ (2 DBs
(6.19) <c d>_ <c/2 ’Yﬁ’d> (O 3> ’
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where the left matrix in the product is in SLs(Z). By Propositions 3.7 and 3.8,

a b\ 3¢ Ye,b
(6.20) t(1/3,s/N)(67—)‘ <C d) = 1(1/3,5/N) <<C/2 6 d) (5 T+Bﬁ)>
= ot g 4 200) (57 + B6) = t(ar,a2) (b1 bo) (57 + Bs)

= e((a1, a2), (b, b2))t(a1,a2)(%7 + Bg),
where
(6.21) (a1,a2) := (O, @ 4 Yod 22), (b1, be) o= (a+ £, %‘vbgm + VG@'S;{%,FS)’

and the overbars mean (mod 3) and (mod N) respectively. By Proposition 3.8,

(6.22) t(1/3,s/N)(67-)‘ (CCL Z) = emilbibatbitbe—biaz—az) (] _ g2miazy 0 4

Piecing together the four lead terms and including hg,

(02—1\ (—V36°d i
(6.23) o :=hg - 627”(7)( ?’,b ) . + <C/_2)eﬁ{4ac}
ﬁs (27r) Wis 3
e7ri(b1b2+b1+b2—b1a2—a2) . (1 _ 627”(12)

I

SO
(6.24) Pms(T)‘ <Z Z) = as(a,b,c,d) - ¢ + ...

We consider the expansion of the twisted term. We recall the defintions of o', b, ,d" in (6.11)
and note that a} = aj,a, = as. After much calculation we obtain

(6.25) al, = asg Z ( > Zre-ni

e (bl b’2—b1b2+b,1 —b1+b/2—b2—a2(b/1 —bl))
9

’Y3b0 4} i
7 -e

(6.26) P ® (3)(1 )( (‘CL Z) :as,{%zi [(%) oG y{ peiyy

v=0
2m{—w+%(b b’2—b1b2+b’1—b1+b’2—b2—a2(b’1—bl))}qvg} }
To demonstrate that the second exponential is in fact 1, we first note that
(6.27) by = by — cv /€ and by = by + L2708 4 Do 363,
Noting that a is odd and 4¢N | c,

2mif Y L by —byb+b] —by+by—ba—an (B —b1)) } _ 2m{—c§—£”+% {(a+£5+1) (by—b) +azc% } }

_ mi{ - rs{ett) C om{ -GS {5 ) 1)) Z om{5(B50)%)
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To show %(Wé_c)% € Z it suffices to show @ € Z. Recall <C3/a2 36’17) € SLy(Z), so
6,d

3a - Y64 — Y6,p - 5 = 1, which implies 765 - (5) = —1 (mod 3). This gives that 75, — ¢ € 3Z. For
example, if 55, = 1 (mod 3) then § = 3r 4 2 which implies that ¢ =1 (mod 3). It then follows

628 Pni®()0)| (fj 2) = a,- {%f (4) - eFEATE=IT o) o

:cys(%g)q”3 +....
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