CONSTRUCTION OF STRONG STABLE MANIFOLDS
FROM A NON-UNIFORM DOMINATED SPLITTING
JONATHAN DEWITT, DMITRY DOLGOPYAT, AND ZHIYUAN ZHANG

ABSTRACT. We construct the strong stable manifold of a trajectory that
has a non-uniform dominated splitting, rather than the non-uniformly
hyperbolic splitting. As a consequence, we show that having a high-
quality non-uniform dominated splitting leads to high quality strong
stable manifolds, e.g. they are long and smooth.

1. INTRODUCTION

Suppose that f;, f,,... is a sequence of diffeomorphisms of a manifold
M. Then we write f* = f, - f; for their composition. In this note, we
demonstrate that if {D, f"} has a (C, k, €)-subtempered index ¢ dominated
splitting, then the strong stable manifold at a point = exists and has a bound
on its C* norm in a uniformly large neighborhood of x. This notion is made
precise by the following definition.

Definition 1.1. Suppose that M is a Riemannian manifold and that N is
an immersed submanifold. We say that N is (C, k)-good at a point x € N,
if when we write N as the graph over its tangent space in an exponential
chart in M, ¢: U C T,N — (T,N)*, ¢(0) = 0, then on a ball of radius C~*
in TIN’ B(Ov Cil) C TwNv “(ZS|B(O,C*1)“C’c <C.

We also make precise the type of splitting that we consider here. For a
sequence of matrices (A,,) we write A*7 for the product A, ; ;- A4;.

Definition 1.2. Suppose that (E,, |- |,,),>1 is a sequence of inner product
spaces, and that (4,),>1, 4,: E, — E,,, is a sequence of linear maps. We
say that this sequence has (C, k, €)-subtempered dominated splitting of index
¢ if there exists a sequence of decompositions E; = V; @ W;, A, (V) = Vi1,
A, (W) = W, with dim(V;) = d — £ such that for all non-zero v € V}, and
we Wy,

(1.1) | 4Rd0]/Jo] < eCerieke| Ak /o,
for all unit v € V,,

(1.2) | 455u] /o] < eCerieck,

and

(1.3) L(AFV, AFW) > e=Ceek,

Date: July 24, 2026.



STABLE MANIFOLDS FROM DOMINATED SPLITTINGS 2

Our main result is that this type of splitting leads to quantitative control
on the strong stable manifolds. When we say strong stable manifold in the
following theorem, we mean only what the theorem is providing: a disk with
the given contraction properties.

Theorem 1.3. Fix a Riemannian manifold M, C > 0, x > 0, k > 2, and
A > 0. Then there exist ¢, > 0 and m > 0 such that for any 0 < € < ¢,
there exists él, C;, 63 > 0 such that if f* is a sequence of maps with C*
norm bounded by e*, z € M, and D, f™ has a (C, k, ¢)-subtempered domi-
nated splitting of index ¢, then (d — ¢)-dimensional strong stable manifold
W#s(x) is defined at this point, is C*1, is (él,k — 1)-good in the sense
of Definition and is tangent at x to the contracting subspace of the
dominated splitting. This means that:

(1) There is an embedded C*~!-disk D of dimension d— that is (C,, k—1)-
good at x.

(2) T,D = V;, where V] is the contracting direction of the subtempered
dominated splitting.

(3) Furthermore, any two points y, z € D satisfy that

(1.4) d(f"x, f'y) = o(|D, f"[Vi]e™e).
(4) Within a ball of radius C,, > 0 of z, Bg, (x), the only points z satisfying

A(f", f"y) < Gyl Dy fr Ve,
are the points in D N By (x).

Similar results are often proven in Pesin theory. However, they usually
impose a stronger requirement. The definition below is taken from [BP07

Def. 1.2.1]. See also [LQ95, Sec. ITI.1].

Definition 1.4. We say that fhas a (A, u, €, C)-splitting at a point z if there
is a decomposition T, M = E:* @ E7* such that if we set E;, =Df"E",
then there is a constant C such that:
(1) For v € Ez* and m € N,
| D) < eCHermAT .
(2) For u € E;",
| DM > e Cren i ful.
(3) The angle between these subspaces is not decaying too fast:

‘L(E,%)‘,EE“)‘ > e Ceen,

Many references prove Theorem under the assumption of existence
of (A, u, €, C)-splitting (with the bounds on smoothness depending on the
constant C from the Definion[1.4)). See, for example [BP07, Sec. 8.4], [LQ95]
Thm. I11.3.2], [BV12], [BRV20]. There is also a small number of references
that work with dominated splittings. For example, see . However,
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these constructions either use a uniform hypothesis on the domination or
are restricted to a particular dimension.

It turns out that in the setting of random dynamics it is often easier to
check the conditions of Definition |1.2|that of Definition see e.g. [DDZ26
. Thus it is convenient to have a result which provides control on the
strong stable manifolds in the setting of Definition Even then both
definitions apply, it might turn out that a trajectory has a bad constant C
in Definition but has a good constant C' in Definition In this case
we are able to conclude that a better stable manifold exists than is promised
by the classical theory: it may be larger and smoother.

Due to the characterization of strong stable manifolds in parts (3) and
(4) of our main theorem we have the following immediate corollary.

Corollary 1.5. If a trajectory has (A, i, €, C)-splitting in the sense of Def-
inition then the Pesin strong stable manifolds constructed in the above
references coincides with the strong stable manifolds given by Theorem

We give below a relatively detailed proof of Theorem In some of the
parts that are most standard, we do not give the full details. For the parts
that are most different from the usual argument, i.e. Steps 1 and 4, we give
full details.

The argument has 5 steps:

(1) Construct an adapted metric on T'yn(,) M, similar to the usual Lyapunov
metric used in Pesin theory. This is in Section [2|

(2) Use the adapted metric to construct Lyapunov charts 1, on a small
neighborhood of f”(x). This is in Section

(3) Extend the dynamics as seen in the Lyapunov charts to “globalized”
dynamics R? — R? that are perturbations of linear maps. This is in
Section

(4) Obtain quantitative C*-estimates on the graph transform for diffeomor-
phisms close to a linear map R? — R?. (Section .

(5) Using the Lyapunov charts and the associated globalized dynamics, de-
duce from the previous step that stable manifolds exist in these charts,
and hence that the strong stable manifolds also exist in M. (Section|6).

Remark 1.6. Throughout the proof we will write d,, and d, for the dimen-
sions d — ¢ and ¢ respectively. Later in the proof, we when are doing the
graph transform, we will consider the inverse of this dynamics, in which as
we will write d,,,, and d_ for these numbers.

The last section of the paper, Section [7] contains an application of our
result to random dynamics. Under appropriate assumptions on the (C, &, €)-
good trajectories we prove a result concerning the regularity of the disinte-
gration of the volume along the strong stable lamination restricted to this
set.
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2. STEP 1. CONSTRUCTION OF THE ADAPTED METRIC

There appear to be few places in the literature where an adapted metric
is constructed for dynamics with a dominated splitting. One of the papers
addressing this directly is , which constructs an adapted metric for
systems with a uniform dominated splitting (i.e. € = 0 in Deﬁnition of a
cocycle over a homeomorphism of a compact metric space. See also
which carries out a construction of invariant manifolds in the presence of a
dominated splitting for diffeomorphisms of a surfaces. The paper |[Gou07|
constructs a function that non-uniformly “separates” the norms on the two
bundles, i.e. this function is larger than norm on one bundle and smaller than
the conorm on the other. Gourmelon then constructs an adapted metric
using this separating function. In our argument, we divide the sequence of
matrices into blocks, where a block is long enough to witness the domination.
Then we define the separating function for the matrices in that block by
letting the separating function equal the average of the total domination
over the block. Our strategy is similar, but the proof is more complicated
because our assumptions on the dominated splitting are not uniform along
the entire trajectory.

Before proceeding to the proof, we will give a lemma that shows how the
norms change when one constructs an adapted metric, either going forwards
or backwards in time.

Lemma 2.1. Suppose that A, is a sequence of linear maps R? — R%, and
7—1
7; is a sequence of numbers. Let (i, j) H 1. Consider a forward-looking

. l=i
metric

(2.1) (€1 Zn (3,0 + 0)*] A%,

as well as the backwards—lookmg metric

(2.2) (€l)? = D" nli — €02 |[A] 7).
£=0

Then
1Al <mtlély and ALl > nllEly

Proof.  The proofs are routine, but we give them here for completeness.

(1A&l51)? = Zn(i 1+ 14 O ATVEALR =) i+ 1,0+ 1+ 0)2|ABE?
=0

n(i,i+ 0+ 1) A2

inz—i—l Ji+1+4)2

— i+ L+ 1)?

U Zn (i, + €+ 12 AN = 072 ((1€05)2 — 1€1%) < mi (gl
£=0
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For the other norm:
i+1
(1A&IE )2 =D n(i+1—0,02[AH1=4]71 4,¢)
=0
it+1

= |A&1* + Z n(i — (€ —1), 02 |[AT D)2

i+1 . )02
> ’ i — (0 —1 —1)2|[ AT (1)1 -1 g2
Z i _1 i (=D -]
z+1
=2 Y i — (£ —=1), 0= 1?[A DAL = ()2,
=1
This concludes the proof. O
Remark 2.2.

Note that in the course of the proof of Lemma [2.1], if we carry through
the dropped term to the end of the proof, then we obtaln the following exact
expressions:

(2.3) (14:€li)? = 1417 + m2 (€N
(2.4) (1417107 = m2 (1) = 1€1?)

From these we can obtain bounds on the norm and conorm of A, in the
new metrics. First, for the backwards looking metric, || - ||, by definition of

the metric, |£]; < [£]#. Hence,
m (1612 < (A€l < TANPUEN)? + nF (1)

Then for the forwards looking metric, we first make an auxiliary observation:

1
W(II&H?)Z > J&lIF-

This follows by extracting the first two terms:
(I€ls)? = H§|\2 + 7A€l > (1+nim(A,)?)E]3-
Plugging (2.5) into ( we find that

(14:€5:1)* = ni ([1—[1+m (A2 D3N +
> ;2 [1 = [L+nim(A)? ] ) (1€])?.

Thus as the other bounds were already contained in Lemma[2.1| we obtain,
’1\/1 [1+nfm (A2 Els < 1A:EN5 . < mi gl

mll€l < 1Al < 1Al +nZ €l

These will be useful later, because as long as the n; and A, are uniformly
bounded above and below, then A; in the adapted metric will also be uni-
formly bounded above and below.

(2.5)

1

- - $)2 _ 2
Ty €k — ke

(2.6)
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We now turn to the construction of the adapted metric.

Lemma 2.3. (Construction of the adapted metric) Fix d, ¢, A, x > 0. Then
there exists a constant ¢y = C} . 4, such that the following holds. Suppose
that

(2.7) 0<e<k/6
(2.8) dek TN +e—K/4 < —K/5,
(E,.,|l-,) is a sequence of d-dimensional inner product spaces, and A,, is

a sequence of linear maps A, : E, — E,.; with a (C,k, €)-subtempered
dominated splitting of index ¢ with V, @ W,=F; and max{||A,]|, |A;*|}<e’.
Then there exist inner products || - |; on E; with the following properties:
(1) For any vector & € V;, |47, < e 20

(2) For any unit vectors &y, € V; and &y, € W,

(2.9) 1A &w i = 65/4”Ai§v”;+1-

(3) The adapted metrics are comparable to the original metric. Namely,
1 , ,

(2.10) —=l€ll; < NEN; < ecoCreocitealie];.

V2

Proof.  We will define the metric |- |; on V; and W; individually, and then
extending to V; @ W, by declaring the two to be orthogonal. We proceed in
two steps. First, we will construct an auxiliary metric on V; that makes the
contraction uniform. Then using this metric we will identify certain blocks
that we wish to average the domination over, which leads us to the definition
of the functions 7,7}V in (2.16). After that, some further bookkeeping
verifies the claims in the lemma.

First, we define a metric | - |7 on V; similarly to the usual definition of
a Lyapunov metric so that the contraction on V; is uniform with respect to
|- 7. For &, € V,, define

[e.e]

(2.11) (eh?)? = e/ Atte 3,

=0
Note that with respect to this metric for &, € V;,
o0

(2.12) (||Aifv||§/+1>2 = 6(4/€/5)£”AHLZAig\/”?—Q—l-&-Z
=0

oo
I W (¥ 0
=1

When we construct the metric ||-||” below, we will need to compare the norm
of A% in |- | and | - |”. Note that ¢ appears only in the right hand bound

in (213)
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Lemma 2.4. There exists some ¢, such that for the | - ||/

structed

(2.13) e T ANy i < JAY Y

metric just con-

U < HAi,E‘ViHZ_+Zee(i+€)+C+cn.

Proof.  To estimate the terms in the product, we compare the norms | - ||7
and |- | on V;. For this, first note that by extracting the first term in (2.11))

we get [Eyll7 > [€yl;- For the opposite inequality, note that for &, € V;, by

.2,

o0
(2‘14) ”5\/”” Z (4K/5)€ 72/¢Z+261+2C”§V”2 < 02 26’L+20||§V”2

These inequalities allow us to bound ||Ai’7*i|vi\|;/ in terms of ||Ai’j*i|vi iy
namely

4 NG ]
ity = A 1A 14 el

X
et 60 etV A E D Tad &7
< Cﬁee(i+€)+CHAi,£’V ”

Similarly,
A £ Ai,£
” . 7 —  max ” Ze&V”H[ ” €V” ”€V”” > HAZ ZH 1 751 C
SN 3% PRV % I 139
This finishes the proof of (2.13]). O

We now define the functions 7, that we use to construct the final adapted
metric. For this we divide the sequence A, into blocks corresponding to
a certain domination time for the splitting. Let x be as before and fix

k' =K/3.
Given an index i, let ¢, be the first ¢ € N such that
(2.15) [A% y, 17 < e tm(A !y, )
Zk lk

where this co-norm on the right is with respect to the original metric.

We then partition the sequence of matrices A, into consecutive blocks
indexed by k. The kth block will begin at index ¢, and contains ¢, matrices.
Hence i, +1;, is equal to 7, ;. Then for i;, <1 < t;, we define the functions:

(2.16) ny = |:<HAlk 7Y/t g4 B
(2.17) nV = (|A% a3 YUt eh)2,
Observe that, in view of

(2.18) (nY)~! < emBren/t = 3K/,

Next, we estimate the size of j,. In order for the event in (2.15)) to occur,
in view of (2.13), it suffices to know that

etne—rt+C < e—.‘@'te—e(7lk+t)—C—cN )



STABLE MANIFOLDS FROM DOMINATED SPLITTINGS 8

Thus (2.15)) occurs provided that
> 2C + 2€Zk + CH

T k—K —e€
In particular,
b < ’720—1'26?]6 —|—cﬁ"‘ '
K—K —e€
Hence as we choose k" = k/3 and € < /6, it follows that:

4C°  dige
t, < —+ — +c¢,.
K
In particular, this implies that 1f 1 is some index and i, is the beginning of
the next block, then:

(2.19) zk<z+£+@+

We now define the metric | - ||; that is provided by the lemma. On V;
we define | - ||; by applying Lemma to the original metric || - ||; using
the function 7} and the forwards metric construction (2.1). We define the
metric || - |; on W; using )" and the backwards metric construction (2.2)).
Finally, We declare V; and W, to be orthogonal.

We now verify that the conclusions of the lemma hold for | - |;.

Proof of . From Lemma and , it follows that for a unit

vector £ € V,
. 3
1Al < (n)7HIEl; = ez ]l

Proof of (2). Suppose that §V € V; and € € W, are | - |/ unit vectors,
then from Lemma it follows that:

[ A€ 15y < (JAPS] ") e and A7 |7 > (JAS]7) ke 2,

which gives the desired bound.

Proof of . This part is the most complicated. First, we will compare
the metrics |-|; and |- |; restricted to the V; and W,. Due to the construction
in Lemma the nontrivial estimates are those where we bound |- |; above
in terms of | - ;.

We begin with the V;. First, for £ € V,, the estimate ||€]; < [€]; is
immediate as this is the first term in the sum defining | - |;. The upper
bound is more complicated and relies on Lemma

Claim 2.5. There exists ¢; = C, ,; such that for for fixed , A as above for
any £ € V,

(2.20) [€]; < ererrercreg],.
Proof. By definition, (||¢[|})? 217 i,i+5)*|AME|Z, ;. So, it will suffice
7>0

to obtain an estimate on nV(i,i + j)| A%, -&[l. We will obtain an estimate
of the form: (i, + J)|A¥I€],,; < eCnnOrnCIn/4g].

i+J
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Take the product A% = A, +j—1A; and partition it according to the
blocks the matrices lie in. In other words, if i, < i+ j° < i, then the
matrix A, ; lies in the kth block. A*J may not have all the matrices of each
block that it meets. Thus we partition A*J into some number ¢ + 1 of full
blocks, where we have all the matrices between indices i, and i, ,, as well
as (possibly) two partial blocks at the two ends. We denote the product of
the matrices in the end blocks by B; and Bp. Let |L| and |R| denote the
lengths of these partial blocks. Hence

AbJ — B, Abkrartieg Alera-1tkeg-1 ...Aikvth
Similarly, write ny and n} for the product of the ) corresponding to the

partial end blocks.
Thus if £,  is a unit vector in the direction of A%*+n~%¢ then
Tk+n

||Aik+n,tk+ng o
IBrlng

Vi, + §)IAE] < | Brlny

H “k+n
Atkrnstin 7 oty int/4
V;

iktn

»
| A fvikH

Ay, e

(2.21) < [IB ] [I1BRInx]

q
where t = Z ttq We now estimate the leftmost and rightmost terms. We
n=0
can estimate |B | and |Bg| by the trivial bound e* on the norm of the
matrices. Due to the length of the end blocks:
|B|| < efsranih [ Bp| < efrrh,
Applying (2.13) to the definition of 1), (2.16), we obtain an upper bound:

|L|
1 .
X S H 7‘k+q+1€+c+c ||A7’k+q+l7tk+q+1” I)T 7'{’/4 g e€1k+q+1+c+cn6A|L|'

Simllarly,
(222) 771\% < 66i+C+cK6A|R|.

Thus applying (2.19) to estimate the block length, (2.13) to the middle
term of (2.21)), and using the above estimates for the end blocks:

n¥(i,i+ j)|AME] <

+c ]Aeé(ik+t)+C+cK % [

|:gC+ 85(1k+t
(&

R 66ik+c+cn eft”/4:| X 6[80+&+C } 66i+C+C,€.

This simplifies to:
nV(i7i+j>“Ai,j§“ < e[(16An’1+3)C’]ee[8&’1Ai+ei+2ik+8n’1Aik]e[Sem’1A+ef/<;/4](i,ﬁqﬂfik)ecz.,\_
Applying again the bound on (2.19) on i, — 4, this implies that there are

constants c}’( .. such that:

Va

(2.23) nV@ i+ ”Au]é‘” < 6CA CFel Crell Kéze[4e/<a‘1A+eff</4](i,Hqui)_
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To conclude, we just need to estimate iy, — ¢ in the exponent. We
consider two cases depending on how large j is relative to .
(1) If j < 2¢/ki, then it follows that 1 < e?"%J. So, in (2.23))

e[46li_1A+€*l6/4](Z‘kJqurlf’i) <1< e2€i o]
(2) If j > 2er 14, then by (2.19), it follows that
(L4 der™ gy + €4 = ipagen = J+ 1.
Thus
Upqe1 — 8 2 J — [der Vg o] — ¢y
Then as iy, < j+i < (1+2ex )i, it follows that:

6[45571A+E—H/4] (fprqr1—i) < e[45.‘@’1A+e—n/4]j€—[465’1A+e—n/4} (1+251€’1)4en’1i60:{),\

Note that in the above expression the coefficient of ¢ is a multiple of €
depending only on A and x, and that the coefficient of j is negative and less
than x/5 by assumption (2.8).

Thus combining the two cases, we find that for a unit vector &, and any
i and j, that there is a constant C, , such that:

nY(i,i+ j) ||Ai’j§||i+j < efnmtennetenOmIn/5| ¢
Summing the series defining | - |; on V;, we obtain (2.20]), completing the

(2

proof of the claim. ([l
Next, we will prove the analogous claim for the metric on the W, bundle.

Claim 2.6. There exists c, , such that for fixed ,7, A as above for any

§ew,

(2.24) €M7 < ecancitennCrense];.

Proof.  The proof is analogous to the proof in the previous case, but we
provide details as the definition of the metric is now different:

(112 =D " nV(i — 4,)2 (A3 22
7=>0
First we will obtain an estimate on n"V(i — j,4)[|[A*77]~£|. For this we
will similarly partition the matrices A4, -~ A;_; into the blocks we used when

defining the functions 1!V in (2.15)). (Things are simpler now because every
block begins at an index less than i.) Then

V(i — g, )|[ATH)

. 0 HAikH»”rNthrn ||”6H’/2

Wi o n= ihtn Wy .

< ”BL”n (2 ]alk) ': m(Ai’“’i’H‘I*i’“ ka) ”BR“n (Zk+q+172)
Hizo |’Aik+n7tk+n A ||”e’€/2

< BLIn™ (i —j,ix) [ 7 |BRln"™ (ixyg1159)-

n=0

m(Aik+n7tk+n ’WZk )



STABLE MANIFOLDS FROM DOMINATED SPLITTINGS 11

Note that here we have used that m(AB) > m(A)m(B), where m denotes
the conorm of a linear transformation. We then estimate each of these three
groups of terms.

First, we record an estimate on an individual 5" term. From definition

@17), n)¥ = (JA™ "]y, ||”)1/’5ke"/2 By (2.12)), we know that the norm of

A, restricted to the V; subspaces is at most e~ 2%/ by - Thus it follows
that 77@W < e 26/5R/2 — /10,

Due to the estimate on the block size , the total contribution from
the left and right blocks to the product is of order e€*¢r.aT¢x.aC*¢xa  We then
consider the middle term. For this term, the blocks were chosen specifically

in (2.15)) so that:
Zk nvtk n 4 K/Q
o A%y | < e/ insqir—in).
]._[qfo Alk+n7tk‘+n’W‘ ) -
'k
Due to the estimate (2.19) on the length of the blocks, it follows that

(ipyqi1 —1) = Jj—8exti+ 8k~ 1C + 2¢],.

Thus there exists c, , such that:
nW(l _]72 H[Ai—j,j]—lé-“ < ecA,NJrcA,KC+CA,Kei7(/-e/3)j.

From this, the claim now follows by summing the series that defines || - ||; on
W.. O

7

We now finish checking item (3). The lower bound in (2.10)) holds because
1€vl; < 1€v]; and [|Ewll; < [Ewll; from the definitions. For the upper bound,
we use Claims and giving the reverse comparison of the norms | - ||

and | - ||; restricted to V; and W,. If we decompose { € E; as a sum of
&€V, and &y € W, then

105 < Neul; + gl < eCrmet EnnCCnn (g, + ligwlls)-

Then using that the angle @ between V;, and W, is at least e"“e~¢ by assump-
tion, we obtain the upper bound in (2.10) as it follows that for x € {V, W}
we have [&, || < 2[];/6. 0

The following lemma will be useful to bound the norms of the derivatives
in adapted charts.

Lemma 2.7. (a) Fix ¢, A > 0. Then there exists C, , > 0 such that the
following holds:

Suppose that A, is a sequence of linear maps A, : R — R™ and 7, is
a sequence of numbers as in Lemma . Suppose that ¢t < 5, < ¢ and
e < m(A) < |A| < e*. Let |- | be either the forwards-looking or
backwards-looking metric from Lemma [2.1, Then for any | - |3 unit vector
3

A S Al < Con
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(b) In particular, given d, C, \, k, € there is a constant € such that under
the assumption of Lemma [2.3| we have that

CHEN; < 1487 < €lel;
where | - |" is the adapted metric constructed in that Lemma.
Proof.  Part (a) is immediate from (2.6)).

By part (a), to prove part (b) it suffice to show that the 5} and n}V
defined in (2.16]) and (2.17) are uniformly bounded from above and below.

To this end it is enough to check that the term | A%t |, ||”1/ " is uniformly
'k

bounded. Since the sequence A; is uniformly bounded by assumption, the
needed conclusion follows by another application of (2.6)). O

3. STEP 2. CONSTRUCTION OF ADAPTED CHARTS

Now, using the adapted metric from Lemma we construct adapted
charts. This step is standard, see for example Barreira-Pesin [BP07, Thm.

5.6.1] or Brown [Bro22| Sec. 4].

Adapted charts are defined by composing the exponential map on M
with a linear map C,: RY — T'fn(zyM, where the linear map is chosen so
that it pushes forward the Euclidean metric on R™ to the adapted metric on
T'fn(z) M. Namely, we require that for any vectors vy, v, € R"

<Cnvl7 Cn1)2>f"(z) = <v17 U2>;1'
Then we construct adapted charts zﬁn: R? — M by defining:
B,(0) = exp . (Co()):

One can then examine the map f,, using these charts. Consider the following
map, whose domain of definition must be suitably restricted:

fn = q);}_l Ofn O(I)n‘

By construction, D, fn has exactly the properties of D -1, f,, when viewed
in the adapted metric.

To ensure that within this chart the C* norm of fn —D, fn is small, we
modify our charts ‘/}371 by composing with an additional (tempered) contrac-
tion r, , i.c. we define ®, (v) = @, (r,v). Then we define

fn = q);-lkl Ofn oq)n'

Due to this rescaling, we can ensure that the C* norm of fn — D, fn is
arbitrarily small.

Let us describe the choice of r,,. Observe that if we have a function g,
then the function A;1g(\,z) has its kth derivatives bounded by A7 'A% g,
where here, as elsewhere, we write |g|, for the seminorm given by the supre-

mum of the kth order partial derivatives of g. Hence 7,1, fn(rnx) will have

its kth derivatives bounded by r,1,7%|| an x- Because the adapted metrics
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themselves are tempered, there exists some m, such that |f, [, < e€1em™en,
where C] is a constant depending on (C, k, €, A, k,d,£) and m, is given by
the constant ¢y = C} . 4, in Lemma Thus, if we want to make the kth
derivatives arbitrarily small, we can let

(3.1) r, = e Demmien

where D is a large constant depending only on (C, k, €). Note that by further
increasing D, we can make the €; in the following lemma arbitrarily small,
but this does not affect the singular values of D fn as changing D dilates all
of the adapted charts ®,, by the same constant.

This construction and the subsequent estimates are standard. Working
through them yields the following lemma.

Lemma 3.1. (Adapted Charts) Fix dimensions d,d,,,d, and x > 0. Then

»77ssy e

for any A > 0 there exists m = m(A, k,d,,,d.) € N such that for all suffi-

ciently small € > 0 and any C' > 0, there exist o,,0,5 > 0 such that for all

€, > 0, there exists C such that the following holds.
Assume that D, f" has a (C,k, ¢)-subtempered dominated splitting of
index ¢ with a sequence of associated subspaces T'n,yM =V, 1 @ W, 4,

and e is an upper bound on the C*~! norm and conorm of D, f™. Then
there is a sequence {®,,} of C*° embeddings of a d-dimensional disk onto a
neighborhood of f"~1(x), such that if r, is defined as in and £(n) :=
rotir ¥, then

(1) ®,: B(0,1) — M with &, ,(0) = f~(x).

(2) Dy®,,R%: =V, and Dy®,R% =W,,.

(3) The map fn =®,1 of, o®, is well defined on the ball B(0,e ).

(4) Dyf,R%: = R%:, and D,f,R% = Ré. For unit vectors v € R

and w € R,

o < HDofnU“ < eﬂ/QOHDofnw” < oy

(5) ”Dfn - DOfn”Ck*1 < €.
(6) For every z,y € B(0,1), max{|LD<D;1|]Ck71, | D@, ||cx1} < l(n).
(7) (¢£(n) is slowly growing) £(1) < e“ and e~ < £(n)f(n+1)"t < e™.

Moreover, the analogous claims hold for f; L

4. STEP 3. EXTENDING DYNAMICS IN LYAPUNOV CHARTS TO
GLOBALIZED DYNAMICS

Using the adapted coordinates, we now construct the globalized coordi-
nates to which we will apply a graph transform argument described below.

By using a bump function ¢ supported in the ball B(0,e~¢~™¢), we can
can take the maps f,, from Lemma and define a new map

The important claim about the globalized dynamics is the following:
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Lemma 4.1. If x has a (C, k, €)-codimension ¢ subtempered trajectory as

in Lemma then for any €, > 0 (after possibly decreasing the constant
C'in Lemma ) there exist C* diffeomorphisms f,,: R? — R? such that:

(1) fn agree with thq diffeomorphisms fn from Lemma on the ball
of radius B(0,e~¢~™¢/2).

A~

(2) ”Dfn - DOfn”C’“*1 < €.

The same claims hold for f; L mutatis mutandis.

5. STEP 4. ONE STEP GRAPH TRANSFORM

In this section we estimate the norm of the graph transform in R? under
the assumption of a gap in the singular values. This section contains two
families of estimates depending on the regularity of the dynamics and the
graph being transformed. The first estimate is for Lipschitz graphs, and
the second estimate is on C*¥ graphs. The former estimates will be useful
for showing that a stable curve actually exists, and the latter will be used
post hoc to show that the stable curve thus constructed is in fact smooth.
Note that in the proof of the main result our estimates will be applied to
the maps ( fn)_l where fn is obtained from Lemma

Remark 5.1. We do not actually assume at this step that the unstable
direction is expanding—in the case m(A)<1, we just estimate how much
worse a graph may get under the graph transform. For example, consider
what happens if A and B are conformal matrices of norms 1/2 and 1/3.

5.1. Norms of compositions. Below we will be careful in our handling of
the norms because we will consider functions with unbounded domains and
images. We will define some semi-norms on functions ¢: R4 — R%. If « is
a multindex, such as indexes a mixed-partial derivative, we write |a| for its
order. Write ; for projection onto the i¢th coordinate. First we define the
semi-norm
1, = sup 0%l -
z€R,|a|=k,1<i<d,

Note that this is a semi-norm as we only look at the kth order derivatives.

We let ¢, denote the usual C*-norm, i.e. the sum of the C° norm and
|¢[,- Recall that these norms are log convex, and moreover that for two
functions fg,

(5.1) Ifglcx < Cull fllollglle + 1£1klgll0);

see e.g. [HOr76, App. A] for a further discussion of this and similar estimates.
The following estimate is a slight variant of [Hor76|, Lem. A.8],

(5.2) 1f o gl < Crllflilgls + /11 gl + 1£1o)-

In the following lemma, we give a version of this estimate adapted to func-
tions R? — R? that have unbounded image but bounded derivatives.
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Lemma 5.2. Suppose that £k € N and fix dimensions d,, d,, d;. Then there
exists C}, such that if g: R% — R% and f: R% — R% are two C* functions
defined on open domains so that f o g is well defined then

(5.3) 1f o gl < CullfIilg’I§ + 1 Tolg e + 1110,
where f” and ¢’ represent the Jacobi matrices of f and g.

Proof.  The proof is a straightforward induction using the more standard
estimate (5.2]) above. For k = 1, the estimate is immediate from the chain
rule. We proceed by induction.
Suppose that k£ > 1. Note that by (5.1)),
[fogl, =1 299, <CLUlf e glelgllo + 11 2 glolg 1)

Applying our inductive hypothesis to the || f" o g|,_; term gives
[fogl, < CUL Neaslg I~ + 15 Tolg" lk=z + 1.5 0] 19" lo + 1 Tollg” l—1)-

All terms in the above expression are of the desired form except | f"|ollg"[x—219[lo-
B2 1
For this term, we interpolate |g’|,_ < Cilg’ 174 19" 167" - Thus

’ ’ / Y ’ k-2 ’ 1
1 Mollg I—2llglo < CLlf loClg lk—1) &7 (lg’I§) = -

Applying the Young inequality with p = =L ¢ = k — 1 to the last two

k—2
terms, we see that
1 Tollg k—2l9"llo < CE1F o [lg" le—r + N9 1] .
each term of which has the desired form, which concludes the induction. [

5.2. Main results. Below we use the *-metric: for maps ¢;, ¢y : Ruu —R%
with ¢(0) = 0, define:

(5.4) P (o) = sup  191@ =@
zeRIuu\{0} ||

This metric is used in [BP0O7] and [Shu87|. Note that d*—distance between
Lipschitz graphs is finite.
Given ¢: R%u — RZ the graph of ¢ is the set

95 = {(@,6()) : 7 € Rt} C RY
If F: RY — R? is such that the set F(SG,) is also be a graph of some function

qg so that G 5= F(3,) for some function gg, then we call gg a graph transform
of .

Proposition 5.3. Fix x > 0 and d,,,, d. € N.
Let F: R%uu @ R% — R%u @ R% be a C! diffeomorphism of the form

<£L‘,y) = (A.CL' + f1<$, y)’ By + f2<xa y))a
where A and B are linear maps satisfying m(A) > | B|e” and f;(z,y) vanish
at the origin together with their derivatives. Write F~! in the form

(z,y) = (A x4+ gy (2,y), By + go(2, 1))
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Suppose that ¢: R« — R% defines a graph over R« with ¢(0) = 0. Let

max{[|fi|c1, [91llcr} = €1, max{|fy]cr,llg2llcn } = €.

Then as long as
(5.5) m(A) —e; —e; Lipg > 0,

the graph transform of ¢ is well defined; we write it gg: Ruu — R,
(1) If ¢ satisfies (5.5]), then

- IBILip(6) + (1 + Lip(6))
(56) M) < ) — e —aLipg

(1*) If ¢ is C', then (1)) holds with ||| in the place of Lip(¢).
(2) If ¢y, pg: RIuu — R satisfy (5.5) and

(5.7) max{Lip ¢;, Lip ¢y, Lip ¢;, Lip dy } < 7,
then

(5-8) d*(6y,6,) <

| B]| + €3 + veq
m(A) — e — ey

d*(¢1, P2)-

(3) If  is the graph transform of ¢, then

Iy (F72 (1, 6y (2)) =y (F (@, $(25)))]| < (m(A) " +e, +€; Lip §) |z, —5
Under additional assumptions on F and ¢, we can control the C*¥ norm

of the graph transform.

Proposition 5.4. Suppose that in addition to assumptions of Proposition
we also have

(59) “fl “Ck < €15 Hf2HCk < €9,

and that there exists A > 0 such that

(5.10) e <m(B) <|B|| <m(A4) < |4 < €M
Also suppose that there exists some D, > 0 such that:

(5.11) Iplcr < Dy, ¢l < Do,

and that there is 0 < € < 0.01 such that

(5.12) (m(4) — &, —e1ldln) L < m(A) (1 +e),

Fixing the dimensions, there are constants Cy, Cy p_ ; and Cy j, such that:

If ¢ is a C* graph that satisfies (5.11)) and (5.12)), then

|Bl

(5.13) H&”c*k < CkWWHm + Ca,p,€2(1 + [dllcer) + Cp @l co-
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5.3. Lipshitz estimates.

Proof of Proposition . To begin, we will check that as long as is
satisfied that the graph transform is well defined. For this we first study the
map thy: R%uu — Réww giving the first coordinate of F~'(z, ¢(x)).

Given a graph ¢, define the function wgl via:

(5.14) Ugt(z) = Az + fi(z, d()).
Note that 1/1;1(0) = 0 and that for any two points x, y,
(5.15) [ (2) — ¥t (W)l = [m(A) — & — € Lip ¢]|z —y].

Hence the function ¢, defined as the inverse of w;l is well defined as long as
(5.5) holds. Moreover, it follows from the Clarke inverse function theorem,
which implies the inverse function theorem for Lipshitz functions, that

(5.16) Lip(1h) < (m(A) —¢; — ¢, Lipg) .

Thus we see that if ¢: Réuww — R satisfies (5.5)), then its graph transform
¢ is well defined and is given by the following formula:

~

(5.17) P(x) = Bo(thy(x)) + fo(thy(x), ¢(1hg(2))).

Combining (5.17) with (5.16) gives (5.6) proving item (1. Next we establish
item (2).

Before we proceed, note that by (5.14)
(5.18)

[ () — g, (@) < 1 f1 (@, 61(2) — fr(, by (@) < €1l (2) — S5(2)].

Next we estimate ¢4 (¥) — 14, (2)]. For this, note that if (z,y,) and
(x,y,) are points with the same z-coordinate, then 7, F~!(z,y) satisfies:

(5.19) H7T1F71($,y1) - 7T1F71($ay2)“ < €&y — vl
Thus

s, () = g, (@) < e]61 () = Ba()].

We now turn to the estimate on || ¢, —,|,. We will consider the difference
between ¢, and ¢, at the point 1/1;11(96)

|61 (V51 (2)) — bo (s (2))] = 61 (51 () — By 0 Wk (@) + |65 0 Y1 (x) — by 0 U5 ()]
=T+ 1II.
First, we estimate I. From the formula for the graph transform (5.17)),

I <|[B¢(x) = Boy(x)| + [ f2(x; 61 (2)) — fala, po(x))]
< [ Bllg1(2) = b ()] + €)1 (2) — @2 ()]

Next, by (5.18), IT < Lip(&Q)ﬁH%(v’C) — ¢o(2)].



STABLE MANIFOLDS FROM DOMINATED SPLITTINGS 18

We now estimate d*(¢,, dy):
|61 (w51 (2)) = Go (¥ (@)

<
[, (@)l -
|Blll¢1(2) — do ()] + €x]61 (x) — 65 (2)] + Lip(Jy)ey |61 (x) — ¢ ()]
[, (@)l

Because ¢, (0) = 0 and (5.15), the right hand side is bounded by

(1Bl + e + Lip(¢72)€1)”¢1($) — ¢o(z)|
(m(A) —e—eLip¢)|z| '

~ o~ B
Now (B7) gives d*(d.6,) < Jolte2t1a

m(A) — e — €y
proof of item .
Next, we estimate how much F~! contracts distance in the first factor to

verify item (3). The argument is similar to above, but we want to have (¢)
on the right hand side.

ey (F~ (g, &(%)))‘W(F_l@m 5(952)))” <A@y —wg)+ fr (4, <Z~>(:E1))—f1_1(x2, 5(952))”

< m(A) oy —zy|+e; @ —q|+e; Lip ¢l —z] < (m(A) ' 4€;+€; Lip(¢)) |2, —2, |,
which is the estimate in item (3). O

d*(¢q, ¢4). completing the

5.4. C*F estimates.

Proof of Proposition . We need to estimate the C* norm of (5.17). We
can do this using the chain rule once we have a suitable estimate on the
derivatives of 1.

Estimates of the norms of v,. First we estimate [¢}],. From (5.15)
and (5.12), we immediately have the upper bound

(5.20) I3]0 < (m(A) —e; — € Lip(¢)) ™" <m(A)"'(1+¢).

Next we obtain an estimate on the C* norm of 1y, We will first use a fact
that if a C* diffeomorphism fis C' close to the identity, then the C* norm
of fand f~! are comparable. Specifically, for any j, there exists ¢, > 0 and
some constant C; such that if G: R? — R? is a diffeomorphism of the form
x = =+ X(x), where | X[ < €, where ¢, is a fixed small number, then
G~! may be written in the form:

GHX) =2+ X_(2),
and
(5.21) IX_1les < Ci1X] s

For a proof of this fact, see [DeW24, Lem. 48], see also [Ham82, Lem. 2.3.6].

To apply this estimate, denote
Ul = ANt = a4 AL fy(z, 6(0)).
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Then by (5.21) &, = (¢31) " =« + Q(z), where

|Qllcr < CLlA™ fola, d(@)) -
To conclude, it suffices to estimate | f5(x, ¢(x))|| . By Lemma

1f2 0 (@, @)lon < Cllfallor (@, ¢(@)) 15 + 1 £10l (2, () -1 + 1 f2l0)

< Clep(1+ Dg)* + e3(1 + [dllon + €2)) < Cex(1+ [l on)-
Thus as ¢, = (;ﬁ?)*l c ATt = A"l + §o A~!, we obtain
(5.22) 9651 < Cak,p €2(1 + |l cn)-

Estimate on norm of qg By definition,

~

¢(x) = Bo(thy(x)) + fo(thy(x)), o(y(x))) = T + I1.

First we estimate term I. For this, we apply Lemma and :

[6 0 ¥glon < Crlllexlvils + 16" lolg k1 + Iéleo)
(5.23) < C(ldllorm(A) (1 + ) + C}  p e2(1+ 8l cr) + [Dllco)-
As B is linear and e < .01, it follows that:

|Bo¢otylon < Cpll Blm(A) ™ glcr + CX k. p,e2(1 + Il o) + Crldlco-

Next we estimate II. Again, by Lemma

[f2(hg (@), & 0 vy ()]l <
Crllf2llcrll (g, @ 0 0y () IE + 1 3l & 0 ¥g) 11 + 1£2]l0)

So, by
I < Cilea[m(A) (1 + ) + (m(A) (1 + )] + e[| egler + 160 Uyllor + €]
We have to estimate [¢7],_;, and to estimate [¢ o 1yllon.

Thus combining the estimates on I and I above we find that there exists C),
depending only on k, and CA7k7DO and C)  such that:

[8lcx < CrlBIm(A)FIllcr + C kb, €2(1 + Ilcr) + Cai

Pllco- U

6. STEP 5: CONCLUSION; CONSTRUCTION OF STABLE MANIFOLDS.

Proof sketch of Theorem[1.5.  The proof has three main steps. First, we
argue that the strong stable manifolds may be exhibited as a fixed point
in the space of sequences of Lipschitz graphs. Then we show that due
to smoothing properties of the graph transform, the Lipshitz graphs thus
constructed must be C*~1 because the set of C* functions of bounded norm
is preserved by the graph transform. Finally, we study the rate of attraction
of nearby point in both the direction of strong stable manifold and the
transverse direction using invariant cones.

Lipshitz Strong Stable Manifolds. The proof that the strong stable
manifolds are Lipschitz is completely standard in view of Proposition
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We work in the globalized version of the dynamics in the adapted charts
obtained from Lemma

Consider a sequence of Lipschitz maps ¢,, : R%s — R% indexed by n € N.
We can endow the space £ of such sequences of maps with the norm:

d*(<¢1,n)7 (¢2,n)> = Slrle d*(¢1,n’ ¢2,n)’

where d* is the metric introduced in (5.4). Note that for each ~ the set
£, of sequences such that all the maps ¢, ,, are uniformly ~-Lipschitz has
bounded diameter. ~

A sequence of maps f,: R? — R? acts on £, by the graph transform

under f;!. Write F for this action, so that F((¢,)) = (¢,,), where ¢,, is the
graph transform of ¢, by fg L

We now apply Proposition [5.3l Note that for any v > 0, as long as ¢,
and e, are sufficiently small, F' leaves invariant the space of sequences of
~v-Lipschitz graphs passing through 0 due to (5.6). Moreover, it follows from
, that as long as €; and €, are sufficiently small relative to ~, F'is also
a contraction of (£,,d"). It is a standard fact that £ is complete in the d*
metric (see Shub Lem. IT1.3, III.4]). Thus by the Banach fixed point
theorem, there exists a sequence of 4-Lipshitz graphs (¢,,) that is invariant
under F. This is the sequence of graphs of the local stable manifolds for the
globalized dynamics.

Regularity. To prove that the strong stable manifold is C*~! regular,
we will start with the sequence ¢, : R%: — R where each ¢,, = 0. By the
previous part of the proof, defining F as there, F™((¢,,)) is converging to
the graph of the strong stable manifold. Thus if we can show that the C*
norm of this sequence stays bounded, it then follows by Arzela-Ascoli that
the limiting graph is uniformly C*~1.

Suppose that D, f™ is a (C, k, €)-tempered trajectory. Then in the adapted
coordinates, the singular value gap is at least e*/® by Lemma Let C,
be the constant—depending only on k—from Proposition Choose N,
such that

e~ F/8N0 > 20, .

To examine the C* norm, we will apply this estimate to blocks of length
Ny. From (5.13), we have for a C* graph ¢ with a uniform bound D, on its

C! norm, that its graph transform gg satisfies:

~ B
(6.1) [l < CkM”ﬁb”ck + Chr,pye2(L+ [Dller) + Cp nyallllco-

m(A)¥
Note that we have specifically chosen to look at the iterate NV, where the
coefficient on the first term is less than 1/2. Hence applying this estimate
to F'No, we see that as long as e, is sufficiently small, which may be chosen
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independent of these constants, then

~ 3 -
[éllor < léllex + Crnallélco-

Applying the iterative procedure on the space of graphs as in the first part
of the proof we see that if we start with smooth sequences then the C*
norms will stay uniformly bounded in terms of the constants above. Hence
the sequence is precompact in the C*~! norm and the conclusion follows.

Rate of attraction. We now verify item . Because the manifold
we constructed is a 7-Lipschitz graph, by Proposition (3) we see that if
2’2" € G(¢y) then their images in the adapted charts are approaching each
other at the rate

(6.2) [ D f" v, lem e,

where m, is a fixed constant. We need such an estimate for the dynamics
in the original manifold. To obtain this, it suffices to observe that on the
ball of radius B(0,e 274€) in the adapted chart at time 0, the dynamics is
precisely the pullback of the dynamics from the manifold, and moreover,
due to Proposition [5.3{(3), this set is invariant under forward interation as
long as +y is sufficiently small. Hence, passing from the adapted charts to
the ambient manifold introduces an additional multiplicative error O (e™2")
due to Lemma @ This finishes the proof of item .

Note that item also tells us that the points on our manifold always
stay in the neighbourhood of the orbit where the globalized dynamics is the
actual dynamics, and so our manifold is actually the stable manifold for the
actual sequence of maps.

Rate of repulsion. We now show that if a point is not in the stable man-
ifold then it cannot approach the trajectory of z any faster than predicted
by the conorm of the derivative of D, f™ on W,,. We estimate the distance
between a point and the stable manifold in the adapted charts by examining
how much a line segment I'; between the point and the curve stretches when
we apply the dynamics. After each iterate, we reset the curve to be straight
again. In this way we inductively estimate how the distance changes to
obtain the desired bound.

In the adapted charts, by Lemma (3.1 at any point in the chart, the
differential of fn, is a small perturbation of the derivative at (0,0). Thus

7 _ ~ _ A070 0
63 Do) =Duf= |0 4 o)

where €; can be made arbitrarily small by shrinking the chart. Furthermore
we know that m(B,q) > e“/20|\A070|| by that same lemma. Note that we
can choose O(€,) arbitrarily small relative to the norm, conorm, and gap
between the singular values of A, and B .
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Suppose that (z,y,) is an arbitrary point that does not lie on the strong
stable manifold. Then there is a unique point (z(,9,) in the strong stable
manifold. Let (z;,y;) = f"(mo,yo) and let (x;,y;) be the point in the cor-
responding image of the stable set with the same x; coordinate. Let I'; be
the straight, unit speed curve going from (z;,y;) to (z;,y;). Write v, for the
unit vector tangent to I';.

We now estimate the distance between (z;,y;) and (z;, ;). Note that, by

(6.3), the tangent to f.v; at every point is of the form

Because v; is a unit vector and the norm and conorm of B, are bounded
above and below, we see that f;I'; is tangent to a narrow cone H, (v;i)

around the 1-dimensional subspace spanned by the vector [0, Bo7ovi]T. Thus
for any €5 > 0, as long as €; > 0 is sufficiently small, it follows that:

~ ~

d(fi(w;,9:), fi(25,9;)) > e sm(By o) len(L;).

Because the stable set is uniformly smooth, the distance between fl(:cl, U;)
and (2;,1,7;,1), the actual point sitting below fi“(mo,yo) on the stable
manifold, is of order ¢, len(I";). Hence for arbitrarily small ¢, > 0, as long as
we have chosen ¢; sufficiently small in the first place, we obtain inductively
that

~

(6.4) d(f™ (@0, Yo )s (T, Yp) = € " 4m(Bg ) [woll-
But due to the temperedness of the change of metrics, it follows that
(6.5) m(Bg o) = Com(D, f" |y, Je ™",

for the same fixed m; from before and W, being the other subspace provided
by the splitting. Hence (z,,,9,,) approaches (0,0) at rate | D, f"|gss[e™",
whereas, by and (6.5)), it follows that f"((aco, Yp)) stays at least distance
Coe 42| D, f*| gss | away from (x,,,7, ). The conclusion now follows
from the triangle inequality for the distance in the tempered charts. Undoing
the charts and using the temperedness gives the needed conclusion in the
ambient manifold. (]

Remark 6.1. Let us explain why the inequality does not give a uni-
form C* bound independent of ||f,, . Note that arranging that the con-
stants be this small requires further reducing €, €5, which in turn reduces
the size of the manifold where our estimates apply.

7. APPLICATION TO DISINTEGRATION OF VOLUME IN PESIN THEORY

7.1. Random dynamical systems. This section contains an application
of our main result to random dynamical systems. In that context, there are
many points satisfying the conclusion of Theorem Thus for almost every
realization of the noise there is a positive measure set laminated by strong



STABLE MANIFOLDS FROM DOMINATED SPLITTINGS 23

stable manifolds and we show that this lamination is absolutely continuous
with controlled disintegration.

We start with some background on random dynamics.

Given a Borel probability measure p compactly supported on G = Diff" (M),
the shift map T: Q@ — Q, T(w,)p>1 = (W, 1)n>1 Preserves P = p®N; and
the skew product

F:QxM—>QxM (w,z) = (T(w), fL(z))

preserves P ® vol. The following proposition is from [LQ95, Chapter I,
Theorem 3.2].

Proposition 7.1. There is a function r: M — {1,...,d} and a Borel subset
Ay C Q x M with P ® vol(A,) = 1 such that F(A,) = Ay, and for every
(w,x) € Ay there exist a sequence of linear subspaces of T, M

{O} = V(O)(wvx) g V(1>(w,:1:) g g V(r(m))(w,x> = TzM7
with dim V) (w, ) depending only on z, i, and numbers
/\(1>(a¢) < & A(Nr))(x)

such that for all £ € E® =V (w, 2)\ VI (w,2), 1 <i < r(z)

1 .
. - n — @

and for vol-a.e. x € M, for every 1 < < r(x).
Moreover, r(x), AV (z), V¥ (w, z) depend measurably on (w,z) € Ay, and
for every (w,x) € Ay and 1 < i < r(z)

r(fb(2)) = r(x), A (fi(2) = A (@), D, f5 (VP (w,2)) = VI (F(w,2)).

Further, if EP:Z EU), EQ:Z EY) for disjoint subsets Ip, I, then

i€lp Jj€lg

. 1 n n
nlggo n log Z(Df3Ep, Df3EG) =0,

The above proposition shows that if v is a stationary measure on M, then
v-a.e. © € M and pM a.e. random trajectory x has non-uniformly hyperbolic
splittings corresponding to whatever the Lyapunov exponents themselves
predict. We call the trajectories satisfying the conclusions of the above
theorem Lyapunov reqular.

In this section, we will always consider Lyapunov regular trajectories
which also have a (C, k, €)-dominated splitting. By Corollary their sta-
ble manifolds are the classical ones and we can take advantage of additional
facts from Pesin theory.
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7.2. Regularity of the disintegration in the presence of a dominated
splitting. First, we will recall a standard fact concerning the disintegration
of an SRB measure along the random stable manifolds. The definitions in
this section follow [LQ9Y5|. The only difference is that we work with the stable
manifolds rather than the unstable manifolds. Below, for a Riemannian
submanifold N, we write voly for the volume induced on N by the pullback
metric. Also, if W is a foliation, we write J" f for the Jacobian of f as map
W(x) = W(f(z)) N f(W(x)). We write f x g when two functions are equal
up to rescaling by a fixed constant, i.e. f = Cg.

Definition 7.2. p. VIL1.6] A measurable partition 7 of QN x M
is subordinate to the W* manifolds if for u x vol-a.e. (w, ) n,(x) = {y :
(w,y) € n(w,z)} C W#(w,x) and n,(x) contains an open neighborhood of =
in W*(w, ).

Note that the above definition does not require us to fix an ergodic sta-
tionary measure first and that the dimension of the partition elements may
not be constant. It turns out that the disintegration of volume along the
stable foliation always has a simple formula for its density. The following
statement is the specialization of Cor. 8.2] to volume. That corol-
lary gives the given formula for the density of the disintegration of an SRB
measure (a notion we do not need and do not define here). Cor.
VII.1.2] asserts that volume is always an SRB measure, hence we may apply
the aforementioned corollary to deduce Proposition below. Note that
this proposition does not require that volume is ergodic.

Proposition 7.3. Suppose that u is a compactly supported measure on
Diff? (M) and 7 is a partition that is subordinate to the W*-manifolds.
Then for a. e. w, the disintegration of vol along 7, is absolutely continuous.
Let p be the density of vol disintegrated along 7,(x). Then j agrees
almost everywhere with a function p that satisfies: for all y, z € n,(z)

(71) p(W,y) _ ﬁ ‘]stijl(z)fO'"(w) ‘
p(w,2) 755 JoD oy fon ()

Moreover, p is log-Lipschitz on n,,(x).
The next proposition does not require the points to be Lyapunov regular.

Proposition 7.4. Suppose that u is a compactly supported measure on
Diff? | (M). Then there exists C’ such that for any (C,k, ', €)-tempered
trajectory (w,x), and any the function

7 Prz@for)
721 I Dz fon)

is uniformly C’ log-Lipschitz on W(‘i{ . (w, ), the manifold constructed in
Theorem [1.3
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Proof.  We use the graph transform arguments from the previous section.
We can check the result by carrying out the analogous computation in the
same adapted charts used to construct the strong stable manifolds. Write
Jss f for the Jacobian computed in the adapted charts at the point corre-
sponding to f(x). Then if we let Gn be the function on the adapted chart
at fI'(x) that gives the ratio of the ¢-dimensional volume in the Euclidean
metric on the adapted chart with the ¢-dimensional volume with respect to
the pushforward of the ambient metric on M, then

ﬁ S Dpnagyforw) _ Goly) ﬁ {J“fn_l(y)} G(y)

i1 I D forw)  Goly') i
We will now show that this converges to a uniformly log-Hélder function.
We divide the estimate into two parts. First we consider the term in the
square brackets. In the adapted charts, the W?*° manifold is given by the
graph of a C? function whose norm is uniformly bounded along the entlre
trajectory and furthermore, the C*-norm of the globalized dynamics f
uniformly bounded 1ndependent of n. Thus a single term

{ssﬁil(y)
Jsfi1(y)

is bounded by D,d(f™(z), f"(y)) for some constant D,. But by (6.2), there
exists some x” > 0, D, such that d(f™(z), f*(y)) < Dye ™. Hence the
middle term is converging uniformly and moreover there is some uniform Dj
such that its logarithm is bounded by D4d(y,y’). Hence the middle term is
converging to a uniformly log-Lipschitz function.

The terms G,,(y) measure the ratio between the Euclidean volume of the
tangent to W*° at f"(y) with respect to the pushforward of the ambient
volume. Hence these functions én have their C'' norm controlled precisely
by the norm of the adapted metric relative to the original metric. From
the construction of the adapted metric, Lemma[2.3] it follows that there are
constants m depending only on the dimension and D, depending only on
the parameters describing the splitting given in the proposition such that
IDG|| < Dje™c. As before, d(f"(x), f”( )) < Dye ™" . Hence as long as

¢ is sufficiently small, it follows that 5 EZ; < Dye™me 5" d(y ). We can

then pass to the limit and conclude. O

Next consider the strong stable lamination restricted to a small ball. We
are only interested in the points in the lamination containing (C, s, k', €)-
tempered trajectories. Fix a point z € M and small 6 > 0. For a word w,
we will consider the following measurable partition of M. Let G(w,C, k,¢€)
be the set of (C, k, k', €)-subtempered trajectories that are also Lyapunov
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regular for the word w. Let

A% (w,x,0) = U Wi (w, z).
yeG(w,C,k,e)NBj(x)
We partition A®*(z,0) into the set of strong stable manifolds appearing on
the right hand side of the equation and write £°%(w,z,d) for this measur-

able partition. (Note that this notation is suppressing the dependence on
C, Kk, K e.)

Proposition 7.5. Suppose that u is a compactly supported measure on
Diffiol(M ) and fix constants (C, K, k', €) as in the definition of subtempered
dominated splitting of index ¢. There exists o, > 0 and C > 0 such that the
following holds. For all z € M, 0 < § <, and a.e. w, the disintegration of
vol-along A®*(w, z,0) is absolutely continuous along W**(w, x) with positive
density p. Moreover, for all z, 2" € W**(w,z) N Bs(x),

’ p(2)

<C.
p(2)

Proof.  Fix a measurable partition n subordinate to the W* lamination of
QN x M. From the main result of [Bro22|, the subfoliation of the W* lamina-
tion’s leaves by the W*¢ is always C1THoder "and moreover its holonomies are
CHHsder diffeomorphisms [Bro22, Thm. 2.2]. In particular, this subfoliation
is absolutely continuous.

We compute disintegrations in two steps. If 7 is a partition refining n,
then to compute the disintegration on an atom of 7, we can first disintegrate
along 7, and then disintegrate those disintegrations along .

As the W*5 leaves form subfoliation of the W#-leaves, and the disinte-
gration along the elements of 7 is absolutely continuous with the density p
given by in Proposition it follows that if we disintegrate vol(®)
along the W** subfoliation, that this further disintegration is also absolutely
continuous and moreover its density is also log-Lipshitz. We would just like
to know what this density is—for this we can iterate the dynamics and use
the change of variables formula. Note that it suffices to do our computa-
tion only at times when f(x) is in a leaf where the regularity of the W**
foliation is controlled.

Fix some big D > 0. Let Z(D) be the set of (w,x) such that

(1) (w,x) is Lyapunov regular, so that W*(w, z) and W**(w, x) are both
defined.

(2) restricted to a ball of radius D! inside of W3, (w, z) the C'*Holder
norm of the W** foliation within W7, (w, ) is at most D and

(3) n,,(x) contains a ball of radius 100D ™! inside of W*(w, z).

Note that as D — 400, that the u™ ® vol measure of Z(D) goes to 1.
Let £° be the lamination £° = U Wioop-1(w, z), which is sublaminated

zEA
by £55




REFERENCES 27

We claim that if (w,x) is a point, so that all of these disintegrations are
defined along the orbit of (w, x) and (w, x) recurs infinitely often to =, then

ol y) 5 T D i o
AVOlgus(uy ) (%) 15y S5 D pnos ) forn ()

Note that for any atom of £°, for n a sufficiently large good time, then
fo(£%(w, x)) is an open subset of 7gn () (f(2)). Thus the conditional mea-
sure on f'(£*(w,x)) is the restriction of the density to f(£*(w,x)). Fur-
thermore, both £%(w,z) and f(£*(w,x)) are subfoliated by W** leaves.

Due to the uniqueness of the disintegration along a measurable partition,
the pushforward of the disintegration along a measurable partition is the
disintegration of the pushward measure along the pushforward partition.
Hence we can compute the density of the disintegration by pushing it for-
ward under the dynamics. Let £ be a measurable partition of M and let f,&
be the pushforward of this partition. Given a volume preserving diffeomor-
phism f: M — M and a measurable partition £ of M, then for almost every
partition element f,£°' agrees with the disintegration ([f,£])v°.

Suppose that n € N is some time such that fJ(£°(w,2)) C Ngn(w(2).
Then due to the previous paragraph, the density of the disintegration along
fo(£%(w, x)) is proportional to the density along 7,n ) (f3(z)) and, more-
over, the disintegration along f(£*%(w,y)) for y € £° is given by

(F7). vol™ @) o vol €7 (0" (@S2 W)

Write p,, for the density of the disintegration with respect to the Riemannian
volume on £%%(¢™(w), fI(y). Then

(7.3) pul2) o< po((F) 12 T80, 20 £ -

In particular, this shows that for any y,y" € £%(w,x) we have

(7.2)

I D iy forw) 0, (f2 ()
H J*5D pn- 1(y)fo’” pn(f2(Y))

We take a limit along a sequence of n, of times where f,*(£%(w,z)) € Z(D).

Then :"Q(y‘y,)) is uniformly bounded independent of z,y,y’,w due to item

in the definition of Z(D), and we are able to conclude that (7.2 holds almost
everywhere on the partition £%°.
The result now follows from Proposition [7.4. O

REFERENCES

[BP0O7] Luis Barreira and Yakov Pesin. Nonuniform hyperbolicity. Vol. 115.
Encyclopedia of Mathematics and its Applications. Dynamics of
systems with nonzero Lyapunov exponents. Cambridge Univer-
sity Press, Cambridge, 2007, pp. xiv+513. DOI: [10.1017/CB097|
BIT07376076.



https://doi.org/10.1017/CBO9781107326026
https://doi.org/10.1017/CBO9781107326026

[BV12]

[BRV20)]

[Bro22]

[Cro+24]

[DeW24]

[DDZ26]

[Gou07]

[Ham82]

[Hor76]

[LQ95]

[Shu87]

[Zhal9]

REFERENCES 28

Luis Barreira and Claudia Valls. “Stable manifolds with optimal
regularity for difference equations”. Discrete Contin. Dyn. Syst.
32.5 (2012), pp. 1537-1555. DOI: [10.3934/dcds.2012.32.1537,
Luis Barreira, Joao Rijo, and Claudia Valls. “Stable manifolds
for difference equations with infinite delay”. J. Difference Equ.
Appl. 26.9-10 (2020), pp. 1266-1287. DoI: [10.1080/10236198. 2|
020-T8773K0.

Aaron Brown. “Smoothness of stable holonomies inside center-
stable manifolds”. Ergodic Theory Dynam. Systems 42.12 (2022),
pp. 3593-3618. por: [10.1017/etds . 2021 . 99

Sylvain Crovisier, Mikhail Lyubich, Enrique Pujals, and Jonguk
Yang. Quantitative Estimates on Invariant Manifolds for Surface
Diffeomorphisms. 2024. arXiv: [2411.13286 [math.DS]|
Jonathan DeWitt. “Simultaneous linearization of diffeomorphisms
of isotropic manifolds”. J. Eur. Math. Soc. (JEMS) 26.8 (2024),
pp. 2897-2969. DOI: [10.4171/jems/1327.

Jonathan DeWitt, Dmitry Dolgopyat, and Zhiyuan Zhang. Er-
godicity of (co) expanding on average random dynamical systems.
2026. arXiv: [2605.21199 [math.DS]!l

Nikolaz Gourmelon. “Adapted metrics for dominated splittings”.
Ergodic Theory Dynam. Systems 27.6 (2007), pp. 1839-1849. DOT:
[10.1017/50143385707000272.

Richard S. Hamilton. “The inverse function theorem of Nash and
Moser”. Bull. Amer. Math. Soc. (N.S.) 7.1 (1982), pp. 65-222.
DOI: [10.1090/80273-0979-1982-15004-2.

Lars Hérmander. “The boundary problems of physical geodesy”.
Arch. Rational Mech. Anal. 62.1 (1976), pp. 1-52. DOI:
I/BF00251855.

Pei-Dong Liu and Min Qian. Smooth ergodic theory of random
dynamical systems. Vol. 1606. Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1995, pp. xii+221. DOTI: [10.1007/BFb00|
94308.

Michael Shub. Global stability of dynamical systems. With the
collaboration of Albert Fathi and Rémi Langevin, Translated
from the French by Joseph Christy. Springer-Verlag, New York,
1987, pp. xii+150. por: [10. 1007/978-1-4757-1947-5|

Zhiyuan Zhang. “On stable transitivity of finitely generated groups
of volume-preserving diffeomorphisms”. Ergodic Theory Dynam.
Systems 39.2 (2019), pp. 554-576. DOI: |10.1017/etds.2017.28|



https://doi.org/10.3934/dcds.2012.32.1537
https://doi.org/10.1080/10236198.2020.1822350
https://doi.org/10.1080/10236198.2020.1822350
https://doi.org/10.1017/etds.2021.99
https://arxiv.org/abs/2411.13286
https://doi.org/10.4171/jems/1327
https://arxiv.org/abs/2605.21199
https://doi.org/10.1017/S0143385707000272
https://doi.org/10.1090/S0273-0979-1982-15004-2
https://doi.org/10.1007/BF00251855
https://doi.org/10.1007/BF00251855
https://doi.org/10.1007/BFb0094308
https://doi.org/10.1007/BFb0094308
https://doi.org/10.1007/978-1-4757-1947-5
https://doi.org/10.1017/etds.2017.28

REFERENCES 29

DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, STATE COL-
LEGE, PA 16802, USA
Email address: dewitt@psu.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF MARYLAND, COLLEGE PARK,
MD 20742, USA
Email address: dolgop@umd.edu

IMPERIAL COLLEGE LONDON, LONDON SW7 2AZ, UNITED KINGDOM
Email address: zhiyuan.zhang@imperial.ac.uk



	1. Introduction
	2. Step 1. Construction of the adapted metric
	3. Step 2. Construction of adapted charts
	4. Step 3. Extending dynamics in Lyapunov charts to globalized dynamics
	5. Step 4. One step graph transform
	5.1. Norms of compositions.
	5.2. Main results.
	5.3. Lipshitz estimates
	5.4. Ck estimates.

	6. Step 5: Conclusion; Construction of stable manifolds.
	7. Application to disintegration of volume in Pesin Theory
	7.1. Random dynamical systems.
	7.2. Regularity of the disintegration in the presence of a dominated splitting

	References

